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Lecture 6 : Symmetry breaking of continuous symmetries-

Spontaneous symmetry breaking in stat . physics . A Landau free energy F
· r effective Hamiltonian parametrised in terms of an order parameter

& Fr land therefore the disordered phase) is invariant under group
6 .

E .

g. O(N) model
: 6 = GgER

***

/ggT =H]
then for get Elg] = Fr[b] .

Below To
, ground state spontaneouslyFor Hamiltonian to HCG .

breaks symmetry of the underlying

----
↓
"effective

potential "

Typically ,
we can write FTP] = Jddr\ "Gradient terms" + V (+) S.

then ground state (b) is a stationary point of V .
We then can

specify H further as H = SheH/h<P = <4) .

Remarks : - If H=6 + no spontaneous symmetry breaking-

- For arbitrary state : Gp = <gp1gz6)
are set of states with the sameV(p) . Gp is called the

orbit of
- Note that Hp and Hgp are equivalent isotropy groups.

The number of Goldstone modes is precisely dim (64) ·
Furthermore : Ga = GH and therefore dim (G2Q) = dim G-dimH .

For example (i) O(N) -> O (N-1) &) dim (O(N)) = EN (N-1)) ·
-

# Goldstones = N-1 .



②
Let's create some intuition for it. E .g. 0(3) .(three-dimensional magnetism)
The isotropy group is 0(2) since a specific ground state is invariant

S

under rotations around themagnetization direction ↑ Yy
The orbit G(P) is harder to visualize . Y

, xy
(ii). Take O(z) .

Ground state is now

Si
invariant under 22 . ie . identity and reflections

in line parallel to magnetisation direction. (Not to be confused with I = [FHS)
O(2)/22-St. This is true

,
since in (*) we can see that ground

state manifold is a circle · (i
. eG(p)) · Note 22 = Oll)

(iii) .
Nematic liquid crystals. Disordered state is invariant under 0(3) .

Order parameter is Q and VIE) = EtrQ + Btr@ + EtrQ"
Check : ge0(3) then VIE) = VIg@g") In rematic state
&ES (in-57) is invariant for Gg+0(s))gn = En S-
But thisisDom . O(3)/Don ERP (S2with antipodal points

identified (
(Note : there is some freedomdim (IRP2) = 2 = 2 Goldstones . in choosing G . See Mermin 1979)

In last lecture we considered a Landau-Ginzburg theory with a

scalar order parameter ,
i . e :

F([q()] = (2* [KIvpi + a plit" + Eq(r)"]
and we found (G)5()) =Est withineroximation,Gaussian

for d =3

Here Elt) = [ T is the correlation length



③
and GG(r)= (i) -<P(r)) ·

Note that a(T) = do(T-[c) => E(t)-IT-Tcl with v= ECMF
+Gaussian)

Furthermore
,
close tota : (8()())-dining

*
y

:0 .

(MF +

Gaussian)

We have also seen that including Gaussian fluctuations leads to diverging
heat capacity for d24 (whereas MFT would just predict a discontinuity
& : When are fluctuations important ?

=> We have only computed the correlation function for d = 3. What

about arbitrary dimension ?

Thisamountstocomputingwe a= 6(-)

In principle , one could compute this Fourier integral ,
but it is easier

to come back to the original differential equationn.

Recall that : BK(-2 + ECT)2)G(r) = O(r) In spherical coordinates :

Erd+ + E]6(r)=)
Define:: =z

Then Or= (5) and the differential equation becomes
E-d+36(s) = g5(5) with g:
This differential equation can be solved with modified Bessel functions of

eS (d=1)the second kind
, ie : [G(s)= E (2+T)-d(2j

- (d -2)/k(d-2)(()
(d=2)



⑭
We have the following asymptotic properties :

Kn(s)-(esse (for n=t ,
it is valid for Ys)

Km(s)e(2) sto into

Ko(s)--logs sto. (T(z)=(d+z - e- t)
We conclude that :

Glu for and

whereas

6(v) N and

Clogarithmic ford
= 2).

When can we trust mean-field theory ?
In order to trust mean-field theory fluctuations in the order parameter

should be smaller than the background around which they're fluctuating
That is:p* (d)2. Below To (4) =100

To estimate this , we use that fluctuations decay after a distance riE.

=So
r4 R1 is called the Ginzburg criterion .

But close to CP according to mean-field theory : do-IT-TcI"
and E-IT-Tc /"12

So around the critical paint

So : RulT-tc)(*1k we can drust MFT only

if d= du = 4 (same resultas

(Note that MFT predicts its own demise for d24 : ) (
last lacture).



⑤

Sometimes fluctuations can destroy order (Peierls argument)for certaind .

-

This defines the lower critical dimension. de. For "theory de =1
.

Up until now we have only considered breaking of a discrete symmetry ,
but

what if underlying symmetry is continuous ? In the Ising case the

occurrence of domain walls destroy order ,
but what happens if there

areGoldstone modes ?

As an example ,
consider the OCN) model : = (p, , . . . . PN)

#[]= Sa* [k()( +alt) +EIPs)"] . (

Again weexpand) =< + G(r) .
We are interested in the

correlation function (E)5)] which takes the form of
a tensor. In components :

=

< S(t)5j(r)) = Gij(-) .

For TCTc
,

we have :F= FEO] and therefore
Gij(r=ij T with Elicia=

For TCTs the fourth-order term in (#) gives the contributions :

↓ Jar [ (p)5) +4(d)(p)5t()()]
As in discrete case

,
we write

ze-BEt](0exp[-zSdrfd() · E"(-)JP]



⑳

with6)=j[-k + a(T) +b( >]-(4)(bj)
Now we will use that KAR=

)
and define=

Then in Fourier space :

, (h)= [K-2a(T)]i+ (i) -Fij) -

-~

Fluctuatingmodes parallel too fluctuating modes
Clongitudinal modes Orthogonal to V.

(transverse modes)-

Note thatY and E-v * are projection operators ·
↓ I

projects onto projects onto space

space parallel to perpendicular to

"magnetization" direction "magnetization" direction.

Furthermore, 1 .f)=Y

= (I-v) . CE-v) = Eri
I

* : (l-r) = 0

With the decomposition in transverse and longitudinal modes , we thus find :

-

6 (E) =Ett+ Err] -

-:xE) ri + 5+(h)(E-v) .

Let us check first the case where d=3 :

Then Gl)=



⑰
whereas Gl)=
=> hongitudinal fluctuations decay exponentially (like in the discrete case)
whereas transverse fluctuations decay algebraically 1
This is typical for symmetry breaking of a continuous symmetryI

These transverse fluctuations are precisely theGoldstone modes ,
and

from the decay of their correlations , we learn that they are massless
=

The nomenclature for mass comes from high-energy physics where
theGreens-function (propagator) takes on the form :

Eltlemat
(c : speed of light)

& rest mass .

Goldstones behave like elementary particles with zero mass.

Summarise above results for TLTC :

((()) =<P +Eh E-E)

-[5+
So for Iwrl ->, we find [F))) : <F

This is called long-range order . Here we have been a bit sloppy with
Cutoff



⑳

6 (i)=SaundSee
n -1

- 1 d = 1

Transverse fluctuations are finite forb2. For d22 fluctuations
of Goldstonesgrow indefinitely= destroys ordered phase for d=2 .

=> InTutorials
, we will demonstrate this far the XY model .

This is called the Mermir-Wagner theorem :

A continuous symmetry cannot
be spontaneously brohew for d =2-

(So for cont · symmetryThere are no Goldstone modes in d= 2 dimensions · lower critical dimension

What is the fate of the "wouldbe "Goldstone modes ?
is de =2)


