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Plans and Aims:

some of the arguments and techniques developed originally and applied so far
exclusively only in the Lorentzian case do also apply to Riemannian spaces

@ horizons

e trapped codimenson-two surfaces, trapped regions
o the generic local definition of MOTS
e black holes
. event horizons
... dynamical horizons

@ evolutionary characterization of dynamical horizons

@ recovering what was deduced by Bartnik and Isenberg and also get some new
insight even in that case
. in the spherically symmetric case

Based on:

@ |. Racz: Cauchy problem as a two-surface based ‘geometrodynamics’, Class. Quantum
Grav. 32 (2015) 015006

@ |. Ricz: Constraints as evolutionary systems, Class. Quantum Grav. 33 015014 (2016)

@ |. Récz: Evolutionary aspects of dynamical horizons, to be published (2019)
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What is a black hole?

e loosely speaking:
@ synonym: region of no escape
e no information can escape regardless of the physical processes we intend to
use to forward messages

Jp)

o Be careful! one has to restrict attention to properly trapped surfaces as
according to the previous definition any future set of Minkowski spacetime
could be considered as a black hole ... better not to do so

o R. Penrose: Gravitational collapse and space-time singularities, Phys. Rev.
Lett. 14 54-59 (1965) introduced the concept of trapped surfaces
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Trapped surfaces

consider the boundary of smooth spatially compact region
flash some point-like light source at each point of this boundary
consider the common wave-fronts emanating from the points of the boundary

in normal situations there will be a front moving inward and another one
moving outward with decreasing and increasing area, respectively

non-trapped trapped marginally trapped
0 >0 91 <0 0 =0
@ how to characterize this? introduce the concept of null expansion w.r.t. the

outward pointing future directed null ¢* (the rate of the change of the
volume form ) Zre, =00 ¢,

v,
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Black hole:

Intiutively: comprised by points which belong to some future trapped
surfaces

this is a completely quasi-local determination

@ there exist a global definition too

o this is even more popular or more widely used

o the region that is missing from the observed or visible world of those observers
who stay far away from the black hole region

e as they can even exchange messages among each other the name of this
region: the domain of outer communication: &

future event horizon #*: the boundary of the causal past of Z:

|+ =0J719)] |

the black hole is the complement of the causal past of Z:

(B=M\J[9] |
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Schwarzschild spacetime

ds® = — (1 = sz) dt? + (1 — 277")_1 dr? + r? (d192 + Sin219dap2)

M =R? x §?
e tand r are such that —co <t <00, 0 <7 < 0
e whereas ¥ and ¢ are with their usual spherical ranges

asymptotically flat: gets Minkowski while r» — oo
mass parameter: m

singularat r =0 and r = Rg =2m

the latter is called coordinate singularity as new coordinates can be used such
that the latent singularity goes away

o Kruskal-Szekeres: (T, X) instead of (¢,7)

(55 —1)e?m = X2 —T?| & |tanh () =

2m

@ in coordinates (7, X, 9, )

ds? = 2mle Tm (_GT? 4 dX2) 4 12 (d9? + sin®) dp?)

T
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ds2 — 32mie Zm (—dT? + dX?) + 2 (d? + sin®9 dp?)

T

e conformally flat in the (7', X') section
er=0 = T?—- X?=1 hyperbolas

T —0 A
= S T-X=0
MII
M
MlII L
X
M. N ~
e ; r=dll.
7
2N N T+X=0
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Dynamical horizons:

It is a very special initial data surface:
@ a spacelike hypersurface ¥ that may tend to be null asymptotically
@ it is smoothly foliated by MOTS: marginally outer trapped surfaces
@ the geometric part of the initial data can be represented by a pair of smooth
fields (hi;, K;j) on ¥
e h;; is a Riemannian metric while K;; is a symmetric tensor field there

o the restrictions coming from Einstein's equations G;; — %;; = 0, with a source
%1 of vanishing divergence, on X are the constraints

<3)]%+ (ij)2 —Kinij —28 = 0,
DjKji — Dinj +pz = O

(3) . . .
e R and D, denote the scalar curvature and the covariant derivative operator

associated with h;j, respectively
o the source terms are as ¢ = n*n! G and p; = —h*;n! Gy
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New variables by applying 2 + 1 decompositions:

Splitting of the metric h;;:

Y is smoothly foliated by a one-parameter family of two-surfaces ., :
p = const level surfaces of a smooth real function p : ¥ — R with 9;p # 0

- ﬁi:Naip...&...hij —)ﬁi:hijﬁj —>aij:6ij—ﬁiﬁj

@ choose p’ to be a vector field on X : the integral curves... & |p'0ip =1

@ ‘lapse’ and ‘shift’ of p’

pi:]/\\fﬁi—y]vi, where Z\Afzpjﬁj and Ni:fyijﬂ

@ induced metric, extrinsic curvature and acceleration of the ., level surfaces:

~

Vi = %75 hai K5 = 5 L

@ the metric h;; can then be given as

hij = ij + i —

i = VA = —Diin N

{N7N17:Y\l]}

v
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2 + 1 decompositions:

Splitting of the symmetric tensor field K;:

Kij = K‘,h\i’ﬁj = [ﬁl kj 4 ﬁj kl] + Kij

where

_ ~kal PSP _ ~k Al
K=n"n"Ky, k; =79"n" Ky and K;; =77, Ky

o the trace and trace free parts of K;;

o~ O o~
K =7" Ky and K;; =Ki; — 57K

v

The new variables:

(hij, Kij) | <= (Nvﬁiﬁz‘j;'ﬁki,KZl,f{z‘j)

@ these variables retain the physically distinguished nature of h;; and Kj;
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..
The new form of the constrains:

- {Qi”ﬁ(f(lz)

Lk — % ﬁi(Kll) — BZ‘R arF ﬁlf{li arF (I?ll) k;, + R/ﬁi - K+ /’?li =0
Z(KY) — D'k — k (KY) + Ky K™ + 20l k) — pyat = 0
T (I?ll)z T I?kl ]’?kl ol 2[\7’71 ﬁlﬁlﬁ}

+2K(Kll) 4 % (Kll)2 = 2klkl = IO{kl I()(kl —2e¢e=0

where lA?Z denotes the

covariant derivative operator associated with 7;; and

Kij =

%fﬁ/’?” ﬁl = ﬁeve/ﬁi = 7Di In N

o (!) X is assumed to

be a dynamical horizon ... foliated by MOTS

o the null expansion #) with respect to the “outward pointing” null normal

0% = n% +n% of the

foliating two-surfaces ./, in X has to vanish

80 = 1 (A7)

9= % (gnJrn%J) (K” + KU) 79 =K + Kl
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Implications:

o on a dynamical horizon K!; and K!; cannot be treated independently

~

K'Y =79 Ky = N7 [37"(ZAy) - D;NT] = K/,

@ using

@ we get

fﬁ(KZ)—Blkl—l—ﬁ(Kl)—&-I()(/Cl[?kl—l(Kll Q—I—Qﬁlkl—p[ﬁlzo
Za(KY) + k(K — LK KM —

o finally, by subtracting we get

ﬁlkl = N_l Blﬁlﬁ = klkl = Qﬁl k; — %(I?kl +I()<kl) ([?kl —|—Io<kl)
+Plﬁl 4F %E— e =
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Recovering of Bartnik and Isenberg result:

In a spherically symmetric setup:

o (1)

No.—p2 8.
Yii =T Vij

e both D,N=0and k; =0

O A~
@ the trace free parts Ky; and Ky; also vanish

~

° lel —j\}_l ﬁlﬁlﬁ—klkl —2ﬁl kl - %(I?kl +Io<kl) (I?kl +Io<kl)
Al +iR—e=0

reduces to

plﬁl—i—%}?—ezo

@ there is no dynamical horizon in the pure spherically symmetric vacuum setup

as then would follow which is incompatible with the implication of
the Gauss-Bonnet theorem for spherical MOTS
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Strategy in the generic case:

@ on a dynamical horizon

K'Y =71 Kij = N"[159(£,3:;) — D;N7] = -K,

or

139( L) = —NK!; + D;N7

@ we cannot specify freely the entire content of the metric 7;; (!) BUT ...
@ there exist a smooth function €2 : ¥ — R such that the induced metric 7;;

can be decomposed as

7i; is singled out by the condition on the ., surfaces:

79 (Zyms) =0

79 (Zy%5) = £, nldet(y5)] = 0]

the determinant of «;; is independent of the coordinate p
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@ the desired smooth function €2 : M — R and, in turn, the metric ;; is
constructed as

T () = UL + 24, 02)

o start with the given smooth distribution of the induced metric 7;; on the .,
surfaces

e integrate the above relation first along the integral curves of p® on Yo,
starting at some %

2 =03 - exp [§ Jy (7 (LAw)) 47 |

where Qo = Qo (22, 2%) denotes the conformal factor chosen at %

@ we also have the tensor field

Ckij = (5k(ZD]) In QZ — %’)/” Dk In Qz

relating the covariant derivatives lA)l and ID; associated with 4;; and +;;, resp

@ whence e.g. = . = <~ =
D;N7 =D;NI 4 CIy;N* = D; N7 + N* Dy (In Q?)
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@ using the above relation

~ o~

159(%,7;;) = ~NK' + D; NI

@ can be rephased as

Z,(InQ2) — N*Dy(In02) = —NK'; + D; N/

or as ~ ~ . ~
Z,0-ND = 1Q[D; N — NKY]

1
2

@ the equations have to be solved simultaneously but we have to eliminate the
implicit use of 7;;
@ some relations to be checked
o D'k; = Q72 [D'k —77C%;; k| = @72D' k;, where the vanishing of the
contraction v C*;; was used
o as v Cky Io(jk =0 we also get

O

l/jj Kjl = 972 [Dj IO<]'1 — ’yijckij f(ﬂ — ’yijckil f(jk]

= 972 [Dj Io<jl — ,yijck“ f(jk] = 972 Dj Io<jl

v
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The evolutionary equations:

Lk, — ADy(KY) — Dik + Q2 DKy, — (KY) [k — 3 73] + w70,

— 2 Ky 4 iyt =0
LK) — 072D + w (KY) — QO Ky KM — L (KY)?

+20720 K, — At =0

20 - N'DQ - 1Q[D,N - NKY]=0

all the indices are raised and lowered by 7” and 5, resp., and ﬁk = f]D)k(ln]V)

o 2N 4 times of (1), Q2 N times of ‘(1)" in (local) coordinates (p, 22, z?),
adopted to the foliation .7, and the vector field p*

2448 0 0 —2N¥ 448 N5 0 kg B
0 Q0|9 +| —N3PX —Q®N¥ 0 |0ky |K%:|+|%Bx | =0

0 0 1 0 0 _NK Q
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BN
@ it is a FOSH provided that Q £ 0

A(p)apu+A(K)8Ku+B:0 for u:(kB,KEE,Q)T

@ the ‘radial coordinate’ p plays the role of ‘time’

@ we have to solve

ﬁlkl = j\}ilﬁlﬁl[\\f = klkl = Qﬁl k; — %(I?kl +IO(M) (I?kl —|—Io<kl)
+Plﬁl+%§—e=0

@ as an elliptic equation for N:
@ allows to have an appropriate evolutionary description of dynamical horizons

@ using 2 and ~;; the scalar curvature R on the ., level surfaces can be given
as

"R — D'D; In Q2

ﬁt:(ﬂ[

) . .
where 'R and D; are associated with ;;

o if the terms in the square brackets do not compensate each other R blows up
while one approaches the ‘origin’ ({2 vanishes there)
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The main result:

Suppose that X represents a dynamical horizon and that a smooth
choice had been made for the freely specifiable variables

throughout Y. Assume that smooth initial data (ok;, (K!;,0Q2) had
also been chosen to the first order symmetric hyperbolic system on
one of the level surfaces .#,, in ¥. Assume that the elliptic equation
is solved also for ¢N. Then there exists a unique smooth (local)
solution (N, k;, K!;,Q) to the coupled FOSH-elliptic system such that
N|s, = oN, kil s, = ok K|z, = oK', Qs =ofd.

v
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