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GR is a metric theory of gravity:

@ it is highly non-trivial to assign, in a sensible way, mass, energy, linear and
angular momenta to bounded spatial regions

@ “... it is almost certain that we have to understand conserved (or quasi
conserved) quantities which can control the field in a more local manner. In
other words, we expect some concept of quasi-local mass will be useful.”

o efforts to prove the positive energy theorem and the Penrose inequalities
using quasi-local techniques Geroch (1973), Wald, Jang (1977), Jang (1978), Kijowski
(1986), Chrusciel (1986), Jezierski, Kijowski (1987), Huisken, llmanen (1997, 2001),
Frauendiener (2001), Bray (2001), Malec, Mars, Simon (2002), Bray, Lee (2009).. ..

The aim is to outline:

@ a simple construction of a high variety of Riemannian three-spaces with
prescribed, whence globally existing regular foliation and flow such that

o the (quasi-local) Geroch energy—that can be evaluated on the leaves of
the foliations—is non-decreasing with respect to the applied flow, and
o the foliation gets to be a generalized inverse mean curvature one

Istvdn Racz (University of Warsaw & Wigner RCP)

5 December 2019 2/20



Foliations by topological two-spheres:

_—

@ consider a smooth 3-dimensional manifold 3 with a Riemannian metric h;;

@ assume origin(s)(!)

i.e. 2 is smoothly foliated by a one-parameter family of top. two-spheres ., :
p = const level surfaces of a smooth real function p : ¥ — R with 9;p # 0

] — 32/) & R — ﬁz,ﬁzzh”ﬁ] aij:(sij—ﬁiﬁj

@ ‘7' to distinguish quantities that could also be viewed as fields on the leaves
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The first and second fundamental forms:

_—

@ the induced Riemannian metric on the ., level sets

Yis = A" Pk

@ the extrinsic curvature given by the symmetric tensor field

Kij =7'Dify = 5 %A, | Dis%a

@ a p = const level surface is called to be mean-convex if its mean curvature,
K'Y =79 K,;; =3%D;n;|, is positive on .7,
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X

@ a smooth vector field p’ on ¥ is a flow (“evolution vector field") w.r.t. .7,

o if the integral curves of p’ intersect each leaves precisely once, and

o if p* is scaled such that | p'0;p = 1| holds throughout 3

@ any smooth flow can be decomposed in terms of its ‘lapse’ and ‘shift’ as

pi =Nl + N N = p'n; = (@i0ip) | | NP =7 pf

o the lapse measures the normal separation of the surfaces .7,
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Variation of the area:

@ in various cases we shall assume that the area is strictly increasing

@ for this reason it may be rewarding to inspect the variation of the area
o, = fyp €

of the p = const level surfaces, w.r.t. a generic p' = N7 + N°

Ly, = / Ze= / [R(RY) + (DR }e= / F(RY) e,
Zp iy Fo

the relations .%; € = (K';) € and Lr€= 1L €= (D;N')€, along

with the vanishing of the integral of the total divergence EZ]/\?’ were applied.

o N does not vanish on ¥ unless the Riemannian three-metric

B9 =79 + N7 (p' = N)(p - N9)

gets to be singular

o the area is strictly increasing if | [, N(KY) €>0
P

o for mean-convex foliations NK'; > 0 = the area is strictly increasing
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The Geroch energy:

o the (quasi-local) Geroch energy (equal to the Hawking energy only if

://Ix',/ =0)
%1/2 . . R
= /y [2R—(Kll)2]e

~ 64732

where R is the scalar curvature of the metric 7;; on the leaves
o for mean-convex foliations the area .27, is monotonously increasing
e it suffices to investigate

W<p>=/y (2R (R)2]e

o if both <7, and W (p) were non-decreasing, and for some

specific p, value, W(p,) was zero or positive then

would hold to the exterior of ., in ¥
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The variation of W(p):

o the key equation relates the scalar curvatures of h;; and 7;;

“R_R— {2 La(KY) + (BY)? + KyKM + 2 N1 f)lﬁlﬁ} (*)

4 = = [, S| e == ], {3 Re] w2 R0E]}

o where on 1% line pi = N7’ + N' and the Gauss-Bonnet theorem
o on 2" line the relations % € = (K';) € and L5 € = (D;N*) €
@ on 37 line (*) and the vanishing of the integral of Bi[(l?ll)QJ\Afi] were used
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The variation of W (p):

@ by the Leibniz rule

@ and by introducing the trace-free part of IA(Z-J-

[

o
R = G = 7 UET))

Klekl

2 9
=KuyK +

%(f(ll)Q

@ and using the vanishing of the integral of the total divergence ﬁl(ﬁ_lﬁlﬁ)

LW = _%/ (RRY) [2
S,

P

R

~

- (Kh)?

}

~

€

+/ (A?f(ll)[ R+ KK 28~ Akl(DkN)(DJ\AZ)]
&
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Rigidity of the setup:

o if the product could be replaced by its mean value

S~
J/\\f}'?l fypNKle
0= —7_ 7

° Is,€

NEK!, = 2, log|,)]

[(647%/2)/(Ap) /2] - £, g = Z,W + § (Z, loglp]) W = 0

provided that / [(S)R + Ky KR 42 N—23M (ﬁkﬁ)(ﬁzﬁ)] €>0
Z
@ once in addition to h;; a foliation and a flow are fixed not only the mean

curvature IA(ll BUT the lapse N and the shift N get also to be fixed
‘f(ll :ﬁijf{ij ::)/\ijDiﬁj‘ N = p'n; = (Ri0;p) N =7, p

@ the only “freedom” is a relabeling of the leaves by using a function p = 5(p)
but this cannot yield more than a rescaling N — N(dp/dp) of the lapse

o (!) at best is merely a smooth function on the leaves of the foliation
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How to get control on the monotonicity?

What we have by hands: {N ]VA,

@ a Riemannian metric h;; defined on a three-surface X

@ X is foliated by topological two-spheres: ¥ ~ R x S? ..... p: X — R is chosen

@ a flow p’ was also fixed on X such that p'9;p = 1

o the later two can be used to introduce coordinates (p, ) adapted to the
flow p? such that m and such that the shift N’ and the metric 7;;
can be given as a two-vector and a non-singular 2 X 2 matrix both
smoothly depending on the coordinates p, 2, where A takes the values 2,3

o line element of the Riemannian metric h;; (can be given in its ‘ADM’ form)

ds? = N2dp? +Fap (da? + NAdp) (dz? + NBdp)

The challenge is:

@ choose a maximal subset of the fields {h;;; p: ¥ — R, p* = (8,)"} such that

NRY = NRY = 2, log]et)) / [“R+ Kyk* + 282 (DiN)(D*F) | €2 0
3

P
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Solution 1°: using the inverse mean curvature flow (IMCF)

o choose a maximal subset of the fields {h;;; p: ¥ — R, p* = (8,)"} such that

R, = NRY = 2, log[a)] / [“R+ Kk + 282 (DeN)(D*N) | €2 0
&

P

e what is if we keep (X, h;;) but drop p: ¥ — R and the shift from p’ = (9,)’

The foliation and part of the flow are to be determined dynamically

e the inverse mean curvature flow

p?{IMCF} = (I?ll)_l ﬁi+‘{vi

{IMCF}

e as for the corresponding foliation ]\AfIA(ll = 1 holds: if this flow
existed globally the Geroch energy would be non-decreasing

e one can relax these conditions by using a generalized IMCF
p' = Z,(log[,)]) p,

{IMCF}

o (!) global existence and regularity remain a serious issue
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Solution 2°: using a prescribed, globally existing foliation

o choose a maximal subset of the fields {h;;; p: ¥ — R, p* = (8,)"} such that

P

NRY = NRY = 2, log[4)] / [“R+ Kk + 282 (DeN)(D*N) | €2 0
&

@ what is if we drop the three-metric h;; BUT keep a globally well-defined
foliation p: ¥ — R, a flow p’ and the induced metric 7;; on the leaves: in
coordinates (p,z*!) adapted to the flow p’ = (9,)* the induced metric: Jap

Using prescribed foliation, flow, induced metric: h;; < N N* YAB

pt = N#¢ + Ni
shift N with desirable properties:

~

NK', = 15947, — DN’

o as NK'; = NK!; = %,log|.<,] wished to be guaranteed,

however counter-intuitive it is: we may always construct

DsN4 = Z,log[\/det(VaB)] — £, log[,]

(**)
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Solution 2°: using prescribed foliation, flow and Y43

Solving 13‘4

@ on topological two-spheres using then the Hodge decomposition of the shift

N4 = D4x +e*P Dy

where x and 7 are some smooth functions on .7, (*¥*)

DADax = £, log[\/det(Fap) ] — £, log|<,]

@ solubility of this elliptic equation with smooth coefficients and source terms
on the succeeding individual topological two-spheres is guaranteed

@ on each sphere there is an inherent constant value of ambiguity in the
solution for x which, however, does not affect the first term in NA

e as, by construction, for any solution to (**) |[NK!, = NKll = Z,log|,]
holds the .#, foliation of ¥ gets to be a generalized inverse mean

curvature foliation irrespective the choice of NV :

hij <= N,N4, 745
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Choosing the lapse:

We have not done yet

@ in clearing up the picture let us have a glance again of the key equation

“R=FR- {2.,%(1?11) + (KY)? + K K* +2 N1 ﬁlﬁlﬁ}

@ by exactly the same type of arrangements we used before one gets

/y [R-{2za(®)+3 (&Y} ]e=0
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Choosing the lapse: [, [“R + KK+ +2N-2 (ﬁkﬁ)(ﬁ"’ﬁ)} €>0

@ assuming from now on that p is the area “radial coordinate”, i.e. &7, = 47rp2,

we get
K:.ffplog[,%]:% = ng:_p%
2%(KY) + 3 (KW)? = {gp(log [% ]V_Q]) + Z,(log [\/det(Fan) )} [% ]V_Q]
° /yp [1:3— {2.,%(;(’1) + 2 (KY)? H >0
<~
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The “quasi-local” Penrose inequality:

e using | <, = fypg & fypN — Ly A, | =
(ﬂpo dp)l/Q < f , [1 o N_z] €
] 52{1/2 = - '52{1/2 £2~ o
_ _ o % _ -2
Eg764ﬂ3/2/yp[2R (R e= 22 [16m /ypKN g
_ @ a2 2 2252 1 G217~
" 6473/2 [(E) (4mp )7/5% (;) N 6] Arl/2 5271/2 / =, [1 N ]6
o

Eg > ir 1/242{1/2

valid for any p > pg

@ the “quasi-local” Penrose inequality

o, < 16m Eg2
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The variety of three-spaces:

e in order to see the extent of the variance of the constructed
three-spaces we have to take into account the freedom we have in
fixing the lapse and shift

N, N4

e for instance, in constructing the shift

NA — lA)AX +/€\ABﬁBn

71 could be chosen to be arbitrary on X

e the choice of the lapse is limited only by the integral inequality

Jo N2E< oy — /), - A,
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a construction was introduced: which could be used to get a high
variety of Riemannian three-spaces such that

@ the prescribed, whence globally existing regular foliation and flow:
get to be generalized inverse mean curvature foliation :
NK', = Z,log|«7,] & the flow gets to be a generalized IMCF

@ the Geroch energy is non-decreasing & the quasi-local
form of the Penrose inequality holds

© if the metric we started with is asymptotically flat the Penrose
inequality & the positive energy theorem holds

@ our proposal, yielding Riemannian three-spaces, applies to wide
range of geometrized theories of gravity
o as for the metric (on M or on X): no use of Einstein's equations or any
other field equations had been applied anywhere in our construction
o as only the Riemannian character of the metric on X was used the
signature of the metric on the ambient space could be either Lor. or Euc.
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