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Characteristic polynomials and directions

consider now a First Order Symmetric Hyperbolic (FOSH) system HW (2) !

Aα(t, x) ∂αu + B(t, x,u) = 0 (∗)

when the coefficients Aα depend on the unknowns u, all the definitions below can also be given but one has to be careful and one should refer

to sections of fiber bundles (in fact a vector bundles) over the ambient manifold “(t, x,u)”, this would require more structures to be used

assume that ξα is a covector at a given point p ∈M . the principal symbol
of (*) at (p, ξα) is the matrix ς(p, ξα) = Aα ξα (could be viewed as a linear map)

suppose that H is a hypersurface in a neighbourhood U of p ∈M , i.e. there
exist a function χ : U → R such that H = {χ = const & ∂αχ 6= 0}
H is said to be nowhere characteristic for (*) if det(ς(p, ∂αχ)) 6= 0 for any
p ∈H , whereas H is called to be a characteristic hypersurface, or simply
a characteristic for (*), if det(ς(p, ∂αχ)) = 0 for any p ∈H

if H is nowhere characteristic for (*) then if initial data 0u is given on
H a formal expansion of a “to be solution” u can be given taking formal
∂k0 -derivatives (*) and solving the yielded equations for ∂k0u on H
if H is characteristic, the initial data cannot be prescribed freely on H
det(ς(p, ∂αχ)) = 0 induces relations among the initial data on H :
inner equations on H ; ξα = ∂αχ is then a characteristic direction

István Rácz (University of Warsaw & Wigner RCP) UW-ITP, 25 October 2018 2 / 20



Assumptions on the topology of the ambient manifold

Foliations

Assume: M is foliated by a one-parameter family of homologous
hypersurfaces, i.e. M ' R× Σ, for some n-dimensional manifold Σ.

known to hold for globally hyperbolic spacetimes (Lorentzian case)
equivalent to the existence of a smooth function σ : M → R with
non-vanishing gradient ∇aσ such that the σ = const level surfaces
Σσ = {σ} × Σ comprise the one-parameter foliation of M .

na ∼ ∇aσ . . . & . . . gab −→ na = gabnb
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István Rácz (University of Warsaw & Wigner RCP) UW-ITP, 25 October 2018 3 / 20



σa is “time evolution vector field” if:

the integral curves of σa meet the σ = const level surfaces precisely once

σe∇eσ = 1

σa = σa⊥ + σa‖ = N na +Na
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where N and Na denotes the lapse and shift of σa:

N = ε (σene) and Na = hae σ
e
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The main creatures:

na the ‘unit norm’ vector field that is normal to the Σσ level surfaces

nana = ε

ε takes the value −1 or +1 for Lorentzian or Riemannian metric gab, resp.

the projection operator
ha

b = δa
b − ε nanb

the metric induced

hab = ha
ehb

f gef = gab − ε nanb

the covariant derivative operator Da associated with hab: ∀ωb on Σ

Daωb := ha
dhb

e∇d ωe

the extrinsic curvature on Σ (symmetric!)

Kab = hea∇enb = 1
2 Lnhab

acceleration ṅa = hf an
e∇enf = ne∇ena
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Summary of the principal relations:

Gauss relation:
(n)

Rabc
e = ha

fhb
ghc

khj
eRfgk

j + ε [KacKb
e −KbcKa

e ]

Codazzi relation: he
ahf

bhd
g ncRabc

d = −2D[eKf ]
g

The 3rd relation: hb
ehf

dnancRaec
f = −LnKb

d −Kb
eKe

d − εN−1DbD
dN

Various projections of the Ricci tensor:

nenf Ref = 1
2 ε
[
(R− (n)

R) + ε { (Ke
e)2 −KefK

ef }
]

ha
enfRef = DeKae

e −DaKe
e

hb
ehd

fRef =
(n)

Rbd + ε
{
−LnKbd −KbdKe

e + 2Kb
eKde − εN−1DbDdN

}
relation of the scalar curvatures:

R =
(n)

R+ ε
{
−2 Ln(Kbdh

bd)− (Ke
e)2 −KefK

ef − 2 εN−1DeDeN
}

no field equation had been used yet !!!
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More exercises:

Any symmetric tensor field Pab can be decomposed

in terms of na and fields living on the σ = const level surfaces as

Pab = π nanb + [na pb + nb pa] + Pab

where π = nenf Pef , pa = ε hean
f Pef , Pab = heah

f
b Pef

The projections of ∇aPab ha
b = δa

b − ε nanb

∇ePab = ∇e[π nanb + [na pb + nb pa] + Pab ]

= (∇eπ)nanb + π (∇e na)nb + π na(∇e nb)
+ (∇e na)pb + na(∇e pb) + (∇e pa)nb + (∇e nb)pa +∇ePab

hf
b(∇aPab) = hf

b [hea + ε nena ]∇ePab = π ṅf + (Ka
a)pf

+ hf
b [na∇a pb + pa(hea∇e nb)] +DaPaf − ε (ne∇e na)Paf

= π ṅf + (Ka
a)pf + hf

b Ln pb +DaPaf − ε ṅaPaf

hf
b(∇aPab) = Ln pf +DaPaf + [π ṅf + (Ka

a)pf − ε ṅaPaf ]
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More exercises:

The projection nb(∇aPab) ha
b = δa

b − ε nanb

∇ePab = (∇eπ)nanb + π (∇e na)nb + π na(∇e nb)
+ (∇e na)pb + na(∇e pb) + (∇e pa)nb + (∇e nb)pa +∇ePab

nb(∇aPab) = nb [hea + ε nena ]∇ePab = εLnπ + επ(Ke
e) + (na∇a pb)nb

+ ε [hea + ε nena ]∇e pa −Pab[h
ea + ε nena ] (∇e nb)

= εLnπ + επ(Ke
e)− ṅa pa + ε [Dapa − ε ṅa pa ]

−Pab h
ea [Ke

b + ε neṅ
b ]

= ε [ Lnπ + π(Ke
e) +Dapa ]− 2paṅ

a −PabK
ab

ε nb(∇aPab) = Lnπ +Depe + [π(Ke
e)− εPefKef − 2 εpeṅ

e ]

Simple projections na(∇aPbb) & he
a(∇aPbb) ha

b = δa
b − ε nanb

as Pb
b = επ + Pb

b

na(∇aPbb) = εLnπ + LnPb
b

he
a(∇aPbb) = εDeπ +DePb

b
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Projections of divergences:

The projections of ∇aPab ha
b = δa

b − ε nanb

ε nb(∇aPab) = Lnπ +Depe + [π(Ke
e)− εPefKef − 2 εpeṅ

e ]

hf
b(∇aPab) = Ln pf +DaPaf + [π ṅf + (Ka

a)pf − ε ṅaPaf ]

assume ∇aPab = 0 , and that ṅa = 0, Ke
e = 0, PefK

ef = 0

then the above relations reduce to

Lnπ +Depe = 0

Ln pb +DaPab = 0

though Pab is arbitrary the above relations look very much like the

balance relation in fluid dynamics ∂tρ+ ∂ᾱ(ρ vᾱ) = 0

and the Euler equation ρ [∂tv
ᾱ + vε̄∂ε̄v

ᾱ] = −hᾱε̄∂ε̄P
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The program for the present lecture:

The main message:

some of the arguments and techniques developed originally and
applied so far exclusively only in the Lorentzian case do also apply to
Riemannian spaces

Plans and Aims:

The propagation of the constraints

Einsteinian spaces: (M, gab)
Bianchi identity
no gauge condition

... arbitrary choice of foliations & “evolutionary” vector field

Reference:

I. Rácz: Is the Bianchi identity always hyperbolic?, CQG 31 155004 (2014)
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The considered Einsteinian spaces:

The ambient spaces: (M, gab)

M : n+ 1-dimensional, smooth, paracompact, connected, orientable manifold
gab: smooth Lorentzian(−,+,...,+) or Riemannian(+,+,...,+) metric

Einstein’s equations:

Gab − Gab = 0 with source term: ∇aGab = 0

in a more familiar setup: Einstein’s equations with cosmological constant Λ

[Rab − 1
2
gabR] + Λ gab = 8π Tab

with matter fields satisfying their Euler-Lagrange equations

Gab = 8π Tab − Λ gab
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Decompositions of various fields:

the metric gab = ε nanb + hab

the “source term”
Gab = nanb e + [na pb + nb pa] + Sab

where the energy, momentum and stress densities are defined as

e = nenf Gef , pa = ε hean
f Gef , Sab = heah

f
b Gef

projections of the divergence ∇aGab

ε nb(∇aGab) = Lne +Depe + [ e(Ke
e)− εSefK

ef − 2 ε peṅ
e ]

hf
b(∇aGab) = Ln pf +DaSaf + [ e ṅf + (Ka

a) pf − ε ṅaGaf ]

as ∇aGab = 0 , assuming that ṅa = 0, Ke
e = 0, SefK

ef = 0

Lne +Depe = 0

Ln pf +DaSaf = 0
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Decompositions of various fields:

Einstein’s equations:

Gab − Gab = 0 with source term: ∇aGab = 0

r.h.s. of Einstein’s equation: Eab = Gab − Gab

Eab = nanbE
(H)

+ [naE
(M)

b + nbE
(M)

a ] + (E
(EVOL)

ab + habE
(H)

)

E
(H)

= nenf Eef , E
(M)

a = ε hean
f Eef , E

(EVOL)

ab = heah
f
bEef − habE

(H)

The decomposition of the covariant divergence ∇aEab = 0 of Eab = Gab − Gab:

LnE
(H)

+DeE
(M)

e + [E
(H)

(Ke
e)− 2 ε (ṅeE

(M)

e )

− εKae (E
(EVOL)

ae + haeE
(H)

) ] = 0

LnE
(M)

b +Da(E
(EVOL)

ab + habE
(H)

) + [E
(H)

ṅb + (Ke
e)E

(M)

b

− ε (E
(EVOL)

ab + habE
(H)

) ṅa ] = 0
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The decomposition of the covariant divergence ∇aEab = 0 of Eab = Gab − Gab:

LnE
(H)

+DeE
(M)

e + [E
(H)

(Ke
e)− 2 ε (ṅeE

(M)

e )

− εKae (E
(EVOL)

ae + haeE
(H)

) ] = 0

LnE
(M)

b +Da(E
(EVOL)

ab + habE
(H)

) + [E
(H)

ṅb + (Ke
e)E

(M)

b

− ε (E
(EVOL)

ab + habE
(H)

) ṅa ] = 0

1st order symmetric hyperbolic system: linear and homogeneous in (E
(H)

, E
(M)

i )T :

N × ”(1)” and Nhij × ”(2)” in local coordinates (σ, x1, x2, . . . , xn) adopted to the

vector field σa = N na +Na: σe∇eσ = 1 and the foliation {Σσ}, read as{(
1 0

0 hij

)
∂σ +

(
−Nk N hik

N hjk −Nk hij

)
∂k

}(
E

(H)

E
(M)

i

)
=

(
E
E j

)
where the source terms E and E j are linear and homogeneous in E

(H)

and E
(M)

i

Aµ ∂µu + B u = 0 with u = (E
(H)

, E
(M)

i )T

HW (+): determine the characteristic directions for this equation.
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The main result:

Theorem

Let (M, gab) be an Einsteinian space as specified and assume that the
metric hab induced on the σ = const level surfaces is Riemannian.
Then, regardless whether gab is of Lorentzian or Euclidean
signature, any solution to the reduced equations E

(EVOL)

ab = 0 is also a
solution to the full set of field equations Gab − Gab = 0 provided that
the constraint expressions E

(H)
and E

(M)

a vanish on one of the
σ = const level surfaces.

no gauge condition was used anywhere in the above analyze !

it applies regardless of the choice of the foliation, Σσ , of M

and for any choice of the evolution vector field, σa (N,Na) .
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The decomposition of the covariant divergence ∇aEab = 0 of Eab = Gab − Gab:

LnE
(H)

+DeE
(M)

e + [E
(H)

(Ke
e)− 2 ε (ṅeE

(M)

e )

− εKae (E
(EVOL)

ae + haeE
(H)

) ] = 0

LnE
(M)

b +Da(E
(EVOL)

ab + habE
(H)

) + [E
(H)

ṅb + (Ke
e)E

(M)

b

− ε (E
(EVOL)

ab + habE
(H)

) ṅa ] = 0

What is if the constraints hold on each σ = const hypersurface?

E
(H)

= 0 and E
(M)

a = 0

KaeE
(EVOL)

ae = 0

DaE
(EVOL)

ab − εE
(EVOL)

ab ṅa = 0

homework HW (3):

show that the constraints holds for any foliations of the ambient manifold
then the evolution equations follow
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The explicit forms I.:

using the projections of the Ricci tensor:

nenf Ref = 1
2 ε
[
(R− (n)

R) + ε { (Ke
e)2 −KefK

ef }
]

ha
enfRef = DeKae

e −DaKe
e

hb
ehd

fRef =
(n)

Rbd + ε
{
−LnKbd −KbdKe

e + 2Kb
eKde − εN−1DbDdN

}
along with the relation of the scalar curvatures:

R =
(n)

R+ ε
{
−2 Ln(Ke

e )− (Ke
e)2 −KefK

ef − 2 εN−1DeDeN
}

and that of Eab = Gab − Gab , the following explicit forms can be verified:
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The explicit forms II.:

E
(H)

= nenfEef =
1

2

{
−ε

(n)

R+ (Ke
e)

2 −KefK
ef − 2 e

}
,

E
(M)

a = ε hean
fEef = ε [DeK

e
a −DaK

e
e − ε pa ]

E
(EVOL)

ab =
(n)

Rab + ε
{
−LnKab − (Ke

e)Kab + 2KaeK
e
b − εN−1DaDbN

}
− [Sab − ehab]−

1

2
hab

{
(1− ε)

(n)

R− 2 εLn(Ke
e)

+(1− ε) (Ke
e)

2 − (1 + ε)KefK
ef − 2N−1DeDeN

}
where

e = nenf Gef , pa = ε hean
f Gef , Sab = heah

f
b Gef
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The explicit forms II.:

The reduced evolutionary expression E
(EVOL)

ab looks pretty complicated. Therefore,
in certain cases (in particular, whenever ε = −1) it is rewarding to introduce

Ẽ
(EVOL)

ab = E
(EVOL)

ab − 1
n−1 hab

(
E

(EVOL)

ef hef
)

It can also be seen HW (4) that Ẽ
(EVOL)

ab = 0 ⇔ E
(EVOL)

ab = 0 and

Ẽ
(EVOL)

ab = heah
f
b

[
Rab −

(
Gab −

1

n− 1
gab [ Gef g

ef ]

)]
+

1 + ε

n− 1
habE

(H)

In virtue of the above relations we have

Ẽ
(EVOL)

ab =
(n)

Rab + ε
{
−LnKab − (Ke

e)Kab + 2KaeK
e
b − εN−1DaDbN

}
−
(
Sab −

1

n− 1
hab [Sef h

ef + ε e ]

)
+

1 + ε

2 (n− 1)
hab

{
−ε

(n)

R+ (Ke
e)

2 −KefK
ef − 2 e

}
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That is all for now...
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