
Układ współrzędnych biegunowych:
ρ⃗ = xe⃗x + ye⃗y = ρ cosφe⃗x + ρ sinφe⃗y
= [ρ cosφ, ρ sinφ] = Aρe⃗ρ + Aφe⃗φ

Wyznaczamy Aρ i Aφ:

e⃗ρ = (e⃗ρ · e⃗x) e⃗x + (e⃗ρ · e⃗y) e⃗y =
= cosφe⃗x + cos (90◦ − φ) · e⃗y =
= cosφe⃗x + sinφe⃗y

e⃗φ = (e⃗φ · e⃗x) e⃗x + (e⃗φ · e⃗y) e⃗y =
= cos (90◦ + φ) e⃗x + cosφ · e⃗y =
= − sinφe⃗x + cosφe⃗y

ρ⃗ = ρ cosφe⃗x + ρ sinφe⃗y{
e⃗ρ = cosφe⃗x + sinφe⃗y
e⃗φ = − sinφe⃗x + cosφe⃗y

cosφe⃗ρ = (cosφ)2e⃗x + sinφ · cosφe⃗y
− sinφe⃗φ = (sinφ)2e⃗x − sinφ · cosφe⃗y{

e⃗x = cosφe⃗ρ − sinφe⃗φ
e⃗y = sinφe⃗ρ + cosφe⃗φ
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Ostatecrmie:
ρ⃗ = ρ cosφ (cosφe⃗ρ − sinφe⃗φ)+

+ ρ sinφ (sinφe⃗ρ + cosφe⃗φ) =

= ρe⃗ρ

Prędkość i przyspieszenie we współrzędnych biegunowych:

ρ⃗ = xe⃗x + ye⃗y

v⃗ = dρ⃗
dt

= dx
dt
e⃗x +

dy
dt
e⃗y{

x = ρ cosφ
y = ρ sinφ

Z powyższego liczymy pochodne:{
dx
dt

= dρ
dt
cosφ− ρ sinφ · dφ

dt
dy
dt

= dρ
dt
sinφ+ ρ cosφ · dφ

dt

v⃗ =
(
dρ
dt
cosφ− ρ sinφdy

dt

)
e⃗x +

(
dρ
dt
sinφ+ ρ cosφdφ

dt

)
e⃗y =

=
(
dρ
dt
cosφ− ρ sinφdφ

dt

)
· (cosφe⃗ρ − sin qe⃗φ)+

+
(
dρ
dt
sinφ+ ρ cosφdφ

dt

)
· (sinφe⃗ρ + cosφe⃗φ) =

= dρ
dt
e⃗ρ + ρdφ

dt
e⃗φ

v⃗ = dρ
dt
e⃗ρ + ρdφ

dt
e⃗φ

Znajdujemy pochodne wersorów:

ρ⃗ = ρe⃗ρ

v⃗ = dρ⃗
dt

= dρ
dt
e⃗ρ + ρde⃗ρ

dt
, ρde⃗ρ

dt
= ρdφ

dt
e⃗φ

de⃗ρ
dt

= dφ
dt
e⃗φ

Nalezy amaleźć jeszcze:
de⃗φ
dt

=?

0⃗ = de⃗x
dt

=

= − sinφ · dφ
dt
e⃗ρ + cosφde⃗ρ

dt
+

− cosφ · dφ
dt
e⃗φ − sinφde⃗φ

dt
=

= − sinφdφ
dt
e⃗ρ + cosφdφ

dt
e⃗φ+
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− cosφdφ
dt
e⃗φ − sinφde⃗φ

dt
=

= − sinφdφ
dt
e⃗ρ − sinφde⃗φ

dt
=

= − sinφ ·
(

dφ
dt
e⃗ρ +

de⃗φ
dt

)
de⃗φ
dt

= −dφ
dt
e⃗ρ

Przyspieszenie:

a⃗ = dv⃗
dt

= d2ρ⃗
dt2

= d
dt

(
dρ
dt
e⃗ρ + ρde⃗ρ

dt

)
=

= d2ρ
dt2

e⃗ρ +
dρ
dt
· de⃗ρ

dt
+ dρ

dt
· de⃗ρ

dt
+ ρd2e⃗ρ

dt2
=

= d2ρ
dt2

e⃗ρ + 2dρ
dt
· dφ

dt
e⃗φ + ρd2φ

dt2
e⃗φ + ρdφ

dt

(
−dφ

dt
e⃗ρ
)
=

=
[
d2ρ
dt2

− ρ
(
dφ
dt

)2]
e⃗ρ +

[
2dρ
dt
· dφ

dt
+ ρd2φ

dt2

]
e⃗φ
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