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Lecture 10 : Classical density functional theory.

& conditional probability
Last lecture : g(o) E · potential of mean force

& access to thermodynamics Caloric, virial , compress. )
·Scattering (static structure factor)

To compute g(r) , we defined the indirect correlation function h(r) =g() -1
h(r) = c (r) + p(d ="c((-))h(r) This equation defines the
Ornstein-Zernihe (82) equation . direct correlationfunction ((r)-
To compute c(r) in practical situations , we have to provide a closure relation

The OZ equation was first written down to describe critical opalescence
(without derivation) : strong scattering at small to when afrid isclose to the critical point.Critical opalescence Ismall angle neutron scattering , X-rays)
-

Recall : #is
Reasoning : o Order parameter correlation function near the CP
-

-

has form E(k) =O Crecallhandan they

Here [lo) and diverge at the critical point.
· However S(k)=) and compressibility sum rule says :

lim S(k) = pr+ hiT ~[N2Y- <NT?
k+ 0

=> Sco+ - IT-il2 Vicritical exponent-



②

Suppose incident wavelength -500# = density fluctuations with b 12/7
will scatter the light = Close to CP I(F)& S(k) grows largeI
=> Strong scattering gives rise to milly appearance
We shall show that this occurs when Ed

d
~

EET,<<<TcExperimentally

si
h(-) .

2

[15)-SCh) (smallte) loz-behaviora

& of correlation length -

Only valid forMakmax 2-
A dypical hard-care size - SLIDES

Rewriting the Oz belaviour criterion :

)=to) +RE + O") Rs(o) =E

Experimentally we find Reconst(only small variation for THTc)
Rufew # (short range correlation length).
With Roast. =) EvIT-Tcl close to (P. =) (20 .

The contribution of OZ is to give a microscopic theory for SCh)h
and EER"Slo) with Refinite at T+To .

For this consider the direct correlation function clr)-Let's assume that its
Fourier transform exists-



③
Now: (k) =Sdreiter(r)=ut]r)

= 4 dr)-1 ... ) (() = (d) + ch2+..
↑
assume low h expansion.

So we conclude that: (o) =4Erricht = Assume that both

d =
-SarrYc)

S quantities exist .

Hence:
Sch=)=T..] = Sik)=k ...

Slo=lo
S
Y for fluid with

and we find R2= -p&. R2=Errich) gas liquid
crexistence

Recall that g(t-,v So beyond Of theory :

8
: 20
-> V= 12 -y)0 (y=0. 03 for

3D IsingUp until now the Of equation was stated universality class)
without derivation . It turns out we can derive it if
we consider the physics of inhomogeneous fluids-
-

We are interested now in cases when Vext(i) to . Examples :

double layer.*-
->z

g

Vextiv) = es for zo
I G for z>o



④
We need the language of density functional theory (DFT) .-

(known forgwontum systems , but alsoFramework for. used for classical systems !
)

Thermodynamic properties Correlation functions .

↓ t
Phase behaviour Microscopic structure.

↳ Y
Experiment

Elp] of the one-bodyKey idea : There
is

auniquefunctionatp) does not dependis-

Vext(r)

Construction of the density functional (Vext # 0)

Grand-canonical ensemble : m(r) =M-Vext (r) (intrinsic chemical potential)

We can view: M : =2[n]
,
since

e-Br[n] = Ftu]=SAINe-PTELY-JdEul()]
Note that (i)= (p) =-U functional derivative)

We can do a functional Legendre transform :

Flp] = -Tu]-Jdu)En] = r[n] +fdrp()[u- Vex+ ()]
Gulut)

We use the following notation las before)
&

Truel - - - ): ]difd( ... )

I x=-B(H-uN

< . -)= Tre (fx( . - -))



Note alternatively :
V

⑤

Flp] = <Kn +E + RoTenfn] =Tra [fi/kn +En +hpThfu)]
hine ↑

potential
(without external potential) . (See $3 . 1) .

DFT : Focus on functionals of pfi) rather than whit

Noobvious result : GivenE , fixed M
.

T = 7 ! Next (rt) thatgives
rise to specific p(i).

fx is a functional of Vext()- g() .
=> Any quantity for given IN ,M I

T fully determined by fix
is necessarily a functional of p(r) . There is no functional

dependence on Vext (r) .

=> Flp] is a unique functional of plr) and has thesame
form for every external potential

Let us formalize the above
hemma : Let f be a phase space probabilityfunction withTraf = 1.
-

Let RIf] =TrcI[f (HN-MN + RyT Inf] . Then es[J] 2, RIfin]

↓

of : Recall that fx=
N
=[fv] = -koTh =i.

&ote furthermore : HN-UN = -kyTIn[fn]
So we find :

entf] = Trc4f[-EBT er(uE) + kyTenf]S
- kit Tra [fef-fluf-flE]

.

↳TTrQfenf-flufr)-Tenf
= kTTra(fluf-flnf) +R[fn].

Recall :
=> 2[f]-r[fn] = RTTrafit) Traf-Traf



=> r[f)-r5fn] = RoTTre[fi(tent]
Note that 8 , GN30 (probability densities)

= RIf]2[fi] ·Using that xlnx[x -1

OKI
-

-..
-I x

I

Theorem 1 For given EN ,
T
,M ,

the quantity Ftp] is a unique
-

functional of the equilibrium density p(r) .

Roof Assume there is an external podential Vext(r) # Vext (i)
that

gives rise to
the same p() . Define UNI Next (vi)

and U=Venti
Define Hamiltonians : HN = kn+ +V ; H = kn +En +Wi
with frfi given by

:A s
Then :

R : = R [fr] =Tra[fi (Hi-uN +RTenfril]
Hi =HN

Remmara[] (Hx-uN +hot (nfn)] +Vi-U

= Tra [fi (Hx-MN + kyThfx +Vx' - VN)] (A)

=[fi] + TraLfN(Vn -VN)] = 2 +Sdrp(i) [Vext(r)-Vextli]



⑰
Here

,
reused : Tra (fi Y ) =SdrVext(Trc [p()fn]

= (dp(r)Vext()

Similarly , 2C2' +Sdrp() [VextIn) - Vexi ()]
·

(**)

(x(+ (m) =
2+2 S2' +2 - ( = Vext ( ) = Vexi (i) ·

In other words
, 7 ! Vext() that determines pit) ,

which fixes IN
Furthermore:

#[p) =2 [n] +(drp(r) [M - Vext (i)]

= Tre [fn)-MN + kThfn)] +Tra[fn(uN = fxV)] .
= Trc[fn (HN-uN +MN-Unthatenfi)].

4 kn + En + VN

=Tra [f (k +E +Thfi)] . This depends only on fix.
and hena depends
only on g(: ). D

Theorem 2 Consider the functional
-

Rut] = FIG]-(drulig()
↑ (i) somedensity profile
(not necessarily equilibrium
one).

Then :
Rup] =R tle

(When=) = ple) the eg. density profile ,
then he reduces to2
& is minimum of2v]



⑨
&roof : WhenG=p then :

&v[p] = Flp]-Saullp() = Try[fi(Hn-V +EBTenfin-uN +Vul)
=RIfu] =2 . (i)

Assume now Jp'tr) for a given Vext(r) and Hi different from
p (r) . Associated probability density is f'[pi)] with Traf = 1 .
Here

,
we assumed that IVexfir) that would give rise to the eg. density

profile pl(r) in order that flexists . Then the existence of CFIp] is
guaranteed.
-

=>If'] = Try [f1 (Hi-MN + EpTenf1)] = FEp] -Snip')
=: Ru(p) . (ii)

From the Lemma : r[f']RIIN]· REP]RIp] i.
Intrinsic Helmholtz free energy functional

We find for the Helmholtz free energy :

F(N
,
V
,T)= 2(u , VT) +ufdrp() = Flp] +Sdrp(r) Vext In) .

=Flp) contribution to F(N ,YT) that does not explicitly
depend on the external potentialI

From theorem 2 : M = Vext)+PS Constancy a
chemical potential) .

IP can be viewed as an intrinsica
chemical potential. (In general not a local function of

p()) -
Exception : En =0 Lideal gas):Fid[p] = (dipl)Sentprm]-11.
Fid[p] is of the local form ! Fix[p] =J drfid (p (i)).



⑪

Glassical density functional the orgy recap.
fi : grand-comonical phase-space.F[P] = (kn +E +RTInful) probability density-

Fip] is a unique functional of the equilibrium density p().
Variational principle : 2v[] = Ft]-Sdulr]ptr).

& some density profile .

=0
jg

=> M
= Vext()+ Constancy of chemical potential) -

Hierarchies of correlation functions-
Recall that If can be viewed as S[n] and we have seen in P. 3 . 1

p(r) = -Stu G(v)=-Bu(r)

and for n22 : 6 ( , , . . ., ) =(E) ... Gen))
=-tri

(Density-density
correlation

G(2)(i) = G(r,r) . function
nierarchy) .

&[m] is agenerating functional for density-density correlation
functions.
We can obtain a second hierarchy of correlation functions from
Flp] : Define : Fex[p] = Ftp]-Fid[p].



u
We define direct correlation functions as :

"It ,= =(i)

a (i
, ,

. . ..,)=exn
From : M=Eext
=u= +Vex

ma
=

-B(i)[p()13] .
=> c(r) =h[p()] - Buli) . =) p(i)1" = exp[Bu(m) +c'(r)]

.

We see that -kpTc'"(i) acts as an effective one-body potential
that determines p()

Onemore functional differentiation :
(2)(ii)= (i) . (x)

with inverse defined as :

far" 6 (r, il) 6"It" , il) = (i) . (i)

Compare with: matrix . Air Anj = dij).
From (x)i

6(i)(2)(, ): G(r" ,Sir") 6"It", ill
and integrate over I'll.



⑪
Sar"G()'(") = Grivs- SG (i

,+) = p()(, ) -p(i)g() + q(i)f( - )) . g'"Epi)pIi) E
[h(r

,
i)+1]

= p()pl)hi)+-eff) +p())) .

)h :Jarp) h(r ,")e( , i) .

+ San p(-)c4ir",i

-=> h(, ) = c'(r,") + far"h(, ")p() <"(t"il) .L
InhomogeneousOZ equation ? For Next fil to reduces

to bulk 07. egn .

We conclude that the Oz equation is a natural consequence

of having to generating functionals &[n] and FIP)
that are linked via Legendre transform : FIp] = &[u) +Sini)pli)
Condition (i) is equivalent to :

Saituhy" -O .

Determination of Fex[P]
formal

Formally , we can
obtainexpressions for Fextp] that forms a

basis for approximations.
( . ) Integrationwrt particle density.
C) Integration art interation potential .


