On Radial Schrodinger Operators with a
Coulomb Potential

Jan Derezinski & Serge Richard

Annales Henri Poincaré
A Journal of Theoretical and
Mathematical Physics

ISSN 1424-0637
Volume 19
Number 9

Ann. Henri Poincaré (2018)
19:2869-2917
DOI 10.1007/s00023-018-0701-7

Annales de I'Institut Henri Poincaré
(Physigue théorique)

and

Helvetica Physica Acta

® Birkhauser

@ Springer



Your article is published under the Creative
Commons Attribution license which allows
users to read, copy, distribute and make
derivative works, as long as the author of
the original work is cited. You may self-
archive this article on your own website, an
institutional repository or funder’s repository
and make it publicly available immediately.

@ Springer



Ann. Henri Poincaré 19 (2018), 28692917
© 2018 The Author(s)
1424-0637 /18 /092869-49

published online July 2, 2018 . . L
https://doi.org/10.1007/s00023-018-0701-7 I Annales Henri Poincaré

@ CrossMark

On Radial Schrodinger Operators with
a Coulomb Potential

Jan Derezinski and Serge Richard

Abstract. This paper presents a thorough analysis of one-dimensional
Schrodinger operators whose potential is a linear combination of the
Coulomb term 1/r and the centrifugal term 1/r2. We allow both cou-
pling constants to be complex. Using natural boundary conditions at 0,
a two-parameter holomorphic family of closed operators on L? (Ry) is in-
troduced. We call them the Whittaker operators, since in the mathemat-
ical literature their eigenvalue equation is called the Whittaker equation.
Spectral and scattering theory for Whittaker operators is studied. Whit-
taker operators appear in quantum mechanics as the radial part of the
Schrodinger operator with a Coulomb potential.
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1. Introduction

Consider the differential expression

Lgo =02+ (a—1>zi2—§, (1.1)
where the parameters (3, are arbitrary complex numbers. This expression
can be understood as an operator acting on functions holomorphic outside of
0, or acting on compactly supported smooth functions on ]0, oo, or acting on
distributions on ]0, co[. We call (1.1) the formal Whittaker operator.

In this paper, we are interested not so much in the formal operator Lg o
but in some of its realizations as closed operators on L?(R ), with R, :=]0, oo].
To describe these closed operators, it is natural to write a = m?. Then, for any
m € C with Re(m) > — 1 we introduce an operator Hg,,, which is defined as
the closed operator that equals Lg ,,,> on the domain of functions that behave

as :L'%er(l - H_gmx) near zero, see (3.5) for a precise definition. With this

definition we obtain a two-parameter family of closed operators in L?(R. )
Cx {m eC ‘ Re(m) > 71} > (ﬂvm) = Hﬁ,mv

which is holomorphic except for a singularity at (G,m) = (0,—%). For

Re(m) > 1, the operator Hg,, is simply the closure of Lg,,2 restricted to
C°(R4). In fact, for Re(m) > 1 it is the unique closed realization of Lg ,,2 on
IA(R,).

This is not the case when —1 < Re(m) < 1. Among various closed real-

min

izations of Lg .2, one can distinguish the minimal one L Bom? and the maximal

one Lgfl‘z. The operators Hg ,, lie between Lmi;,}bz and LjJ%%,. They are distin-
guished by the fact that they are obtained by analytic continuation from the
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region Re(m) > 1 where the uniqueness holds. This continuation stops at the
vertical line Re(m) = —1, which cannot be passed because on the left of this
line the singularity 22t™ is not square integrable near 0.

The operators Hg ., are not the only closed realizations of Lg > inside
the strip —1 < Re(m) < 1, but they are the distinguished ones. In fact, for
generic (m?2, 3) in this strip there are two distinguished boundary conditions
with the behavior

g2 tm <1 __F x) S <1 __F x) (1.2)
14 2m 1—-2m
near zero, and they correspond to the operators Hg,, and Hg _,,. In our
paper, we consider only the distinguished boundary conditions. We do not
discuss other boundary conditions, except for the short remark below.
In the generic case, with —1 < Re(m) < 1, there exist mized boundary
conditions corresponding to the behavior

1im & 1, B

x? (1 1+2mx> + kx? (1 1_2mx) (1.3)
near zero, where k is a complex parameter or k = oo [with an appropriate
interpretation of (1.3)]. There are also two degenerate cases, for which the
boundary conditions (1.3) do not work: If m? = 0, then both behaviors in
(1.2) coincide. If m?> = 1, 8 # 0, then only m = 1 makes sense in (1.2).
In the degenerate cases, one needs to modify (1.3) by including appropriate
logarithmic terms.

The goal of our paper is to study the properties of the family of operators
Hpg . We do not restrict ourselves to real parameters, when Hg ,, are self-
adjoint, but we consider general complex parameters. In particular, we would
like to determine which properties survive in the nonself-adjoint setting and
which do not. Our paper is in many ways parallel to [2] and especially to [6],
where the special case 8 = 0 is studied. These papers showed that the theory
of Schrodinger operators with complex potentials can be very similar to the
theory involving real potentials, when we can have the self-adjointness. This
includes functional calculus, spectral and scattering theory.

However, the present paper is not just a boring extension of [2]—mew
interesting phenomena appear. First of all, the operators Hg ,, usually have a
sequence of eigenvalues accumulating at zero, while for 8 = 0 these eigenval-
ues are absent. Depending on the value of the parameters, these eigenvalues
disappear into the non-physical sheet of the complex plane and become reso-
nances. In “Appendix,” we give a few pictures of the spectrum of Hg ,,, which
illustrate the dependence of eigenvalues and resonances on the parameters.

Another phenomenon, which we found quite unexpected, is the presence
of a non-removable singularity of the holomorphic function (8, m) — Hgm,
at (8,m) = (0,—1). This singularity is closely related to the behavior of the
potential at the origin. It is quite curious: it is invisible when we consider just
the variable m. In fact, as proven already in [2], the map m — H,,, = Hg , is
holomorphic around m = —%, and H, _ 1 is the Laplacian on the half-line with
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the Neumann boundary condition. It is also holomorphic around m = %, and

H,, 1 is the Laplacian on the half-line with the Dirichlet boundary condition.
Thus one has

HO,—% #HO,%' (1.4)
If we introduce the Coulomb potential, then whenever 3 # 0,

1 1.
2 ’2

The function (5, m) — Hpg,y, is holomorphic around (0, %), in particular,
llfiiI})(ﬂ%—Hﬁ’%)_l = (I+Ho 1) " (1.6)

But (1.5) implies that
[laii%(]l +Hg 1)t =1+ Hy) "

Thus §— (1+ H@_%)*l is not even continuous near 3 = 0. This singularity
is closely related to a rather irregular behavior of eigenvalues of Hg,,, see
Proposition 3.9.

As proven in [2,6], the operators Hy,, are rather well-behaved, also in
the case of complex m. The limiting absorption principle holds, namely the
boundary values of the resolvent exist between the usual weighted spaces, and
scattering theory works the usual way. In particular, the Mgller operators (also
called wave operators) exist. They are closely related to the Hankel transfor-
mation, which diagonalizes Hy ,,, or equivalently which intertwines them with
a multiplication operator.

Most differences between Hy ,, and Hg ., for § # 0 are caused by the
long-range character to the Coulomb potential. In this context, it becomes
critical whether 3 is real or not. As is well-known, for real 3, we still have
limiting absorption principle with the usual weighted spaces. The usual Mgller
operators do not exist, but modified Moller operators do. They can be ex-
pressed in terms of an isometric operator, which we call the Hankel-Whittaker
transformation.

These properties mostly do not survive when § becomes non-real. In the
limiting absorption principle we need to change the usual weighted spaces, see
Theorem 3.12. The Hankel-Whittaker transform is no longer bounded, and to
our understanding there is no sensible scattering theory.

Some remnants of scattering theory remain for complex m but real nonzero
(B: we show that in this case the intrinsic scattering operator is well defined,
bounded and invertible unless Re(m) = —1.

It is usually stressed that constructions of long-range scattering theory
are to some degree arbitrary [5]. More precisely, one says that modified Mgller
operators and the scattering operator have an arbitrary momentum-dependent
phase factor. However, in the context of Whittaker operators there are distin-
guished choices for the Mgller operators and for the scattering operator. These
choices appear more or less naturally when one wants to write down formulas
for these operators in terms of special functions. So one can argue that they
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were known before in the literature. However, to our knowledge this observa-
tion has not been formulated explicitly.

Let us sum up the properties of operators Hg,, in various parameter
regions.

1.If B =0and —1 < m < oo, then Hg,, is self-adjoint and the usual
Mgller operators exist.

2. If 3 =0 and —1 < Re(m) < oo with Im(m) # 0, then Hg,, is not self-
adjoint, it is however similar to self-adjoint; the usual Mgller operators
exist [2,6].

3. If B # 0 with Im(8) = 0 and if —1 < m < oo, then Hg,, is self-adjoint,
and the modified Mgller operators exist.

4. If 8 # 0 with Im(8) = 0 and if —1 < Re(m) < oo with Im(m) # 0,
then Hg ,, is not self-adjoint; maybe some kind of long-range scattering
theory holds; what we know for sure is the boundedness and invertibility
of the intrinsic scattering operator unless Re(m) = —%.

5. If Im(B) # 0 and — 1 < Re(m) < oo with Im(m) # 0, then Hg,, is not
self-adjoint; it seems that no reasonable scattering theory applies.

The operator Hg ,, is one of the most important exactly solvable differ-

ential operators. Its eigenvalue equation for the eigenvalue (energy) —i

(—8f+<m2—i>212—§+i>v20 (1.7)

is known in mathematical literature as the Whittaker equation. In fact, Whit-
taker published in 1903 a paper [25] where he expressed solutions to (1.7) in
terms of confluent functions. This is the reason why we call Hg ., the Whittaker
operator.

The best known application of Whittaker operators concerns the Hydro-
gen Hamiltonian, that is, the Schrodinger operator with a Coulomb poten-
tial in dimension 3. More generally, in any dimension the radial part of the
Schrédinger operator with Coulomb potential reduces to the Whittaker oper-
ator. We sketch this reduction in Sect. 1.1. A brief introduction to the subject
can also be found in many textbooks on quantum mechanics, and we refer for
example [16, Sec. 135] or [11] for a recent approach. The literature on the sub-
ject is vast, and we list only a few classical papers relevant for our manuscript,
namely [7,9,12-14,17-21,24,26] or more recently [15, App. C]. However, in
all these references only real coupling constants are considered. Note that the
study of all possible self-adjoint extensions of the Whittaker operator in the
real case goes back to the work of Rellich [23] and was reconsidered with more
generality by Bulla-Gesztesy [4]. In particular, [4] discuss both mixed bound-
ary conditions of the form (1.3) and their logarithmic modifications needed in
degenerate cases.

Let us finally describe the content of this paper. Section 2 is devoted to
special functions that we need in our paper. These functions are essentially
eigenfunctions of the formal Whittaker operator (1.1) corresponding to the

11

eigenvalues —7, 7 and 0. All of them can be expressed in terms of confluent

and Bessel functions. Note that we use slightly different conventions from those
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in most of the literature. We follow our previous publication [6], where we
advocated the use of Bessel functions for dimension 1, denoted Z,,,, K, T and
H:E. Here we mimic this approach and introduce systematically the functions
Z8,m, Kg,m, Jp,m and 'H%’m, which are particularly convenient in the context
of the Whittaker operator. Note that Zg .., Kgm essentially coincide with
the usual Whittaker functions, and J3,,, and Him are obtained by analytic
continuation to imaginary arguments. In particular, we present the asymptotic
behavior of these functions near 0 and near infinity for any parameters 5 and
m in C.

Note that the theory of special functions related to the Whittaker equa-
tion is beautiful, rich and useful. We try to present it in a concise and sys-
tematic way, which some readers should appreciate. However, the readers who
are more interested in operator-theoretic aspects of our paper can skip most
of the material of Sect. 2 and go straight to the next section which constitutes
the core of our paper.

In Sect. 3, we define the closed operators Hg ,, for any m,3 € C with
Re(m) > —1, and investigate their properties. A discussion about the complex
eigenvalues of these operators is provided, as well as a description of a limiting
absorption principle on suitable spaces. At this point, the distinction between
Im(8) = 0 and Im(8) # 0 will appear. In the final part of the paper, we intro-
duce Hankel-Whittaker transformations which diagonalize our operators, and
provide some information about the scattering theory. Some open questions
are formulated in the last subsection.

1.1. The Coulomb Problem in d Dimensions

Let us briefly describe the manifestation of the Whittaker operator in quantum
mechanics. We consider the space L?(R%) and the Schrodinger operator with
the Coulomb potential in dimension d:
B
—A— o (1.8)
where r denotes the radial coordinate. In spherical coordinates, the expression
(1.8) reads

d—1 1 3
— P = 0y — —Agar — = 1.
O = ——0r — 5 As = (1.9)

where Aga-1 is the Laplace Beltrami operator on the sphere S?~!. Eigenvectors
of —Aga—1 are the spherical harmonics, and the corresponding eigenvalues are
Ll +d—2), with £ =0,1,2,... for d > 2; £ = 0,1 for d = 1. Thus on the
spherical harmonics of order ¢ the expression (1.9) becomes

L dol, U+d-2) B
T r T

_ 2 _(d_1)?
:—83—d 1(’),.+m G-1)° 5
r 72
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where m := /¢ + % — 1. By letting m take an arbitrary complex value and by
considering d = 1, we obtain the Whittaker operator

- 02+ <m2—1> 1_6 (1.10)

For # = 0, the Whittaker operator simplifies to the Bessel operator, see
for example [2,6]. As for the Bessel operators, the Whittaker operators for
distinct dimensions are related by a simple similarity transformation, namely

—1 2\ 1
cot- o (wi - (§-1) ) 5 -2
r 2 r r

-4l 2 2 1 1 ﬂ d4_ 1
=7r 2'2 (—@—l—(m —4)7’2—7. rz 2z, (111)

It is then a matter of taste to decide which dimension should be treated as the
standard one. From the physical point of view, d = 3 is the most important,
and from the mathematical point of view one can hesitate between d = 2 and
d = 1. We choose d = 1, following the tradition going back to Whittaker [25],
and consistently with [6].

The Coulomb problem in the physical dimension d = 3 has a considerable
practical importance. Therefore, there is a lot of literature devoted to the
equation

2 L2y
<5‘r €(€+1)2+1)UO,
r r
called the Coulomb wave equation, see [1, Chap. 14], which is directly obtained
from the physical problem. For this equation, ¢ is a nonnegative integer and n
is a real parameter. Solutions of this equation are often denoted by Fy(n,r),
Gy(n,r) and Hlft(n,z) = Gy(n,r) £ iFy(n,r), and are called Coulomb wave
functions. Alternatively, the equation

12
(a&e(e+1)2++e)v_o
r r

has been considered for € € R, and its solutions are often denoted by f(e, ¢;r),
h(e,4;r), and also s(e,¢;r) and c(e, ;7). Properties of these functions have
been studied for example in [14,21,24] and compiled in [22] (see also the more
recent work [8]).

Our aim is to consider the Whittaker operator in its mathematically most
natural form, including complex values of parameters, which do not have an
obvious physical meaning. This explains some differences of our setup and
conventions compared with those used in the above literature.

1.2. Notation

We shall use the notations Ry for ]0,00[, N for {0,1,2,...}, while N* :=
{1,2,3,...}. For a € C, & means the complex conjugate. C°(R,) denotes the
set of smooth functions on R with compact support.

For an operator A, we denote by D(A) its domain and by o,(A) the
set of its eigenvalues (its point spectrum). We also use the notation o(A)
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for its spectrum, oess(A) for its essential spectrum and o4(A) for its discrete
spectrum. If z is an isolated point of o(A), then 1.,(A) denotes the Riesz
projection of A onto z. Similarly, if A is self-adjoint and = is a Borel subset of
o(A), then 1z(A) denotes the spectral projection of A onto =.

The following holomorphic functions are understood as their principal
branches, that is, their domain is C\] — 00,0] and on ]0,00[ they coincide
with their usual definitions from real analysis: In(2), /z, z*. We set arg(z) :=
Im(In(2)). The extensions of these functions to ] — co,0] or to ] — oo, 0] are
from the upper half-plane.

2. Bessel and Whittaker Functions

An important role in our paper is played by various kinds of Whittaker func-
tions, closely related to confluent hypergeometric functions. We will also use
several varieties of Bessel functions. In this section, we fix the notation con-
cerning these special functions and describe their basic properties.

This section plays an auxiliary role in our paper, since almost all its result
can be found in the literature. The readers interested mainly in our operator-
theoretic results can only briefly skim this section and then go to the next one,
which constitutes the main part of our paper.

We start by recalling the definition of Bessel functions for dimension
1, which we prefer to use instead of the usual Bessel functions. Their main
properties have been discussed in [6]; therefore, there is no need to repeat
them here. We then introduce the Whittaker functions Zg ., Kgm, Ja,m and
H;m. These functions are solutions of the hyperbolic-type and trigonometric-
type Whittaker equation, as explained below. In our notation and presentation,
as much as possible, we stress the analogy of Whittaker functions and Bessel
functions. The section ends with a description of zero-energy solutions of the
Whittaker operator.

2.1. Hyperbolic and Trigonometric Whittaker Equation

A simple argument using complex scaling shows that the eigenvalue problem
with nonzero energies for the Whittaker operator (1.10) can be derived from
the following equation, which is known in the literature as the Whittaker equa-

tion
—9? 2 V1 _ B 1) _
( o0; + (m > + v=0. (2.1)

It is convenient to consider in parallel to (2.1) the additional equation

(3§+<m2i>;fi>vo. (2.2)

We call it the trigonometric-type Whittaker equation. For consistency, the equa-
tion (2.1) is sometimes referred to as the hyperbolic-type Whittaker equation.
Note that one can pass from (2.1) to (2.2) by replacing z with +iz and § with

Fig.
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2.2. Bessel Equations and Functions

In the special case § = 0, by rescaling the independent variable in (2.1) and
(2.2), we obtain the modified (or hyperbolic-type) Bessel equation for dimension

1 (- (v ) L )omo o

and the standard (or trigonometric-type) Bessel equation for dimension 1

(63 - <m2 - i) 2—12 + 1> v =0. (2.4)

As explained in (1.11), they are equivalent to the modified (or hyperbolic-type)
Bessel equation

1 m?
02+-0,—— —1|v=0, 2.5
(4202 - 1) (25)
respectively, to the standard (or trigonometric-type) Bessel equation
1 2
(af 0.y 1) v =0, (2.6)
z z

which are usually considered in the literature.
The distinguished solutions of (2.5) are

the modified Bessel function I, (2),
the MacDonald function K (2),
and of (2.6) are
the Bessel function Im(2),
the Hankel function of the first kind Ht(z) = HV(z),
the Hankel function of the second kind H(z) = H?(z),
the Neumann function Yo (2).

Following [6], we prefer functions which solve the two Bessel equations for
dimension 1. Namely, we shall use the following functions solving (2.3)

TZ

the modified (o hyperbolic) Bessel function for dim. 1 Tn(2) =\ S In(2),
the MacDonald function for dim. 1 K (z) = %Km(z).
We will also use the following functions solving (2.4)
the (trigonometric) Bessel function for dim. 1 TIm(2) = %Jm(z),
the Hankel function of the first kind for dim. 1 HE(2) = %H;(z),
the Hankel function of the second kind for dim. 1 H,(2) = 71-ZH;L(z),
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the Neumann function for dim. 1 Vim(2) =/ =Y (2).

We refer the reader to Appendix of [6] for the properties of these functions.

2.3. The Function Zg .,

The hyperbolic-type Whittaker equation (2.1) can be reduced to the 1Fi-
equation, also known as the confluent equation:

(202 4+ (¢ — 2)0. —a) v =0. (2.7)
Indeed, one has

1 z 1N1 B 1\ . =
—22T ez (—83 + (m2 - 4> =t 4) 22T = 202 + (¢ — 2)0: —a
for the parameters c =1+ 2m and a = % 4+ m — (. Here the sign + has to be
understood as two possible choices.
One of the solutions of the confluent equation is Kummer’s confluent

hypergeometric function 1 F(a;c;-) defined by

1Fi(a;¢;2) = Z (a)k 2

= (O L

k
(2.8)

where (a); :=a(a+1)---(a+ k— 1) is the usual Pochhammer’s symbol. It is
the only solution of (2.7) behaving as 1 in the vicinity of z = 0.
It is often convenient to use the closely related function 1F4 (a; ¢; -) defined
by
= (a) 2 1Fi(a;c2)

Pl s) — 2 _1nlaise) 2.9

(a6 2) kzzo T(c+k) K] T(c) 29)
We prefer the normalization (2.9), and in the sequel the following function
Zs,m will be treated as one of the standard solutions of the hyperbolic-type
Whittaker equation (2.1):

Z 1
Iﬁ,'m,(Z) = Z%+meq:51F1 (5 +m F ﬂ, 1+ 2m, :tz)

o (1 k
_ lim Tz (2+m:Fﬁ)k (iz)
S 22F(1+2m+k) k- (2.10)

k=0
Note that the sign independence comes from the first Kummer’s identity

1Fi(a; ¢; 2) = e*1Fi(c —a; ¢; —2).

In the special case § = 0, the function Zy ,, essentially coincides with the
modified Bessel function. More precisely, one has

F(;\/?m)l’" (%) - F(;er)zm (g) . (2.11)

For f% —m =+ 3 :=n €N, the series of (2.8) is finite and we get

I()’m(z) =

1 z
nlzztme¥s
Ii(%+m+n),m(z> = T(1+2m+n) ng m)(iz)v
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where
Z—Zmez qr
n!  dz (
are the Laguerre polynomials (or generalized Laguerre polynomials).
Finally, from Eq. (2.9) one can deduce the asymptotic behavior around

T AN PR

sm(2) = T2y 1+2m
while from the asymptotic properties of the 1Fj-function one obtains for
|arg(z)| < § and large |z|

LEZ™(2) = ez 2min) (2.12)

0:

z+ 0(22)) , (2.13)

1

Frmop ¢ 1F0E). e

Ipm(z) =

2.4. The Function KCg

The hyperbolic-type Whittaker equation (2.1) has also a solution with a simple
behavior at co. However, its analysis is somewhat more difficult than that of
solutions with a simple behavior at z = 0, because z = oo is an irregular
singular point. The most convenient way to look for solutions with a simple
behavior at oo is to reduce the Whittaker equation to the o Fy equation

(0?02 + (=1 + (14 a+ b)w)d,, + ab) v = 0.

1

Indeed by setting w = —z~", we obtain

- 1\ 1 1 -
- e (<ot (mt = g) 5= B g) s

=w?0? + (=1 + (1 +a+b)w)dy, + ab

for the parameters a = % +m—Fand b= % —m— 0.
The o Fp equation has a distinguished solution

oFy(a,b;—; 2) := lim 2Fy(a,b;c;cz),

where we take the limit over |arg(c) — 7| < m — e with € > 0, and the above
definition is valid for z € C\ [0, +00[. Obviously one has

2F0(a,b§—§z) = 2F0(b,a;—;z). (2~15)

The function extends to an analytic function on the universal cover of C\ {0}
with a branch point of an infinite order at 0, and the following asymptotic
expansion holds:
- o ([@n(®)n _,
o Fo(a,b;—;2) ~ nz;o YRR larg(z)| < ™ —e.
In the literature, the 5 Fy function is seldom used. Instead one uses Tricomi’s
function

Ula,c,z) =2z %Fy(a;a —c+1;—; —271)

- ta-9 1Fi(a;e;2) + 11(16(;)1)

1—c
Fil+a—c¢2—cz).
T(1+a—c) cTahlta-62-62)
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Tricomi’s function is one of solutions of the confluent Eq. (2.7).
We then define

1

Kgm(z) = Pe 2, Fy (2

1
+m—ﬁ,2—m—ﬂ;—;—z—1)
2 1
= 23tMeT iU (2 +m — B; 14 2m; z) )

which is thus a solution of the hyperbolic-type Whittaker equation (2.1). The
symmetry relation (2.15) implies that

Ko (2) = K -m(2). (2.16)

The following connection formulas hold for 2m ¢ Z:

’Cﬁ,m(z) _ T (F( Iﬁ7m(z) o Iﬁ7_m(z) ))7

Csin@rm) \T(L —m —p) Tl +m-p (2.17)
L .
Iﬂ,m(z) = 1—‘(2277:—’—5) (eiﬂm’C_@m(eiﬂz) + efiﬂ'mlc_ﬁ’m(e—ifrz)).

Recall that the Wronskian of two functions f, g is defined as

W (f,g;:2) = f(x)g'(x) — f'(x)g(). (2.18)
The Wronskian of Zg ,,, and Kg ,, can be easily computed, and one finds

1

W (Lgm: Kgmix) = -7 -

(2.19)

For the special cases, the relation of the function Ky ,, with the usual
Macdonald function K, or with the Macdonald function K,,, for dimension 1

reads
Kom(2) =25 (3) = Kn(3) 2.20)

Also for 5 — % —m =: n € N we obtain
’C%-i-m-i-n,im(z) = (_1)nn!zé+me—§L512m)(z)7

where LZ™ are the Laguerre polynomials introduced in (2.12). Note that for
these values of § the functions Zg ,, and Kg ,, are essentially the same, except
for a z-independent factor. However, for § = — (% +m+ n) the function Kg p,
has a more complicated representation, see [3].

Finally, for 2m ¢ Z the behavior of KCg ,, around zero can be derived from
that of Zg ,, together with the relation (2.17), while for 2m € Z the I'Hopital’s
rule has to be used, see the next subsection. For simplicity, we provide the
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asymptotic behavior only for Re(m) > 0, since similar results for Re(m) < 0
can be obtained by taking (2.16) into account. Thus one has:

7?%1?(5)) +O(|z\i) for m = 0,
z (r(i(:fn77i>a>ZNL + ety me) +0 (lz‘%> for Re(m) =0, m #0,
2 2
= r(2m 1 _m 14 Re(m
Kp,m(2) mzz +o(|z|2+ ( )) for Re(m)€]0, 1], m # 3,
gy + O (21n(2)) for m = 1,
r(2m 1 _m 3 _Re(m

mzz +O(|z|2 ( )> for Re(m) > 3.

(2.21)
For the behavior for large z, if € > 0 and |arg(z)| < 7 — €, then one has

Kom(z)=2Pe"2 (1+0(:"1). (2.22)

Remark 2.1. In the literature, one can find various conventions for solutions
of the Whittaker equation. In part of the literature Mg ,,, := I'(1 4+ 2m) Zg
is called the Whittaker function of the first kind. Ky, is called the Whittaker
function of the second kind and denoted by W ,,. In [3], our functions Zg ,,
and Kg , correspond to the functions .Z,, ,/» and W,, /5 with 3 = (3 and
nw/2 =m.

With our notation, we try to be parallel to the notation for the modified
Bessel equation. In fact, for 8 = 0 our functions Zg,, and Kg,,, are closely
related to the modified Bessel function Z,, and the Macdonald function K,,,
and this will also hold for Jg ., and 'H?;m with the Bessel function 7, and
the Hankel functions M.

2.5. Degenerate Case

In this section, we consider the hyperbolic Whittaker equation in the special
case m = £ for any p € N. It is sometimes called the degenerate case, because
the two solutions Zg ,,, and Zg _,, in this case are proportional to one another
and do not span the solution space. Therefore, we are forced to use the function
K3,m to obtain all solutions.

Let us fix p € N. We have the identity

Ty 5(2) = (- 8- "57) Zos(e, (2.23)

or equivalently,
Ip—3(2)  Tz(2)
L(52-p) T(FE-8)
Indeed, the confluent function 1 Fy(a; ¢; z) is divergent for ¢ — —p; however,

the divergence is of the same order as the divergence of I'(¢) for ¢ — —p. Then,
by a straightforward calculation, we obtain from (2.9) the equality

1Fi(a; —p+1; 2) = (a)p 2P 1F1(a +p; 1 +p; 2),
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which implies (2.23). Note that (2.23) also implies that

1—p 3-— —1
Ty 5(:)=0, forge e T b (2.24)
Let us now compare the symmetry (2.23) with similar properties of
the modified Bessel functions for dimension 1. For such functions, we have
I_m(2) = In(2), for any m € Z, which is consistent with (2.23). But for
m e Z+ %, Z_m is not proportional to Z,,, which at the first sight contradicts

(2.23). However, Z ,(2) = ﬁfm (%) vanishes for m € {...,—3, -1},
3 m

and this makes it consistent with (2.24).
The function Kg,,, is quite complicated in the degenerate case. In order
to describe it, let us introduce the digamma function

I'(2)
Y(z) =0.In(I'(z)) = Ok
Let us also set for k € N
1 1 1
Hy(2) = = e
k() z+z—|—1+ +z+k—1’
1 1
H, =H.(1)=1+—+---—.
k k(1) +2+ A

Obviously, this means that Ho(z) = Hy = 0. We have ¢(1) = —v, 9(3) =
—~v—21n(2). Besides, one has ¢¥(z+k) = ¥(z)+ Hi(z) and v(1+k) = —y+ Hy,
and for k e N

1 ¥(2)

az@ z=—k - _F(Z) z=—k - (_1)kk' '

The following statement can be proven by I’Hopital’s rule.

Theorem 2.2. For p € N, we have
(=1)P*" In(2)Z 2 ()

Ksze(z) = -
S C)
LT (R - 8), s
70 & WA

x (B(52 = B+k) — v+ 1+k) — v(1+k))
L (52 - )1 p -~ 1)
J'T (52 - 8)

For p =0, the above formula simplifies:

Kool =~ 25y

—

SR

z
=0

(PG =B+ =200+ k).
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2.6. The Function J3
In this and the next subsections, we consider the trigonometric-type Whittaker
equation and its solutions.
The function J3,, is defined by the formula
Ts.m(z) = e;i%(%'%m)LFigym(eii%z). (2.25)
It is a solution of the trigonometric-type Whittaker equation (2.2) which be-

L4m
haves as Ffl%;rn) for z near 0. More precisely, one infers from (2.13) that for
z near 0

zztm
Tom(2) = Tt w3 (1 = mez + 0(22)). (2.26)

It satisfies

jﬁ,ﬁ(z) = jﬁ,m(z)'

By starting again from the asymptotics of the ;Fj-function provided for
example in [1, Eq. 13.5.1] one can also obtain the asymptotic expansion near
infinity. However, note that we consider a real variable x and only ©z — oo
since for a complex variable z the asymptotic behavior highly depends on the
argument of z. One thus gets for x € R, with z large:

ei%(%+m+iﬁ)

—iE (1 . 1 : - -
me 2x B(1+1<§+m+1ﬂ> (5-771-‘1‘16)%‘ 1+O(£L‘ 2))

e (G H+mid) iz g (1 . 1 . . L
mezx <1—1(§+m—1ﬂ) <§—m—1ﬁ>m +0 (z )) (2.27)

jﬁ,m(x) =

In the special case 8 = 0 one has

N z 2 z

() = I (=)= ——Tn(=). 2.28
Tl = 5y (B) = Frrm 2 () @2

2.7. The Functions 'Hgim

Let us define the functions H;m by the formula

Hﬁm(Z) = eﬁ%(%er)’Ciiﬁ,m(eﬁ%Z). (2.29)

Note that here the sign + means that we have two functions: one for the sign +
and one for the sign —. The functions Hé[m are solutions of the trigonometric-
type Whittaker equation (2.2).

One can observe that the property Hi_m(z) = eii”mH;m(z) holds. For
these functions, one has the following connection formulas:

Lir eTIm™ T3 m(2) B J3,—m(2)

sin2rm) \T (3 —mFig) T (3+mFip))’
M m(2) L Mom(®)

Ltm+ig) T(E+m-ip) )’

H;m(z) =
(2.30)

Tam(z) = e~ ™0 (F(
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The behavior of Hg m depends qualitatively on m and can be deduced
from the asymptotic behavior of the function Kg,, provided in (2.21):

.z%(ln(e:‘:i%z)) 1/2 .
ilWJrO(M / ) if m=0,
L L eFimmp(_om) ™ r(2m)z—" ERNN
Fiz2 ( F(%_in]ﬁﬂ)) + F((%-H)nﬂFi,B)) + O(|2|2) if Re(m) =0, m # 0,
HE L (2) =4 = rem) _ g-m L 4Re(m) ; 1 1
2 Fircd a7+ Ol ) it Re(m) €10, 41,m # 1,
¥1W +0(z ln(eqﬁ%z)) ifm= %,
:Flﬁ%zrm +O(|z|2 Relm)) if Re(m) > 1.
(2.31)
For the behavior around oo, we have for |arg(z) F 5| <=
iz(1 uscl i iz _
Him(z) = oFi(3+m) o L6 otis (1+0(z"1), (2.32)

2.8. Zero-Energy Eigenfunctions of the Whittaker Operator

Bessel functions, which we recalled in Sect. 2.2, play two roles in the present
paper. Firstly and as already explained, they are solutions of (2.3) and (2.4) in
the special case of the Whittaker operator corresponding to 8 = 0. Secondly,
after a small modification they are annihilated by the general Whittaker oper-
ator. More precisely, for 8 # 0 let us define the following two functions on Ry :

Jﬁ,m(aj) = $1/4j2m (2 ﬁx)a
Yg.m(T) = 24, (2\/&5).
Then, the equation

1\ 1
(ot (n-2) &~ 2)umo

is solved by the functions jg ,, and yg . Indeed, this is easily observed by the
following direct computation:

(-2 -2

=0 (T (23/0) — (o ﬁ)%m(z 52) + (277

(2.33)

= —Bx=3/4 (Jéﬁn — ((2m)? — 5 Jam + sz> (2v/Bx)

) ave (2\/ x)?
and the big parenthesis vanishes. The same argument holds for /5, replaced

by Vo, and therefore for yg ,,, instead of jg ,,,. These two functions are linearly
independent. Indeed, a short computation yields

W (Jg.m> Yp.m; ) = \/ B

where the Wronskian has been introduced in (2.18).
We will need the asymptotics of these functions near zero. Note that yg .,
has the same type of asymptotics as yg,—m, which follows from the relations

Iml(z) = LE(H(2) — H;,(2)) together with HE (2) = e
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H:E (2). Therefore, in the case of ys_,, we give only the asymptotics for Re(m) >
0:

4+m 1

ja,m()—r‘(lim)xf*m(l f 2+0(2%)), if —2mgN*,
VEBET™ piom

(1 — 2m) (1=

Jom (@) = (=1)*" —r+ O(x2)>, if —2m e N¥,

(2.34)
C’ﬁ,o( Y21n(z) + O(x 1/2)> if m =0,
Cs,m (xf_m + O(Jﬁ"‘Re(m))) if Re(m) € [0, 3] and 2m # 0,1,
Cﬁ’%(l—l—O(xln(x))) if m=1%,
Cs,m (xéfm + O(wgfp‘e(m))) if Re(m) > 1,

yg.m(z) =

(2.35)

where C3 ., are nonzero constants for 3 # 0.
The above analysis does not include the case § = 0, that is the equation

(wats (e D) L)oo

For completeness, let us mention that a linearly independent basis of solutions
of this equation is given by

22t and  zT™ ifm # 0,
. i ) (2.36)
z? and z2In(z) ifm=0.

3. The Whittaker Operator

In this section, we define and study the Whittaker operators Hg ,,, which form
a holomorphic family of closed operators on the Hilbert space L?(R.). This
section is the main part of our paper.

3.1. Preliminaries

Our basic Hilbert space L?(R,) is endowed with the scalar product

(halha) = / Fr(@)hs(z) dz
0
The bilinear form defined by

(ha[h) = /Ooo o () ho () dae

will also be useful.

For an operator A, we denote by A* its Hermitian conjugate. We will
however often prefer to use the transpose of A, denoted by A#, rather than
A*. If Ais bounded, then A* and A# are defined by the relations

(h1|Ahz) = (A"ha|h2), (3.1)
(1| Ahg) = (A% hy|ha). (3.2)
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The definition of A* has well-known generalization to the unbounded case.
The definition of A# in the unbounded case is analogous.

Finally, we shall use the notation X for the operator of multiplication by
the variable z in L?(R.).

3.2. Maximal and Minimal Operators

For any «, 8 € C we consider the differential expression
1\ 1
Lgq = —02% + <oz— 7)7 _8

acting on distributions on Ry.. We denote by L% and Lgﬂ“

"o the corresponding

maximal and minimal operators associated with it in L?(R.), see [2, Sec. 4
& App. A] for the details. We also recall from this reference that the domain
D(Lrﬁ“’ij‘) is given by

D(LEE) = {f € L*(Ry) | Lpof € L*(Ry)}
while D(L™) is the closure of the restriction of Lg o to C°(Ry). The oper-
ators L and LJ** are closed and one observes that

min\ * max min\ # max
(L5a) =L5a and  (Lje)" = L5
In order to compare the domains D(LE") and D(LE%), a preliminary

result is necessary. We say that f € D(Lg“orj) around 0, (or, by an abuse
of notation, f(x) € D(ng}) around 0) if there exists ¢ € C°([0,00[) with
¢ = 1 around 0 such that f( € D(Lg“;‘) Let us note that we will often write

a = m?, where m € C. We also recall that the functions jg , and yg,m, have
been introduced in (2.33) and (2.36).

Proposition 3.1. (i) If f € D(LEY), then f and f" are continuous functions
on Ry and converge to 0 at infinity,
(ii) If f € D(LE), then near 0 one has:
(a) If a =0, then f(x) = o(x%|1n(x)\) and f'(x) = o(x%|ln(x)|),
(b) If « # 0, then f(z) = o(x%) and f'(z) = o(x%).
111 e(m)] <1 an € ), then there exist a,b € C such that:
i) If IR 1 and f € D(LD,), then th st a,b e C such th
fx) —ajgm — bygm € D(Lg“f,llz) around 0,
(iv) If [Re(m)| > 1, then D(Ln,) = D(LFS,).
v e(m)| <1, then in Y s a su space o max 3 of codimension
If R 1, then D(LY™ b f D(LE) of cod
2.

Proof. Since the above statements have already been proved for 5 = 0 in [2],
we consider only the case (3 # 0.

From the asymptotics at zero given in (2.34), one can observe that jg ,,
belongs to L? near 0 whenever Re(m) > —1. By (2.35), the function yg,, also
belongs to L? near 0 but only for [Re(m)| < 1. For other values of parameters,
these functions are not L? near 0.
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The proof of (i) and (iii) consists now in a simple application of standard
results on second-order differential operators as presented for example in Ap-
pendix of [2]. More precisely, (i) is a direct consequence of Proposition A.2 of
this reference, while (iii) is an application of its Proposition A.5. Statement
(v) is a direct consequence of (iii).

For the statement (ii), let us write @ = m?. First we consider the case
|[Re(m)| < 1. For any function g which is L? near 0, let us set [|g. =

N 24 1/2 for x € Ry small enough. It is then proved in Proposition
(Jo la(y)I* dy + g p D
A7 of [2] that if f € D(LJ".), then one has

f(@) = o(1)(lig.m (@) ys,mlle + 1Ys.m (@) 78,mll2), (3.3)
f'(@) = o) (lig.m’ @) y.mlla + [ygm (@) 58.ml2)- (34)

By computing these expressions in each case, one gets that if m = 0, then
7g,mlle = O(z) and ||ys,m|l» = O(x|In(z)|), while if Re(m) = 0 and m # 0,
then [jgml. = O(z"*R(™)) and ||lygm |, = O(z'~R(™)). Based on these
estimates and on the asymptotic expansions of jg ,, yg,m near 0 one directly
infers from (3.3) the estimate on f for any f € D(Lg,i#ﬂ)' For the estimate on
f’, it is necessary to compute jgm', ys,m’, and the only surprise comes from
the special case m = . By using (3.4) and the estimate on ||jg,m|lz: [|yg,m |l
obtained above, one deduces the behavior of f’ for any f € D(Lrﬁnf;1 2).

The case |Re(m)| > 1 of the statement (ii) follows by an obvious modifi-
cation of the proof of Prop. 4.11 of [2].

The proof of statement (iv) is deferred to Sect. 3.4. O

3.3. The Holomorphic Family of Whittaker Operators

Recall from (2.34) that if —2m ¢ N*, then jg ., (z) = C’mﬁx%“”(l - 1+B2mx+
O(z?)), which belongs to L? near 0 if Re(m) > —1. This motivates the follow-
ing definition:

For m, 8 € C with Re(m) > —1, except for the case m = —%, 6 # 0, we
define the closed operator Hpg,m as the restriction of L7, to the domain

D(Hp,m) = {f € D(Ljmz) | for some c € C,

f(z) — cxzt™ (1 a:) eD( g”:;g) around 0}. (3.5)

C1+42m

Note that for 3 = 0, the expression g +’82m is interpreted as 0, also in the case
m = f%. In the exceptional case excluded above, we set
Hﬂ,—% = Hﬂ,%7 67{0 (36)

Let us stress that (3.6) does not extend to 8 = 0. In fact, Hy 1+ # Hy 1,
as we know from [2,6]: H, _1 is the Neumann Laplacian on Ry, and H 1
is the Dirichlet Laplacian on R, . More information about the singularity at
(8,m) = (0, f%) will be provided in Proposition 3.9.

The following statements can be proved directly:
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Theorem 3.2. (i) For any m € C with Re(m) > —1 and any 8 € C one has

* #
(Hom)" = Hpmo  (Hpm)" = Ham,
(ii) For any real m > —1 and for any real B € R, the operator Hg ., is
self-adjoint,
(iii) For Re(m) > 1,
B2 = Ham = L.
(iv) For —1 < Re(m) <1,
Bz G Hgom G L,
and the inclusions of the corresponding domains are of codimension 1.

Proof. Recall from [2, Prop. A.2] that for any f € D(L%*,) and

B,m?2

g € D(Lgl‘":%‘z), the functions f, f’,g,g" are continuous on R,. In addition,

the Wronskian of f and g, as introduced in (2.18), possesses a limit at zero,
and we have the equality

(L2 flg) = (FILEmz9) = =/ (, 95 0).
In particular, if f € D(Hg,,) one infers that
(Hp,mflg) = (fILEm29) — W' (f, g;0).

Thus, g € D((Hgym)*) if and only if #/(f,9;0) = 0, and then (Hg,,)*g
= L%l)‘j%‘z g. By taking into account the explicit description of D(Hg,m),
straightforward computations show that #(f,g;0) = 0 if and only if g €
D(Hp 7). One then deduces that (Hg )" = Hp 5. Note that the property for
the transpose of Hg,, can be proved similarly, which finishes the proof of (i).

The statement (ii) is a straightforward consequence of the statement (i).
The statements (iii) and (iv) are consequences of Proposition 3.1. O

Remark 3.3. In the spirit of [6], one could consider more general boundary
conditions, and thus other realizations of the Whittaker operator. However, in
this paper we stick to the most natural boundary conditions introduced above.
This approach corresponds to the one of the original paper [2], where 3 = 0.

3.4. The Resolvent

From now on, we consider fixed m, 8 € C with Re(m) > —1. In order to study
the resolvent of the operator Hg ,, let us introduce the set og,, C C which
will be related later on to the spectrum of Hg,:

._ B 1 }
Jﬁym.—{k€C|Re(k)>0and2k m—2 gN}.
Let us consider k € 03 ,,,. By a scaling argument together with the material of

Sect. 2 one easily observes that the two functions
T K%ym@kx) and T I%)m(Qkx) (3.7)

are linearly independent solutions of the equation (Lg .2 + k*)v = 0. From
(2.22), one infers that the first function is always in L? near infinity, but it
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belongs to L? near zero only for [Re(m)| < 1. On the other hand, the second
function belongs to L? around 0 for any m with Re(m) > —1, but it does not
belong to L? near infinity.

If in addition m # f%, then one has

Zynte) ~ e (12
m(x) ~ - T ).
7 I'(1+2m) (1+2m)
Therefore, it follows that
(2ka)2+m s
2%ix) ~ 1— .
ko)~ Tt am) 1+2m)" )’ (38)

which means that (3.8) belongs to the domain of Hg ., around 0. Based on
these observations and on the standard theory of Green’s function, we expect
that the inverse of the operator Hg ,,,+k? for suitable k is given by the operator
Rg.m(—k?) whose kernel is given for z,y € Ry by

Rﬁ,m(_kQa xZ, y)

o ir (l e £> I%’m(%x)lC%’m(%y) for 0 <z <y, (3.9)
2R A\2 )\ Zs ,,2ky)K s, (2kz) for 0 <y <z

2k 2

Ts

2k’m(

ko &

x)

B

We still need to check the exceptional case m = —1. By (2.23) and (2.16), we
have

Ts,—1(2) = =PIg1(x), Kg_1(2) =Kg1(2).
As a consequence, we infer that
RB 7%(_k27$7y) :Rﬁ,%(_k27a"ay)7 ﬁ#()?

which is consistent with (3.6).

)

Remark 3.4. If § = 0, by taking the relations (2.11) and (2.20) into account
one infers that

1 {Zm(kx)lCm(ky) for 0 <z <y,

Ry m _k2; ) =7
o.m( %9) k| (ky)Kp(kx)  for 0 <y < z.

This expression corresponds to the starting point for the study of the resolvent
in [2].

The next statement provides the precise link between the resolvent of
Hpg ,, and the operator Rg ,,(—k?).

Theorem 3.5. Let m,3 € C with Re(m) > —1 and let k € og,,. Then, the
operator Rg .. (—k?) defined by the kernel (3.9) belongs to B(L*(Ry)) and
equals (Hg  + k?)~1. Moreover, the map (8,m) — Hg., is a holomorphic

family of closed operators except for a singularity at (8,m) = (0, f%)

Let us emphasize that this statement already provides information about
the spectrum o(Hg ) of Hg . Indeed, one infers that
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o(Hgm) C{—k*|Re(k) > 0and k & og.m }

= [O,oo[U{)\N |INeN,N+m+ % # 0, Re(ﬁ) >0}7
2
(3.10)

where we have set
ﬁQ
AN +m+ 4)2
Later on, we shall see that the inclusion in (3.10) is in fact an equality.
The proof of Theorem 3.5 is based on a preliminary technical lemma.

AN = — (3.11)

Lemma 3.6. Let m, 3 € C with Re(m) > —1 and let k € 03,4,,. Then, for any
z,y € Ry one has:

(i) If Re(m) > 0 with m # 0, then
|Rpm (= 2,y)]

5 m—ﬁ — — . = . =
<03 7‘”;—;%‘ 26)| o~z —y|Re(k) 1r111n{1,2:17|k:\)}§Imn{l,2y|l<:|}é
2k ™ ’

max{1,2x|k\}*Re(%) max{l,Qy\k|}Re(%) forO<z <y,
2 (3.12)

max{1, 2y|k|} "R(0) max{1, 2z[k|}R(2)  for 0 < y < a.
(i1) If Re(m) < 0 with m # 0, then
|Rg.m (=K% 2, )]

1 _8
<02 | LCmoslolemylRe() min 1, 90 [k|yRe™+E min{1, 2y |k R0+ 3
2k

max{1, 2z|k|} ~ReGF) max{1, 2y|k[}ReGF)  for0 <z <y,
{max{1,2y|k|}—Re<zi> max{1, 2z|k[}ReGF)  for 0 <y < . (3.13)
(iii) If m =0, then
|Rg0(—k% z,y)|
< 02 Gl ole—IRe) win 1, 2|4} min{1, 29k}
x (1 + | In(min{1, 2z|k|})]) (1 + | In(min{1, 2y[k[})])

" max{1,2x|k\}*RC(%) max{1,2y\k|}R°(%) for0 <z <y, (3.14)
max{172y|k|}_Re(%) max{1,2x\k|}Re(%) for0<y <. '

The constants C s . and C s are independent of x and y.
2k 2k

Proof. Observe first that for € > 0 and |arg(z)| < m — € one deduces from
(2.21) and (2.22) that

K w2 <Cp

for m # 0, while for m =0

e Re(®/2 min{1, |z|}_‘Re(m)‘+% max{1, |z|}Re(%)

K s ()] < Cpe 2 min{1, 2]} 2 (1 + |In(min{1, |2[})|) max{1, \z|}Re(%>.
2k 2k
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Similarly, from (2.13) and (2.14), one infers that

s
Zs ,.(2)]<C meRe(Z>/2 min{1, |z|}Re<m)+% max{1, |z} "72F)  for m #£ 0,
2k

B8
2k

8
5 ,(2)] < Cp ™2 min{1, |2} max{1, |2|} R
2k 2k

As a consequence of these estimates, if m # 0 one infers that for
O<zx<y

|Rﬁ,m(_k27l‘7y)‘
1 _ B
< N ’F(z +2TZ| Zk)‘e(z—y)Re(k) min{1,2x|k|}Re(m)+%
2k

s min{1, 2y|k[} RIS max{1, 2z(k|}~RGR) max{1, 2y|k[}Re(=F)
while for 0 < y < = one has

|Rg,m (=K 2, y)]

1 _B
< 02/5 ’F(Z +m 2k)|e(y—a:)Re(k) min{172y‘k|}Re(m)+%

o 2lK]
x ming1, 20 [} ROV a1, 2y |} RO a1, 20k},

Then, if Re(m) > 0 one observes that |Z—z{ < 1in the first case, and |%| <1lin
the second case. This directly leads to the first part of the statement. Similarly,
for Re(m) < 0 one has —|Re(m)| = Re(m), from which one infers the second
part of the statement. The special case m = 0 is straightforward. O

Proof of Theorem 3.5. Observe first that for k € og,,, the Gamma factor in
(3.9) is harmless. Thus, in order to show that the kernel (3.9), with the Gamma
factor removed, defines a bounded operator for any k € C with Re(k) > 0, it
is sufficient to consider separately the two regions

Qi={(@,y) € Ry xRy [ 2> k) y > k)

and Ry x Ry \ Q. In the latter region, thanks to the previous lemma it is
easily seen that the kernel Rg ,,(—k?;-,-) belongs to L? and thus defines a
Hilbert—Schmidt operator. For the kernel on €2, one can employ Schur’s test and
observe that Rg ., (—k?;-,-) belongs to L ([|k|~, cof; L' ([|k| 7!, oc)) for the
two variables taken in arbitrary order. If Re(zﬁk) < 0, then this computation
is easy and reduced to the one already performed in the proof of [2, Lem. 4.4].
We shall consider only the case Re(%) > 0.

Thus, for Re(%) > 0 let us check that

o0
sup / |Rg’m(—k2;m,y)‘dx < 00,
yz(2lk))=t J(2]k]) 1

the other condition being obtained similarly.
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For fixed y € [(2|k])~!, 00[, we divide the above integral into three parts,

—1 —1
namely x € [(2|k|)’1,(2|k‘)f+y[, T € [(z‘kl)fﬂ’,y[ and x € [y, o00[. For the
first part, it is enough to observe that

<2\k|)2*1+y ,
e~ (y—z)Re(k) (%)Re(ﬁ) da
(2]k|)—t
<2\k\>2—1+y
< e VRe(h) (9| |y)Re(zr) oRe(k) 4o
(2lk)~1
—yRe o(L£- y+@IkD " R “1Re
= Rel(k)e yR (k)(2|k‘y)R (gk)(e( L JRe(k) _ o(2[k)) 'R, (k))_ (3.15)

For the second part, one observes that

! e~ (= mRe(h) (1) R g,
@lkh=1+y x
2
Yy
< o YRe(k)gRe(4p) otRe(k) 4.
(Q\kl)2_1+y
_ 20 o yRe(h) (uRelh) _ oM R(1)) (3.16)

For the third part, one has (with y > (2|k[)~1)

B

/°° e~ nRe(h) (2)Re(0) g,
Y

Y

£

. Ooszek zRe(
7/0 o) (1 4 2) Rl

dz

o0 o ﬁ
< / e o) (1 4 2|p|2) ") gz, (3.17)
0

Finally, it only remains to observe that the three expressions (3.15), (3.16) and
(3.17) are bounded for y > (2|k|)~!. As a consequence, one deduces that the
kernel restricted to 2 defines a bounded operator in L?(R, ), and by summing
up the information one deduces the boundedness of Rg ,,(—k?). The equality
of Rgm(—k?) with (Hg,m + k%)~ and the mentioned holomorphic property
follow from standard argument, see for example Appendix A and Proposition
2.3 in [2]. O

Proof of Proposition 3.1 (iv). We want to show that Re(m) > 1 implies
Lg“‘;lg = Lg“j‘)’l‘g. With the information provided in the previous statements,

it can be done by copying mutatis mutandis the proof of [2, Prop. 4.10]. O

3.5. Point Spectrum and Eigenprojections

In this section, we provide more information on the point spectrum of Hg ,, and
exhibit an expression for the projection on the corresponding eigenfunctions.
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Theorem 3.7. Let m, 5 € C with Re(m) > —1. Then we have
op(Hpm) = oa(Hp,m)
p

- {)\N | NEN,N+m+%7éO, Re(ﬁ> >0}, (3.18)

m+ 5

where A\ were defined in (3.11). All eigenvalues are of multiplicity 1. The
kernel of the Riesz projection Py corresponding to Ay is given for x,y € Ry

by

NI 8 1+2m 3
P, = =
w (@) I‘(1+2m+N)<N+m+%) ex 2(N+m+%)(w+y)>
Lim ,(2m) ¢ (2m) B
x (xy)? Ly (7N+m+%x>LN (7N+m+%y)’ (3.19)

where ng,m) is the Laguerre polynomial introduced in (2.12).

For the following proof, let us observe that we can consider 8 # 0 since
the second condition in (3.18) is never satisfied for 5 = 0. In addition, the case
B = 0 has already been considered in [2] and it was shown in this case that
the operator Hy ,, had no point spectrum.

Proof. Observe first that for any N € N the three conditions Re(k) > 0,
% -m — % # N and \y = —k? are equivalent to the condition in (3.18).
Now, this situation takes place exactly when the two solutions of the equation
Lg.mef = —k?f provided in (3.7) are not linearly independent, see also (2.19).

This means that modulo a multiplicative constant, for k = the

TNEmED)
map r +— IN+m+%,m(%m+%x) and the map z — ICN+m+%’m(%m+%x)
are equal. From the discussion following (3.7), one infers that these functions
belong to L%(R..) for any Re(m) > —1. It remains to show that these functions
belong to D(Hpg,y, ). For that purpose, let us consider one of them and use (2.13)
to get

7 B
wemt b\ T
2

2

1im
_ ()’ (  N+m+i 8

x+0(m2)>

(14 2m) 1+2m N+4+m+3

()

Nt+m+3 L4m g 2
= _omrel 1- .

T +2m) © ( o TOW)

By comparing this expression with the description of D(Hg ), one directly
deduces the first statement of the theorem.

Let v be a contour encircling an eigenvalue Ay in the complex plane,
with no other eigenvalue inside v and with no intersection with [0, co[. The

Riesz projection corresponding to this eigenvalue is then given by
1

Py =—— m(2)dz.
N 27 WR[}’ (2)dz
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By setting z = —k*, we get
1
/Rﬁ’ —k?)d(—k?) = —/ 2kRg (—k?) dk (3.20)
27 o

27

for some appropriate curve v*. Now by looking at the expression for the re-

solvent provided in (3.9), one observes that only the first factor is singular for

% +m — % = —N and more precisely one gets for the residue of this term
N

Res(I',—N) = (—1\1[? . By substituting k =

resolvent, one thus gets

ﬁ . .
ANEmTD) B the expression for the

B B
IN—&-m-&-%,m(N+m+%x)’CN+m+%,m(N+m+%y)
(-H)N for 0 <z <y,
N!

Pn(z,y) = 8 8
INerJr%,m (my)lcNerJr%,m (mm)

for0<y<u.

Finally, by recalling that for 3 = N +m+ 3 the functions Zg ,, and Kg,,, have
an easy behavior and are essentially the same; as mentioned in Sects. 2.3 and
2.4, one directly infers the explicit formula provided in (3.19).

It remains to show that there are no eigenvalues in [0, co[. We will consider
separately 0 and ]0, co|. Firstly let us consider the functions = +— h;m(a:) =
x1/4H§m(2\/ﬁ7x). By the arguments of Sect. 2.8, they satisfy Lﬁ’mth’m =
0. By the asymptotic expansions of these functions near 0 provided in [6,
App. A.5], one easily infers that k5 are L? near 0 for [Re(m)| < 1 and not

,m
otherwise. Also, since for large z one has

HE(2) = FE 337 (14 0(|2) 7))
we deduce that

him(:p) _ x1/4e:ti(2\/ﬁ7mf7rm7%ﬂ') (1 + O(‘Z|71/2))

)

which means that one (and only one) of these functions is in L? near infinity
if and only /3 has a nonzero imaginary part. However, since none of these

functions has an asymptotic behavior near 0 of the form gz tm (1 -7 +ﬁ2m x) +

o(x?), one deduces that none of them belongs to D(Hg,,). Hence 0 is never
an eigenvalue of Hg ,,.

Let us now consider the equation Lg ,2v = pv for some pu > 0. Two
linearly independent solutions are provided by the functions x — Hig m(2ux)

introduced in Sect. 2.7. By the asymptotic expansion around 0 pr20vided in
(2.31), one infers that these functions are L? near 0 if [Re(m)| < 1 and not
otherwise. Then, from the asymptotic expansion near oo provided in (2.32)
one deduces that

HY | (ua) =¥ 5 (34m) B (2pu0) 15 o F0 (14 0@ 1)),
2
Again, one infers that one (and only one) of these functions is in L? near

infinity if and only 8 has a nonzero imaginary part. However, by taking the
asymptotic expansion near 0 provided in (2.31), one observes that none of
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these functions belongs to D(Hp ), from which we deduce that p? is never
an eigenvalue of Hg ,,. O

Let us still describe more precisely the point spectrum o (H ﬁ,m) when
the operator Hg , is self-adjoint, which means when 3 and m are real.

Corollary 3.8. (i) Form € [~1/2,00[ and 8 <0, one has o, (Hpm) =0,
. o 32
(i) For m €] —1/2,00[ and 3 > 0, one has o, (Hgm) = {— INFmED)e |
N € N},
(iii) Form €] —1,—1/2[ and # < 0, one has o, (Hgm) = {—ﬁ},
2
52

(iv) Form €] —1,-1/2] and 8 > 0, one has o,(Hgm) = {— TN |

NENX},

The singularity of the holomorphic function (5, m) +— Hg,, at (0, f%)
may seem surprising. The following proposition helps to explain why this sin-
gularity arises. It indicates that the point spectrum has a rather wild behavior

for parameters near this singularity.

Proposition 3.9. For every neighborhood V of (0, —%) i CxC and every z € C,
we can find (B,m) € V such that z € o(Hg ).

Proof. Clearly, one has [0, 00[C o(Hg,m). Moreover, if z ¢ [0,00[, € > 0, . :=
€2y/—z and m. := —3 + ¢, then one has z € od(Hg_,,.) as a consequence
Theorem 3.7 for N = 0. Clearly, (8¢, m¢) — (0,—1) as e — 0. O

Remark 3.10. Let us recall that when § = 0 one has o, (Ho,m) = ( and
o(Hom) = [0,00] for any m with m > —1, as shown in [2]. In that respect,
the result obtained in (iii) sounds surprising, since for § < 0 it may seem that
7% is a positive perturbation of Hy ., but nevertheless Hg ,, has a negative
eigenvalue! However, let us emphasize that there is no contradiction since the

domains of Hg ,, and Hy ,, are not the same: no inference can be made.

Remark 3.11. For 8 and m as in the physical quantum-mechanical hydrogen
atom, the set {A\n}nen coincides with the usual hydrogen atom point spec-
trum. Physicists introduce nonnegative integers £ := m — % andn:=/(+N+1
which are called, respectively, the azimuthal quantum number and the main

quantum number. Then by considering 0 < ¢ < n — 1 these numbers give the
82

n-fold degeneracy of the eigenvalue £, = — ;.

3.6. Dilation Analyticity
The group of dilations is defined for any # € R by

Upf(x) :==e? f(ex), fe L*(Ry).
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It is easily observed that UgD(Hpg,m) = D(Heo ) and
UsHpmUy ' = ¢ Heog - (3.21)
The r.h.s. of (3.21) can be extended to an analytic function
C20 Hgm(0):=e Hypg,p. (3.22)

As a consequence, the operator Hg,, is an example of a dilation analytic
Schrédinger operator, where the domain of analyticity is the whole complex
plane. In addition, there is a periodicity in the imaginary direction: we have

H,&m(e) = Hﬂ,m(e + Qiﬂ').

An operator Hg ,, with a non-real § can always be transformed by di-
lation analyticity into an operator with a real parameter. More precisely, if
3 = ei?|3| is any complex number, then we have

Hgm(~i¢) = e Hyg) m,
Hﬁ’m(iﬂ — 1¢) = eQiqﬁH_mLm.
Note that these relations will be used in “Appendix” for the explicit description
of the spectrum of Hg ,,.

3.7. Boundary Value of the Resolvent and Spectral Density

Our next aim is to look at the boundary value of the resolvent of Hg .,
on the real axis. For that purpose and for any s € R, we introduce the
space (X)*L?(R,), where (X) := (1 + X?)/2. Clearly, for s > 0 the space
(X)7*L*(R,) is the domain of (X)*, which we endow with the graph norm,
while (X)*L?(R,) can be identified with the anti-dual of (X)~*L*(R,).

Let m, 3 € C with Re(m) > —1. We set

. 1
+ i
Qﬁ)m._R+\{iW|NeN,N+§+m7£0} (3.23)

and Qg = ng,m Ny, We say that (B,m) is an exceptional pair if there
exists N € N such that N 4+ 1 + m # 0 and ﬁi—i—l € R\{0}.
2
Note that

Qp.m =Ry, if (,m) is not an exceptional pair,

_ Re() : : . , _
Qg m = RJF\{‘QIm(m) ‘}, if (8, m) is an exceptional pair and 3 ¢ iR,
18] 1
Qs.m =R — | N+ = >0, NeNg,
. +\{2(N+%+m)| HPR }

if B€iR, B#0, me] —1,00].

The theorem that we state below has some restrictions when (3, m) is an
exceptional pair. Its statement is rather involved since any 3 € C is considered.
In the special case Im(3) = 0, some simplifications take place.
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Theorem 3.12. Let m, 3 € C with Re(m) > —1. Let us fiz ko > 0 and consider
any k €Jko, o0[ Qi7m. Then, the boundary values of the resolvent

Rgm(K* £i0) := n\r% R (k? £ i€)

exist in the sense of operators from (X)) °L?*(Ry) to (X)*L*(R.) for any
s>1+4 ‘Ir;iéf)l, uniformly in k on each compact subset of ko, oo[ﬂﬂiﬁm. For
z,y € Ry, the kernel of Rg ., (k? £1i0) is given by

Rg . (k* £i0;2,9)

. . 8 Js L (kx)HE (2ky)  for0 <z <y,
— 5T (5 +m i) ’ 7 3.24
A2 T Ts L CRy)HE  (2kz)  for0<y<a. (3:24)
> 55

Before starting the proof, let us emphasize the role played by §. If
Im(B) = 0, then the limiting absorption principle takes place in the usual
spaces, with the exponent s > % On the other hand, if Im(5) # 0, an addi-
tional weight is necessary for the limiting absorption principle.

Proof. Let k > 0. Assume that i% —-m — % ¢ N. Thus, let us consider the
operator (X)°Rg ., (k? £ i€)(X)~* whose kernel is

() "R m (K> tie;z,y)(y)~°, (3.25)

see also (3.9). We show that the corresponding operator is Hilbert—Schmidt
and converges in the Hilbert—Schmidt norm to the operator whose kernel is
provided by (3.24). For that purpose, let us also set kT := v/ —k? Fie and
observe that Re(kF) > 0 and that 11{1(1) k¥ = Fik. As a consequence, one has
k¥ = Fik + O(e).

We consider first the slightly more complicated case when —1 < Re(m)

< 0 and m # 0. By the estimate (3.13), the expression (3.25) is bounded for e
small enough by

T(i4+m——L2)
Ck| e |min{Llek\}Re(m”%(x)_s
@)Rc(z’%) for
. m)+1 —s ( T N y >,
x min{1, 2y|k|} R T2 () ém; Re(£:) (3.26)
(@) 2ke for z > y.

for a constant C} independent of z and y but which depends on k. We then
observe that Im(5)
. )il _ m
I Re(gF) =F 5
Im(B)  [Im(B)]
3% S 2k,

on s implies that the expression (3.26) belongs to L?(Ry x R.).

On the other hand, starting with the expression (3.9) and by taking the
equalities (2.25) and (2.29) into account, one also observes that for fixed x and
y, the expression given in (3.25) converges as € \, 0 to

() R (k* +10;2, ) (y) %, (3.27)

Since F

and by taking € < ¢ sufficiently small, our assumption
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with Rg ,, (k*+i0; 2, y) defined in (3.24). We can apply the Lebesgue dominated
convergence theorem and deduce that (3.25) converges in L?(R; x Ry) to
(3.27). This convergence is equivalent to

lim (X) R (K2 £ 16) (X) ™ = (X) ™" R (K? £ 10)(X)

in the Hilbert—Schmidt norm. Note finally that the uniform convergence in
k on each compact subset of ]kg,oo[ can be checked directly on the above
expressions.

For Re(m ) > 0 with m # 0, the same proof holds with the estimate
(3.12) instead of (3.13). Finally for m = 0, the result can be obtained by using
(3.14). O

Based on the previous result, the corresponding spectral density can now
be defined.

Proposition 3.13. Let m € C with Re(m) > —1, let § € C and let us fix kg > 0.
Then for k €lko, 0o[(Qa,m the spectral density defined by

1 . .
pa.m(K?) = 2{1(1) 3 (Rg,m (K +i€) — Ry (k* —i€))

1 . .
= 5= (Ram(k* +10) — Ry m(k* —10))
em’sts in the sense of operators from (X)7*L*(Ry) to (X)*L?(Ry) for any

s> 5 + “m( . The kernel of this operator is provided for x,y € Ry by

usc]
e2k

4k

pom (K52, y) = F(% +m+ %)F(% +m — —)ja m(2k2)T 5 . (2ky).

T (328)

Proof. The existence of the limit is provided by Theorem 3.12, while the ex-
plicit formula (3.28) can be deduced from (3.24) together with (2.30). O

Note that for § = 0 the expression obtained above reduces to

1
Pom (k5 2,y) = — Ton (k) Ton (ky), (3.29)

by taking the relation (2.28) into account. This expression corresponds to the
one obtained in a less general context in [6, Prop. 4.4].

8. Reminder About the Hankel Transform

As we mentioned before, to some extent this paper can be viewed as a contin-
uation of [2,6]. These two papers were devoted to Schrodinger operators with
the inverse square potential. Among other things, certain natural transforma-
tions diagonalizing these operators were introduced. They were called there
(generalized) Hankel transformations.

In the present paper, we would like to find natural transformations that
diagonalize Hg ,,. We will mimic as closely as possible our previous construc-
tions. Therefore, we devote this subsection to a summary of selected results of
[2,6].
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Recall first that for any m € C with Re(m) > —1 the operator H,, =
Hp ,,, can be diagonalized using the Hankel transformation %, = Fj = F,.1,
which is a bounded operator on L?(Ry) such that

FnX? = H,, T

For any m,m’ we also define the Mgller operators corresponding to the pair
(Hm, Hm/) by the time-dependent formula
+ . +itH,,  FitH,,/
L i=s— 1 ma Ty,
Weom s— lim e e

These operators can be expressed in terms of the Hankel transformation
W =t g T
It is also natural to introduce a pair of operators

FE.=etimg, (3.30)

m

which can be called the incoming/outgoing Hankel transformation. Then we
can write

Wk = FEFTF.
Note that the definition (3.30) may look trivial, but we will see that in some
situations it is more natural to generalize .Z: rather than .%,,.

The operators H,, have very special properties. Therefore, some of the
properties of Hankel transformations are specific to this class of operators. A
more general class of one-dimensional Schrodinger operators H,, , on the half-
line has been considered in [6]. They are generalizations of H,, by considering
general boundary condition at zero. Exceptional cases exist for this family,
however for non-exceptional pairs (m, k) one can generalize the construction
of the incoming/outgoing Hankel transformations. In fact, one can define a
pair of bounded and left-invertible operators yfrfﬁ that diagonalize Hp, .
They satisfy

yﬂf,#nynil,n - ]17
ﬁniz,nynf,#n = ]IR+ (Hm,ﬁ)v

FE XTI = Hyy o Ir, (Hi ),

where g, (H,, ) in the self-adjoint case is the projection on the continuous
subspace of H,, ., and in the general case it is its obvious generalization. We
called 95515 the outgoing/incoming generalized Hankel transformations. The
operators .Zf . and .7, are linked by the relation

m,K
g;;’,ﬁgm,n =7,

m,K?

(3.31)

where G, . is a bounded and boundedly invertible operator commuting with
X.

One can formulate scattering theory for an arbitrary pair of Hamiltonians
Hy o Hp s, as it is done in [6]. Alternatively, one can fix a reference Hamil-
tonian, which is simpler, to which the more complicated interacting Hamilton-
ian Hpg ,, will be compared. Two choices of the reference Hamiltonian can be
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viewed as equally simple: the Dirichlet Laplacian Hp = H% and the Neumann
Laplacian Hy := H_ 1.

Recall from [6, Sec. 4.7] that the Hankel transformation for Hp is the sine
transformation % 1= Ip = 335 J = %}, while the Hankel transfor-

mation for Hy is the cosine transformation .%_1 = %n = JN = /N =75

These transformations are defined by

(Fof)(a \f / sin(ek) f (k) dk,
(Inf)(x \/>/cos xk) f(k)dk.

Following (3.30) and (3.31), we also introduce
FE =iy, Gp =t

fi = ePZﬁN, On:i=e '21.

1
2

For any non-exceptional 3, m with m > —1 one can introduce its Mgller
operators with respect to the Dirichlet and Neumann dynamics:

+ +itH,, . FitHp
3’ e s

:=s— lim e
®,D t—o0

+ _ +itH,, . FitHx
WmKN—s lim e mee .

t—oo

The corresponding scattering operators are then defined by

_ W # - _
Sm,n;D - Wm,n;DWm,n;D and Sm7'€§N W, K; NWm ~;N*

m,

We can also express the Mgller operators in terms of the generalized Hankel
transformations

Wk p=F5 3" and Wi, =FF FI.

By conjugating with .%p, resp. %y, the scattering operator can be brought to
a diagonal form, where up to an inessential factor it coincides with G, . :

jDSm,K;DyD = igm,n and <Q\NS?n,l-c;N<9\N = *igm,fv

3.9. Hankel-Whittaker Transformation

It is natural to ask whether the operators Hpg ,, considered in this paper also
possess diagonalizing operators and a satisfactory scattering theory. There
exists actually a candidate for a generalization of incoming/outgoing Hankel
transformations .Zt. For any 3,m € C with Re(m) > —1 let us define the
kernel

Fmla k) = e EMHL (§ fmk )T (20k), (3.32)

1
ous
where x, k € Ry. This kernel can be used to define a linear transformation on
any f € C.(Ry):

(FE, ) (@) = / T g (k) (k) dk,
0
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We call ﬂétm the outgoing/incoming Hankel-Whittaker transformation.
We also introduce the function gg., : Ry — C by

—imm

(3 m—if)

: (3.33
L(3+m+id) )

ga.m(k) =e

and the corresponding multiplication operator

Gs.m = gp.m(X),
which we can call the intrinsic scattering operator.
Let us collect the most obvious properties of .#, gtm and Gg . Recall that

the set Qg,,, has been introduced just after (3.23), and that if (6, m) is not an
exceptional pair then Q3 ,, = R;.

Theorem 3.14. Let m, 3 € C with Re(m) > —1, let us also fix ko > 0 and let
s 1y Im@)
2 2ko
(1) ﬁﬁim maps Ce(Jko, 00[ (N Qa,m) into (X)*L2(Ry).
(i) Ifh € Cc(Jko, 0[N Q,m), then in the sense of quadratic forms on (X)™*
L?(Ry) we have

/0 W(E) pom (2) B2 = FF, h(X?)FEE. (3.34)

(iil) The equalities ﬁgmg@m =75, and ﬁgmgg’}n = ﬁg:m hold.
(iv) For fized k € Qg the following asymptotics hold as x — oco:

T (k) = \/1277 (e e (2ha)' 4 (14 O ™))
+gﬂ_71n(k)ei%efikz(2kx)7i% (]_ +O(1~71))), (335)
T g (@, ) =\/127 (e'F e (2ha) 4 (14 O@27)

+ gp.m(k)e™ T ek (2ha) ok (1 + O(J;‘l))>. (3.36)

Proof. The proof of (i) reduces to showing that the map z — ()™ °sup,cx
j%,m(%:x) is in L?(R) for any k in a compact set K Clkg,00[()Q2g.m. The
L2-integrability near 0 follows from (2.26), while the L?-integrability near in-
finity follows from (2.27). Note that the factor %4, which becomes (ka)ii%
after the required change of variables, imposes the dependence on kg for the
lower limit of the index s. The proofs of (ii) and (iii) consist in direct computa-
tions. Finally, (iv) can be obtained by taking again into account the asymptotic
expansion of Jg , provided in (2.27). O

Note that (3.34) essentially says that ﬁgm diagonalize the continuous
part of Hg y,, since the Lh.s. of (3.34) can be interpreted as h(Hg ). In the
self-adjoint case, this would correspond to the absolutely continuous part of
Hg ,,. Clearly, this condition does not fix ﬁﬁjfm completely. The additional
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condition for our choice of ﬁ;’m comes from scattering theory, which is ex-
pressed in the asymptotics (3.35) and (3.36). In that framework the functions
T ﬁ;m(;v, k) can be viewed as outgoing/incoming distorted waves (or gen-
eralized eigenfunctions) of Hg ,,, associated with the eigenvalue k2. Note that if
we set 3 = 0, then (3.35) and (3.36) have the form of usual distorted waves in
the short-range case. On the other hand, the factors (kz)¥ are needed because
of the long-range part of the potential, while the factors e*'% are related to
the Maslov index and are needed to make our definitions consistent with the
case # = 0 described in [6].

Let us now recall from [2,6] that ﬁojfm are unitary for real m, and are
bounded for more general m. It is natural to ask about the boundedness of
T f%t,m in the general framework introduced here, but they seem to be rather
ill-behaved operators. Note that the operators Gg ., are better behaved, and
their behavior is easier to study:

Proposition 3.15. (i) If m, 3 are real, then Gg . is unitary.
(i) If B is real and Re(m) # —%, then Gg,y, is bounded and boundedly in-
vertible.
(iii) In all other cases Ga,n, is either unbounded or has an unbounded inverse.

Proof. For (i), it is sufficient to recall that I'(Z) = I'(z). For (ii), by assuming
that Re(m) # f% we make sure that neither the numerator nor the denomina-
tor of gg,m go through the value I'(0). In addition, by using Stirling’s formula
one observes that gg ., (k) remains bounded for k¥ — 0 and for k¥ — oo. Finally,
in the case (iil) either the numerator or the denominator of g, can have
local singularities, and in addition either gg (k) or gﬁ_in(k) are unbounded

for kK — 0. This last result is again a consequence of Stirling’s formula. 0
B,m

‘m is unbounded in L?(Ry) for all non-real 3. If
Im(8) = 0 but Im(m) # 0, we do not know. For real § and m, which correspond
to self-adjoint Hg ,,, the transformations .#, ;m are bounded, as we discuss in
the next subsections.

We conjecture that .Z+

3.10. Hankel-Whittaker Transformation for Real Parameters

Throughout this and the next subsection we assume that 5, m € R with m >
—1. The operators Hpg ,, are then self-adjoint and their spectral and scattering
theory is well understood.

In the real case, the Hankel-Whittaker transformation satisfies

tx _ g T#
Fam = 3m:

Because of this identity, we can avoid using the Hermitian conjugation in our
formulas in favor of transposition. We do this because we would like that our
formulas are easy to generalize to the nonself-adjoint case, where so far their
meaning is to a large extent unclear.

Theorem 3.16. ﬁ;m are isometries that diagonalize Hg ., on the range of the
spectral projection of Hg ., onto R :

FirFs, =1, (3.37)
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F Tt =1z, (Hgm), (3.38)
F X =Hy T (3.39)

Proof. For any 0 < a < b, we can apply Stone’s formula
N . .
oy (Flsm) = 5 lim > / (Rpm(A+i€) = Rom(A—i0))dA.  (3.40)

We can reinterpret (3.40) in the sense of a quadratic form on appropriate
weighted spaces, writing

b
ﬂ]a,b[(H,B,m) = / p@m(k‘Q)de. (341)
Now (3.38) and (3.39) follow from (3.41) and from the identity
1
pom(K*2,9) = o T (@, k)75, (4, k). (3.42)

It remains to prove (3.37). To simplify notation, we will write .% for .Z étm

and H for Hg ,,,. By (3.41) and (3.42), for any interval I we have

F1;(X?).F* = 1;(H). (3.43)

By squaring (3.43) we obtain the equality
F (X2 F*Z1;(XH).F* = 1;(H). (3.44)
By setting then P := .%*.% and by comparing (3.43) and (3.44) we infer that
Pl;(X?)P1;(X?)P = P1;(X?)P. (3.45)

Clearly, the r.h.s. of (3.45) is equal to P1;(X?)2P, and therefore
Pl;(X?)(1— P)1;(X*)P = 0.
Equivalently one has
(11— P)1;(X*)P)" (1 - P)1;(X?)P =0.
Consequently one gets (1 — P)1;(X?)P = 0 and P1;(X?)(1 - P) = 0. By
subtraction we finally obtain
P1;(X?) = 1;(X%)P.
Thus P is a projection commuting with all spectral projections of X2 onto
intervals. But X2 has multiplicity 1. Therefore, there exists a Borel set = C R
such that
=1=(X?%) = 7*7.
Suppose that R4 \Z has a positive measure. Then we can find ky € Ry
such that for any € > 0

I :=[ko — €, ko + €]\ 2

has also a positive measure. Let f. be the characteristic function of I, under-
stood as an element of L?(Ry). Then one infers that

[fel #0 and Ff.=0. (3.46)
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From the explicit formula for % (x, k) we immediately see that for any
ko € Ry we can find ¢y € Ry such that .7 (g, ko) # 0. We also know that
F (x, k) is continuous in both variables. Therefore, we can find € > 0 such that
for x € [xg — €,20 + €] and k € [ko — €, ko +e] we have

|J(1‘ k) (Z‘07k0)| > — ‘y(l'(),koﬂ

Now one has
(71) () = / F(x, k)dk,
I.
and therefore,

1
|(jfe)($)| >§|IEH9($0,]€0)|7 $€[$07€7I0+6],

where |I.| denotes the Lebesgue measure of I.. Hence .# f. # 0, which is a
contradiction with (3.46). O

In the case of real m, 3, we have |gg m (k)| = 1 for any k € R.. Therefore,
the whole information about gz (k) is contained in its argument. One half of
the argument of gg ., (k) is called the phase shift

83,m (k) :—§m—|— log( (3 —I—m—ﬁ)).

We have the relations

gam(k) = 2029,

Gom = 0i205,m(X)

In the real case, one can avoid using the incoming/outgoing Hankel-
Whittaker transformations fﬁim, and instead introduce a single %3 ,, given
by the kernel

Fam(x, k) = 5 et I (3 +m:t ‘jg m(22k).
™
Note that
F g = FpmeT00m ),
We can rewrite Theorem 3.16 in terms of the operator .#g , :
#
cg.ﬁ,rnfg.ﬁﬂﬂ -

yﬁﬂnygfm = HR+ (Hﬁﬂn)’
FpmX? = HymFp,m-
However, with #3 ,,, one loses the analyticity, therefore we prefer to continue

using .7, Bi,m.

Remark 3.17. In the setting of the Coulomb problem, when m + % =/eN
and 3 € R, the expression

o¢(k) := arg ( (C+1- 1%))
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is called the Coulomb phase shift. Note that an expression close to (3.33) was
introduced in [24, Eq. (2.3a)]. In the setting of the Coulomb potential in d = 3,
an additional function called the Gamow factor is often introduced, see for
example [1, Eq. 14.1.7]. In our framework this factor does not seem to play an
important role.

3.11. Scattering Theory for Real Parameters

Since the Coulomb potential is long-range, we do not have the standard short-
range scattering theory between arbitrary Hg,, and Hg . However, if we
fix # then the scattering theory between Hg ,, and Hg - is short-range. One
can argue that for g ;é 0 there is only one natural reference Hamiltonian,
namely Hgg := HB = Hpy 1. Here we use the subscript S for standard.
The situation of two equally Justlﬁed reference Hamiltonians H _ 1= = Hy and
H, 1 = Hp seems to be specific for 5 = 0.

By the standard methods of time-dependent long-range scattering theory,
as described for example in [5], we can show the existence for any real 8, m
with m > —1 of the Mgller operators

W5 nps = 85— Jim etitHameTito s, (Hps).

These operators can also be expressed in terms of the Hankel-Whittaker trans-
form:

+ jF# i(§ m X)—46 X #
Wi mps = ‘/Bmf =F8m eFil0s,m(X)—dp,s( ))‘gzﬁ,s

In order to compare distinct 3 and 3’ we need to use modified wave opera-
tors. There exist various constructions, and we select a construction involving
a time-independent modifier that is similar in some sense to the celebrated
Isozaki-Kitada construction. As the reference Hamiltonian we use Hp. The
modifier is chosen to be % ;Syg # . Note that the modifier does not depend
on m. It depends on +, and as mentioned above this allows us to obtain ex-
pressions analytic in the parameters. With the results obtained so far, one can
easily prove the following statement:

Theorem 3.18. If 3,m € R, m > —1, then there exist

_ +itHg, + g F# FitHp
WﬂmD =5 lggoe ’"9&89‘]3 e ,

and the following equalities hold:
W5ip = Zim " = FpmeT Opm(X)=00(X0) g2 f (3.47)
In addition, the scattering operator Sgm:p = Wﬁ_’m;DWﬁ_’m;D satisfies
FpS8,mdFD = 168 m.

Let us now compare what we obtained with the literature. Recall from
(3.32) that the kernel of ﬁjfm (x, k) given by

. m(x, k)

1 iZm T8 i
= Eei 2 M ek F(% +m =+ %)j%’m@xk)
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= \/%eii%meﬁf(% +m+ %)(ka)%””e*ikx
1 B :
1F1 (f +m+i—;1+2m; 21lm‘>. (3.48)
2 2k
For the scattering operators, we obtain the multiplication operator
(3 +m-id)
(3 +m+id)

Without any surprise, the expressions obtained in (3.48) and (3.49) coin-
cide with the ones available in the literature, as for example in [10,17-19,26].
Note that in these references, only the cases m > 0 are considered, and most
of the time only the case m = ¢ + % with ¢ € N.

Let us conclude by one feature of the scattering theory for Whittaker
operators that is worth pointing out. The common wisdom says that for long-
range potentials modified Mgller operators, and hence also modified scattering
operator, are not canonically defined, namely they are defined only up to an
arbitrary momentum-dependent phase factor. However, in the case of Whit-

taker operators there exists a choice that can be viewed as canonical, namely
the one provided in (3.47).

(yDSﬁ,m;DyD)(k) = eiﬂ'(%_m) (349)
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Appendix A. Pictures of spectrum

In “Appendix” we provide a few pictures of the spectrum of the operators
Hpg . We concentrate on the case of nonzero 3, since for 5 = 0 the spectrum
is simply [0, oo[. By a scaling argument, it is enough to consider || = 1. We
restrict ourselves to m with a nonzero imaginary part, since this situation
corresponds to the most interesting spectrum.

In Figs. 1,2, 3,4, 5,6, 7, and 8 we present a few examples of the spectrum
for a fixed Im(m) and a fixed nonzero real 5. We set m; := Im(m) = —2.4 and
G =1, and we select 8 values of the real part of m, namely

m, := Re(m) = —0.75, —0.5, —0.25, 0, 0.25, 0.5, 1, 2.

The spectrum is marked with the blue color (color figures online).
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In all these pictures the point spectrum is located on the same trajectory,

e .
{ 4(t+ilm(m))2|t€RU{ }}’

which depends only on § and Im(m). This trajectory is marked with a thin
gray line.

The point spectrum is a sequence of points on the lower half-plane con-
verging to 0, moving clockwise as Re(m) increases. For Re(m) €] —1, 3], one of
the points of the sequence is hidden on the non-physical sheet of the complex
plane and is not an eigenvalue. It is marked in red and called a resonance.
When Re(m) crosses —%, it appears on the physical sheet and becomes an
eigenvalue.

Note that for any —1 < m, < —%, we have the identity

U(Hl,mﬁrima) = J(Hl,mr+1+imi)' (1.50)
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Therefore, Figs. 1 and 2 have the same spectrum as Figs. 5 and 6. However on
Figs. 1 and 2 we have in addition a resonance.

In Figs. 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, and 24 we
show the spectrum for fixed m and |3|. More precisely, we present

e_i2¢0<H57_0_75+3_2i), ﬁ = ei¢ for ¢ = gﬂ' with n = 0, “eay 15.

This is suggested by the dilation analyticity theory, see (3.22). With this choice
the point spectrum does not move. The continuous spectrum, on the other
hand, rotates as e~2¢, like a giant hand of a clock. Eigenvalues hit by the
continuous spectrum disappear and become resonances. Then they reappear
when the hand of the clock comes again. The spectrum is again marked in
blue and resonances in red (color figures online). We have selected m such
that —1 < Re(m) < % on purpose. The spectrum is then more interesting
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because there is a lonely resonance on the upper half-plane which appears as
an eigenvalue for some phases of (.
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