Exercises to Radiative Corrections

1. Lorentz algebra

Verify (assuming ¢ = 1;2° = t;2* = (¥);,7 = 1,2, 3) that:
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and make sure that
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2. Photon propagator I

(a) Prove that the Lorentz tensors

, Kk
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are projectors, 1.e.,
()%, (L)Y = )", i=|,L;
()", (I¥) = 0 = (my)*, @)™ .
(b) Let D (q) = A(¢*)I{"(9)+B(g*)II}" (q). Obtain (D~'(¢))"” from
the relation
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Now you should be able to verify the expression for the photon
propagator P2% given in the lecture.
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3. Feynman rule for scalar-vector vertex

Let A,(z) be a vector field, B(x) and C(z) scalar fields. Determine the
Feynman rule for the vertex

L, = gA* (B3,C — Cd,B) .

4. Photon propagator 11

The decomposition of the general expression for the photon self energy
into Lorentz covariants reads

k.k., k.k,
S = (0 - 282 ) B+ Sempa)

Determine the corrected photon propagator.

5. Naive power counting

Try to find a rule-of-thumb for the ‘superficial degree of divergence’ of
an arbitrary one-loop diagram in QED.

Hint: confine your discussion to the Feynman gauge for the photon
propagator.

(Result: d =4 — 3 - #(ext. fermion lines) — #(ext. photon lines))

6. Dimensional regularization

Starting from g% = D and {7*,7"} = 2¢"” - 1 in D dimensions, prove:

Yv = D-1,
VY = (2=D)vy,,
YV Ve = 49" -1+ (D —4)7.7 -

7. Scalar integrals I
Calculate the Taylor series of z¥ for y — 0.
Compute the Taylor series of I'(z — 1) for z — 0.
Determine the Taylor series of 1/(D — 2) for D — 4.

Derive:
<47W2> = 1+ 5 log(47w2>+(9((D—4)),
2-D 2
r{—=) = - (—- -
(352) - - (25— w+1)+ow-4),

and verify the expression for Ag(m).
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8. Feynman trick

Prove
. i
_ —_ -2
p”? /d:z: [a(l —z) + bz] 7= .
0

9. Scalar integrals I1
Calculate By(0,0,m), Bo(m?,0,m) and By(p?,0,0)!
Reduce Ag(m), Bo(0,0,m) and By(m?,0,m) using By(0, m, m)!

10. Scalar integrals III
Show that for A <« m:

1

Bo(p? A
OBlp Am)) L [1og_+1] .
m m

Bj(m?, \,m) = 0

pr=m?

11. Algebraic reduction I

Calculate

and A0 (Mo).

Hint: derive (1) = 0 in dimensional regularization.

12. Algebraic reduction II

Reduce By and By, to Ag, By and B;. Now take the limit D — 4 and
determine the divergent parts.

Convince yourself by explicit calculation that By (p?;m,m) is regular
for p? — 0, because the apparent 1/p? singularity gets cancelled by a
vanishing numerator.

13. Photon self energy I

Calculate the D-dimensional trace that appears in the calculation of
the one-loop contribution to the photon self energy.
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14.

15.

16.

17.

18.

E-4

Photon self energy 11

Perform the tensor reduction for the transverse and longitudinal parts
of the photon self energy.

Verify explicitly that Z44(k?%) = 0.
Check the expression for £44(k?), and calculate £44(0).

Determine the asymptotic behaviour of TI*4(k?) for |k?| > m?®.

Electron self energy

Calculate the one-loop electron self energy! Apply the Dirac algebra in
dimensional regularization and perform the tensor reduction. Decom-
pose the result into the covariants ¢ and .

One-loop counterterm vertices

Specify the Feynman rules for the one-loop counterterm vertices.

Wave function renormalization of the electron

Express 0Z, in terms of the scalar two-point functions!

Anomalous magnetic moment of the electron

Perform the Gordon decomposition for the renormalized (on-shell) one-
loop vertex function I’} = ieA, (', p).

Now calculate thé one-loop contribution to the anomalous magnetic
moment of the electron, gV

Hint: derive

1

By(m?,m, X) + Co(m?,0,m* X, m,m) = ——;

for A < m, using the Feynman parameter representation of these quan-
tities.
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