
①
Lecture 4 : Statistical fields

Microscopic scale -> Mesoscopic scale -> Macroscopic scale -

El Kit
E . g. theory for observables on mesoscopic sale : Z =SePFT].
↑ is called an order parameter · A functional integral should be-

interpreted as : JDWIG ,
00 t), ...] =

-

↑
linW

Pi 43
D

Nece
nas - G (r) Existence of functional integrals
-na E) in physics we have

Ec[T] can be constructed using
microscopic length scale a

phenomenologically on thebasis of symmetry arguments :
We write : FIG] = JddrJ ,(,,, ... )

-

short-range interactions
No explicito dependence (system is homogeneous)
· fr (t ...) must satisfy symmetries of the underlying microscopic Hamiltonian
sinceto is typically derived from microscopic degrees offreedom

· f is analyticand is expanded in terms of a polynomial .
· Stability
.

Saddle-point approximation :(DG-PET)PrinEt]
.

9 ↑

analytic
can be non-analytic!

FitP) is an example of a functional .

How do we compute minEtG] ?
↑



②

Mathematical intermezzo : Functionals (pragmatic view
ICEIR

Function : e .g. f :R-R given by xHf(x) . f(E.
Functional : F
:
X-R

. given by fNFIf] feX
function space. FIf] -IR .

Functional depends on a function f(x) a < x >b.

&
It can be regarded as continuous version of a function of several
variables

,
i Fly, yu ........,gx) with ye = f(x , ) etc.

Exampless
y, y ..... yx) = any -> F(y) =Jaxa(x)f(x)

(ii)
G(y ,, yn ... - ,yn)= [hijyiyj + G[y] = f(x(dxh(x ,x))f(x)f(x)

->ifmentiation
: Take flij) with f function of N varasa

The total differential : dfdyild
If can be interpreted as :

df = f(y +dy) - f(q)
Similarly , for functional Ftu] :

5F[n] = Flu+ in] - Ntuj= SdAtuic] Ju(x).T

S - functional derivative .
"Outo"

=:Saxu] July



③
Note integration boundaries appropriate to particular problem.
Let o be atest function . Then we can also define the functional
derivative as

inFluted
We can by above construction also define higher order functional
derivatives : We find :

= etc. (compar
Functional Taylor expansion.

Suppose we expand around a given function no(x) :

FTul = Fluo +/Exlu-u
+=/dx(dx[(x-no(x][u(x) - vox%..
-

just functions of X and X...

&hain rule : F functional of u , depends solely on w ,
which is

also functional of u.

=Jax (End of intermezzo) .

In language of functional derivatives : minF[] = FILE]]

where/
=25

= 0
.



⑭
Lets take example : Ft) =STEP +ER +EIP)"] :

Take variations- +G So what is[P] ?

St] = Sar [K() ·EF) + ap() ·(i) + b(p()) (r)
·)

= boundary term +fdr[-k ** (i) + ap(r) +b()()J.)
-

= SFT]
-

& P()
So field configuration that minimizes FCPJ is determined by the differential
equation : k() = ap() + b(j(=)12(r) (x) .

energy penalty/ C+ foundary conditions).for having interfaces"
Without special boundary conditions the homogeneous field configuration
minimises F, [T] . (E) is called saddle-point equation/Euler-Lagrange

equation

Suppose now that t is a scalar . P

Underlying Hamiltonian has a
discrete symmetry esFuTD-Ente...
Below Tc discrete symmetry is broken

and if two such states are formed , they - #

have to necessarily be separate by a domain wall . This can be stabilised
-

by suitable boundary conditions- =Free
energy cost of having a domain

-

wall -> tutorials- - I



⑤

Fordiscretesymmetrybreaking, theresno possibilitytocontinuoslydeformaa
symmetry? We illustrate this with a two-dimensional vectorial order parameter

m(r) = (m
,
(i)

.mz(i) (superfluidity , planar magnets---

Fatal = far[En +EIR + Fim)1"] = (*)
is now invariant under i(r) -> Ril) (rotation in order-parameter

space)

·
- mexican hat potential -

So we have situation :

↑ Tc. (i) to T >Tc

4444 ↑
(i) =0.

4444 ↑ - 4&

↑ qm) ↑ E

In contrast to going case where Hamiltonian (in absence of external
magnetic field) is invariant under E (discrete symmetry)
We have no an "infiniteamount" ofground states with equal energy.
If Hamiltonian is invariant under a continuous symmetry
=> there are excitations that costnoenergy /Goldstone

mosta
So for TCT, we can infinitesimally rotate the system for TCTC.



⑤
m(i) R(v) (r) are modes that cost little energy .

Examples are phanous , magnons , ---

Minimising (# ) setsInfill but not its direction (phase
So it is useful to do a change of variables from iii) to plate D.
and write ↑(i) = /pleif(i) It) is determined but not #(E) .
Take #(E) to be slowly varying function .

Uniform rotations leave
Then Actt) = const+Jd()· FrIf] invariant . V

E = k(412

Decomposition in normal modes : El)=e
=> FLIt)= c++ Egg12
~

Goldstone modes are slowly varying phase variations .
Cie

. long wavelength excitations on top of
the ground state) .

=

Is there asystematic way to find : Z =JDme-BEcti] ?
Let us illustrate this with the Ising model in a spatially varying external

magnetic field.

z = [ exp(Bjsj +Bu Hisi)GSi)

Idea : We introduce a fluctuating field me that is on average
equal to <Si7. i

. e
, (mi) = (i)



Define his Butti and Kij = [8 forif I
②

Then: Z = [ exp[sikijsj + Shisi] ·Esi9
~m

this is the term that gives problems
=> goal is to decouple this term -

We have the following exact identity-

exp[ZsKijj]xKmj+]
Insertion in partition function gives :

zemikjj)pmithi
-

This procedure is called the each spin feels a
Hubbard-Stratonovich transformation - fluctuating magnetic field

mithi
The sum over spins can now be performed:

Ze(dmi) exp[-BFc(2mig)] . (e)
with

&F(2mi3)=mikijmj-Zen cosh (mithi) .

It is convenient to do a similarity transformation : mi= Kijnj
The Jacobian in (**) will give an extra constant.



⑳
Then

BFcmi)) = EZmKijnj-Zlncosh (I kijmp +hi)
i
,j

Now note that in continuum limit (e .g,
three spatial dimensions) :

&nikij
where (h) = m(-ti) since mi is real-

We findfor cubic lattice :

↑ (E) = k [ cos(Rya) = = k(z - a -b* + V(k")
&=X ,y ,z ↑

in real space gives
squaregradients

We take the continuum limit : a+ o
,
Nto

and expanding In cosh gives :

BF, [m] = E SdECKIXm(r + aCt)mr+E m(4 +... - h()m(r)] .
with Z =JDme-BFr[m] . (We obtained this earlier just by

using symmetry arguments !!)

Note that it is straightforward to generalize the above procedure to
other models with continuous microscopic degrees offreedom ; coq.

H=-g (classical Heisenberg model (

Note : -Rose leaves It invariant

& Rotation matrix


