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The main message and the program for today:

The main message:

e some of the arguments and techniques developed originally and
applied so far exclusively only in the Lorentzian case do also apply
to Riemannian spaces

o (!) there will be a number of open research problems mentioned

The program for today:

e plans and aims for the rest of the course

o The Einstein-matter equations as non-linear wave equations:
generalized harmonic gauge with matter fields

e symmetric hyperbolic systems: global existence and uniqueness
to linear systems; uniqueness to generic systems

the viewgraphes will be uploaded time-to-time to the page
www.fuw.edu.pl/~iracz
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Plans and aims for the rest of the course:

1 Kinematical background: (M, g,;) (!) Lorentzian or Euclidean signature

e notations and conventions
e the basic tools are n + 1 decompositions: no use of field equations

2 The propagation of the constraints
e Einsteinian spaces: (M, gas)
e Bianchi identity
e no gauge condition: arbitrary choice of foliations & *“evolutionary” vector field

3-4 Constraints as evolutionary systems
e conformal method: semilinear elliptic system
e parabolic-hyperbolic system
... global solution to the involved parabolic equation
e strongly hyperbolic system
. study of near Kerr configurations

5 The construction of initial data for binary black holes
e parabolic-hyperbolic system
o superposed Kerr-Schild, with initial-boundary value problem
. no use of ad hoc boundary conditions in the strong field regime
... there is an unprecedented full control of the ADM charges
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Plans and Aims Il.:

6-8 Time evolution and the degrees of freedom
e intimate relations between various parts of Einstein’s equations
e partly and/or fully constrained evolutionary schemes
e hyperbolic-hyperbolic systems
... gauge choices
... the conformal structure
... gravitational degrees of freedom

9-10 Geroch’s quasi-local argument and the positive mass theorems
e quasi-local quantities
o the Hawking-Geroch mass
e variation of the Geroch mass
. construction of initial data with non-decreasing Geroch mass

11-12 Dynamical horizons: black hole thermodynamics with ‘dynamics’
e dynamical black holes
o dynamical horizons and their geometrical properties
e variation of physical and geometrical quantities
. vary them along dynamical horizons
... derive the dynamical first law of black hole thermodynamics
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The main conceptual issue:

Assume that suitable initial data is given on some initial data surface >:

As a fixed background/arena does not exist in GR neither the base manifold M
(where the solution manifest itself) nor the metric g,; (satisfying the Einstein
equations) is know in advance to solving the pertinent Cauchy problem

Initial data surface: Spacetime:
(3, hij, Kij) (M, gas)
(satisfying the constraints) (satisfying the Einstein equations)

(hij, Kij) — P — (prhij, P Kij)

(induced metric, extrinsic curvature)
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Gravity-matter equations as non-linear wave equations:

Generalized harmonic gauge with matter fields |.

e Yvonne Choquet-Bruhat 1952 (..., James York, Helmut Friedrich,...)
o spacetime: (M, gu,): now(!) Lorentzian signature (—,+,...,+)

o matter fields: as we have g,, we may assume w(i)amb, i=1,...,1,
(0,1;) type tensor fields (shorthand: 1), satisfying

V“Va@/)(i) = ]:m (w(jw Vcwu)’gef)

where F - are (0,1;) type tensorial expressions which depend
smoothly on the indicated variables; e.g.: KG, Maxwell 4,, YMH, 3...

e equations for the metric

Ry =Raw (w(i), Vcw(i)vgef>

o Rap: (0,2) type tensorial expressions which depend smoothly on
the indicated variables & ‘V“(Rab — 29aR) =0 (integ.cond.!)
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Gravity-matter equations as non-linear wave equations:

Generalized harmonic gauge with matter fields II.

e special case: Einstein’s equations with cosmological constant

Rab (’I,D(i), vc¢(i),gef> =87 (Tab - %gabT) - Agab

e solubility only for PDEs deduced from tensor equations ...
how do they look like (7) in arbitrary local coordinates

o the Ricci tensor

Rag = —59" 0u0s9ap + 95V a)I° + Hiyp(gep; 0+9ep)

‘I‘“ = gaﬁF“aﬁ‘ (!transforms as vectors!) ‘VOCF‘s =0, + 19, ‘
° V“Vaw(i) in loc.coords. z* contain g*”V ,I'7,,, can be written as

GV I = R + VoIV + HX (gep, 0492p)

where H,; and H;,” are C* functionals of indicated variables
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Gravity-matter equations as non-linear wave equations:

Generalized harmonic gauge with matter fields 1.

e matter equations

l;
VAV = 6" 0udby, = ) (wm)gak] (Ray’ + Vo, I°) +

k=1

+ H;z) (gz-:pa awg@? w(j)’ aYw(j)>

(k] /
where (@%))5 stands for Yoy 0101600k 41, and H(i)

e equations for the coupled gravity-matter system

l;

9" 0u0 ) = Z <¢<i>> 5V, I + H iy (Geps O Visy0 039 )

k=1
gw’auaugaﬂ — 296(av6)r(5 + Haﬁ(Qapy avgspa ¢(j) ) 6’}/{7Z}(j))

o if we knew I'’ we would have a well-posed initial value problem
(3, unique, continuous dep. on in.dat., causal) for ¢ és gas
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Gravity-matter equations as non-linear wave equations:

Generalized harmonic gauge with matter fields IV.

e BUT we do not know I'’: reduced equations I’ — f°: M — R

Vol? = Vof®  |RUSY = Rag — g5V [T° = f9]

o f is not completely arbitrary: given initial data on X for
(9> Gas); Py ]+ T és QT can be evaluated. choose f°:

FO=T% and 9,4 = o,I°

o what does the relation f° = I'®> mean?

V‘uvul‘é = guyvﬂ(al’xé) = gwj[au(éVé) - Fauu(éué)] = _Fé

e setting f° = I is equivalent to singling out specific local coord.s
x® (gen. harmonic): using initial data on ¥ for [z*, 2“| such that

{dxz*} are linearly independent: | V¥V 2% = —f°
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Gravity-matter equations as non-linear wave equations:

Generalized harmonic gauge with matter fields V.

e suppose we have solutions g,g, ¥, , 2 to the reduced equations

(ON

o recall (Ted 5 5
0= R Raﬁ' = (Ra,b’ - gé(avﬁ))[r - f ]) -

e introducing the variable D% = I'? — f9

Rog — Rap = 95 V) D
l;

ViV, = F) = Z <¢< >> vakpd

k=1

o using the twice contracted Bianchi identity V* [Ra, — £gapR] = 0, and the
integrability condition V* [Ray — 1gasR] = 0, we get for D° =T — f?

VAV, D+ R, D’ =0

the solution to the reduced equations is solution to the original problem [
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Symmetric hyperbolic systems

e consider equations of the form

A°(t, x,u) Ou + A'(t, z,u) Ou + B(t, z,u) =0 (%)

e it is a system of equations for V € N real variables which are
collected into a vector-valued function u.

e these variables will be defined on appropriate subsets of R x R™.
(n will always stand for the ‘spatial’ dimension. 4-dim spacetime: n = 3.)

e a point of R x R™ will also be signified by the Cartesian
coordinates (¢, z',...,x™), or in shorthand by (¢, ).

o this system of equations is called first order symmetric hyperbolic
system (FOSH) if the coefficient matrices A% are symmetric, and
if A° is positive definite.

e it is quasi-linear as it is linear in the first order derivatives of u
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First order linear symmetric hyperbolic systems:

Global existence and uniqueness

A%(t,z)Ou+ E(t,x)u+F(t,z) =0 (xx) (or)
(AX(t,2)) 17 Ouy + (E(t,2)) T uy + (F(t,z))! =0 (xx)
where

(A%(t,z)) 7 ‘ and ‘ (E(t,x)) T ‘ are N X N matrices such that

(A% (t,2)) T = (A%(t,z)) 7! ‘ are symmetric and

o | (A°(t,x)) "7 | is positive definite, i.e. ‘ (A°(t,z)) T wr vy > 0 for V ur # 0 ‘

o Conditions on the coefficients:
o | (A°(t,x)) 7 | is uniformly positive definite: ‘ (A°(t,z)) M vr vy > Co |v|? ‘
for V vy # 0 and for some Cy > 0 constant
e (A (t,2)) 17 ‘ and ‘ (Et,z) " ‘ are uniformly bounded

o [(F(t,2))" | is square integrable: on each ¢t = const level surface in R x R™
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First order linear symmetric hyperbolic systems:

The strategy:

e energy of u at ¢t = const

—sz [(A°(t, ) upuy]de

o first we show that & (¢, u) satisfy the energy equality

E(t,u) = E(to,u) + / t [ / <§(0aAC”J) il

to +

— (SIJ)quJ—(FJ)uJ)d"x] dt/

e second: the energy equality implies an integral energy ineq.

E(t,u) < E(to, ) + f, {01 ) EF u) + Ci(t) (E(F, u))1/2] ar’

e third we show that the energy remains bounded
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First order linear symmetric hyperbolic systems:

The energy equality:

e note first

uy A1 (O ur) = ur A (Oquy) | thereby

ug A (Oqur) = 2 A 05 (uruy)

= % 8,1(./4& IJUIUJ) — % urk gy (8a./4a IJ)

o e.g. if the initial data is of compact support (fall off...) the
integral if the total spatial divergence 9,4’ //u;u; vanishes

o using | (AY)7 duy + (E) u;+ (F)1 =0

t
/ { / % |:80<U[UJ.AO IJ) —Uuruyg ((%AO‘ IJ)]
to Et’

— (Y uguy — (F1) uI) d"m} dt’

dcz (University of Warsaw & Wigner RCP)
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First order linear symmetric hyperbolic systems:

The energy inequality:

@ now we have that &(t, u) satisfy the energy equality

st =)+ [ [ [ (300Ayuru,

+/

— (E"Yuruy — (F7) uJ) d"w] dt’

o |0a(A%(t, )/ and |(£(t,z))’| are uniformly bounded and

(F(t,z))”|is square integrable: (!) on each ¢ = const surface

o Cauchy-Schwarz inequality
) 1/2 ) 1/2
Jo, (F7)ugdna] < (fy, laPara) " (f, [FPae)

e implies the integral energy ineq.
&(t,u) < E(to,w) + J,, [Cl () (', u) + Co(t)) (é"(t’,u))m] dt’
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First order linear symmetric hyperbolic systems:

The global boundedness of the energy:

@ we have now the integral energy inequality

& (t,u) < &(to,u J’_ft [ E(t' u) + Cot )(éa(t'7u))1/2] d’

@ Gronwall’s lemma: consider a differential equation ‘(%z(t) = f(t,2(t)|,

assume that f(t,y) is function that is continuous (C°) in ¢ and Lipschitz type
(C*7)iny; if for a C* function y(t) both of the inequalities hold

[0y < f(ty), ylto) <2(to)|  then  |y(t) < 2()

@ this, in particular, implies that if for y(¢), with C1(t), C2(t) > 0
y(®) < ylto) + [, [C1E) y(¥) + Calt)) (y(¥') /2] at
<

z(t)

and | y(to) < 2(to) | then | (1)
equality

, where z(t) satisfies the corresponding

@ applying this to y(t) = &(t,u) for the corresponding z(t) we get (t dep. supp.)

‘z':Clz+C’gzl/2‘orbysetting‘z:cjz& §0:y3/2 ‘Weget‘QC':Clg“—&—C’g ‘

with solution that is finite for any ¢ = const: note: uniqueness C> =0 and yo =0
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Symmetric hyperbolic systems

Uniqueness of solutions in the generic case:

o | A%t,x,u)dou+ Ai(t,z,u) du+ B(t,z,u) =0 (%)

@ assume that u is a solution to (*):
a hypersurface X is called to be spacelike with respect to a solution u of
(*) if for any co-normal one-form n,, that is orthogonal to ¥, i.e. na X* =0
for any any X € T, the matrix n,.A“ is positive definite.

@ this notion of being spacelike has a priori nothing to do with the usual one
applied in general relativity. nevertheless, the two concepts can be shown to
be closely related in the cases considered earlier: u ... ‘O0'... = ¢#¥0,,0,...

@ assume that R x R™ is foliated by ‘spacelike’ surfaces ¥,

e lemma: to any C! function .7 : (R x R") x R¥ — R¥ there always exist a
CY function 27 : (R x R?) x RY x RY — R such that

F(t,x,uy) — F(t,z,uz) = (u; — uz) H(t, z,us, us)

for N = 1: F(u1) — F(uz) = (w1 — u2) [} F'[t(ur — u2) + uz]dt,
for general IN: one may prove it by induction
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Symmetric hyperbolic systems

Uniqueness of solutions:

o | A%t,z,u) dou+ A'(t,z,u) du + B(t,z,u) =0 (%)

o (1) A% and B at least C! functions of their indicated variables

o assume that u; and uy are solutions to (*) such that the %,
surfaces are spacelike with respect to u;, us, and u; |y, = uslx,

e in virtue of the above lemma there should exist C° functions
C% and D such that

Aa(t, €, 111) - Aa(t, Z, 112) = Ca(t, r,Uup, 112) (111 — 112)
B(t,x,u;) — B(t, z,us) = D(t,x,us,uz) (u; — uy)

e it follows then from the foregoings that for Au = u; — u,
Ao‘(ul) 8Q(Au) -+ [Co‘(ul, 112) (aQUQ) == D(ul, 112)] (AU) =0

is a linear homogeneous first order system U
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That is all for now... J
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