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Lecture 7 : The Berezinskii - Kosterlitz-Thouless transition ,

In last lecture , we discussed correlation functions for spontaneously broken
continuous symmetries ,

Example : OCN) model -

-

In other words ; if order parameter is:
(()(r)) =: G(u -v)↳ and we found within the Landau-Ginzburg

↳ model : G(i) = G
+(i) (E-r) +Glo

- =Cl ~ -
-

-

IL Transverse part Longitudinal
The longitudinal part behaves the same part
as in the discrete case , modes behaved

EGoldstones
as massive particles. The transverse modes ,

however
,
behaved as massless modes, i.e.

- 1d- 2 -2-d 12

GT()=E d= 2
limicroscopic

ihk1 d= 1
cutoff

We learn that for d >2
,
most correlations are dominated by the Goldstones !

(Longitudinal decay of correlations is exponentially dumped ,
whereas

transverse part decays algebraically !)
Note that G+

(v) quantifies the angular fluctuations in the order parameter
↑ D For des these angular fluctuations become larger and larger forJ

increasing separation> destruction of long-range order I
↓Ide = 2 is called the lower critical dimension of this model .

G
+(i) describes the so-called would-be Goldstone modes (if there
is no underlying order ,

there are also no Goldstones& In(G)G
we looked at small transverse fluctuations ,

so what about arbitrary
transverse fluctuations ? We want a model for the Goldstones.
ON model : Fit] =JadiTEIF +V(i1]



②

BelowTc : (f)=on = N(F) : V(60) and 11 = /R

Soreget Fuln] =Sddonk + terms dependent on do

~Ps (stiffness)
Note that Ink = 17

.

=> z =SW)e-BFcIn) di(H) - 1) This is called the nonlinear

sigma model (NLSM)
CName comes from HE physicsThis is generally speaking an interacting for pion-pion interactions) .

field theoryMo
Suppose ground state

is no : (1
,
0 ,

0
...,0), then :

Write:( = (o()) => x(i)" = -(i). (i) with wo

Therefore : f
from continuum limit

F[ : STEP +C]
-

from of

and Z =SDe-BEcti]
Note that in this parametrization only an OCN-1)
symmetry is manifest due to an implicit choice of
a ground state !

Note that for N2 ,
the NLSM describes an interacting theory of

Goldstones ? If we analyse the would- be Goldstones using e.g.
RG methods

,
we find that they acquire a mass of An ordered is unstable

due to the presence of transverse fluctuations . Something special
happens for N =2 : Then we canwrite sto
then NLSM : Z =SDEC) e-BELICE] with FLIt]= Sad NOl?

Free theoryM.



We find LEE/OF))=Jade (we already analyses
③

this

~ log (r) · and

But <n(r)on()) ~ Fill with:ps #

=> Order parameter correlations decay algebraically at low temperatures.
Note that it has the same form as the longitudinal correlations at the
critical point , so here it is as if we have a "critical line"

S

(*) describes the low demperature behaviour and is called quasi long-range
order (QLRO) . The high-temperature behaviour is not captured

by z = /DEE) e-BEIE)
. (a

You have seen in Tutorial W
,
that (88) follows from the continuum limit

of the XY model H= -I g .
Here it was assumed that

angles vary slowly from site to site. So configurations like

*4/ X 1
were not included.

-o - Y * & (we have not included thatXhX u
- is periodic field)

Vortex antivortex-

n= 1 n= - 1

These are examples of topological defects. Note that t is not defined in

the center and that topological defects, are described by winding number n :

good =2n
One such configuration is

-F= (y ,
-X) -



④

With this
,
we can estimate the free energy of a vortex :

Forten=fa = i pslog (t) + Fare

So let us take n=1
. (higher order windings are more costly (

Pvortexe (tetortenFre(R
exchere -

So for 2-BTp, 30 no suppression of
vortices-

->But
= RBTBK) (and actually accurate

analysis shows that
it is an infinite-order

phasetransition)
So the mental image one should have is the following.
· TCTBKT : gas of

bound vortex-antivortex pairs

Ispin-wave ,
i

. e. topological trivial theory is sufficient (

=> QLRO
.

· TCTBKT : Vortex-antivortex pairs unbind and one gets disordered

gas of defects.
>> disordered state.

Up until now in this course ,
we have looked at mesoscopic physics using

field theory. It wasmotivated using the continuum limit of
lattice models

Clong wavelength physics) . We can ask now the questiona

& Whatmicroscopically resolved correlations ?
* What about more realistic models than lattice models ?



⑤
More realistic Hamiltonian (not confined to lattice

H=+
Quantum systems> later

Cho internal degrees of freedom)v

Classical systems : degrees of freedom G , iMJ , so we expect

& (N
,VIT) =@dNJdr-Bl (A)

S -
↳ classical Hamiltonian .

dimensionless (angular momentum (SN
(log( . . . )) ↓ quantum number

nit2

Previous courses : E=* (periodic boundary
- conditions)

Compute partition function in two ways
: E :TrTe Bil]
or with (* ) and compare .

But we can give more straightforward method.

For example ,
classical limit of M=P + V(I) Single particlea

- potential)
n

external
KineticJF]: in
energy potential

Recall completeness relations : Sdl)(l-1 with=r) (
Sdtp<p = 1

·withA
Note that this iscosition and momentum bets↓
are a complete set of states &.
Let us compute :

2 = Trte-BE] = [ColePFIr]
2 1( M)



⑥
= /(d) CleB]dYI)
=Jafd(eBHE [ (u) Zul

= 1

zo <I'li) =G( - i)
=fdrfd[leBF) Gli-
= SdrCrle-PF/). (er)
Recall the operator identity e

*e + B+F
,
BJt.

=> eB -
-Balm BV +Oth)

(+ )= Jd(v)c
- b*kme-PV()(E)

= SdzcPV(E)(teBm/l)
~

Say
=> Jare BV(r)(d -Brkm (lp(r) S=Togetherwith Culpt)=hi e

int

[pl) =(
*

& (NVIT) = (dde-BH) with H(pr) the classical

4x4pEE Hamiltonian .

In many-body case
,

wereed to use:

I
, ......]=]...

bosons
where GP = Lagu(p) fermions



⑰
Then same can be repeated (see Lecture notes) :

z(N ,
v

,T)=EN Sd * JdINe-BHCY, FN)

and therefore,

F(VT)= -MbTlog[/d*Sage
- BH(, )].

to be computed.

Note that in equilibrium we can introduce a continuous) probability
density on the classical phase space : M-

& (, )= -BH (by definitionofd
= )

Suppose we have a function of phase space variables Al ,Y
Then
(Al, *)) =SdrtJdA(M, 4) Ja(,)

= z(dinfd A CrM,N)e-PH(r
Y,BM)

Ensemble average
-

Suppose ( * (t) , * (t) is a solution from Hamilton's equations :

#(t)* (t) = Com Jot Alp (t), *Ctl) Time average ·
I-C

Ce
..g . obtained

from molecular dynamics) .

System is ergodic ) (Al, )) =HE* (t),
* (t)) .

Non-ergodici glasses, ...
It is straightforward to write probability densities for other ensembles

in classical limit.



⑳
For example , grand canonical ensemble :

= ImVT)=BMNE(NT) (grand-canonical partition functions

& (VT) = -kTlog (grand potential) FyGN, YiN)
&

Note thatIdid* Jg (; N) = -H
Nz0

Marginal probability density :W(N) =NhSd *Sd* &g( ; N)
w(N)

I
=)

General classical Hamiltonians for particles without internal degrees
of freedom HEN)-

T
N-body interactionpotential

Simplest case:0 Lideal
gas) .

In this case: ECNVIT):Nde-Pim . Sa
-

=H Gaussian integral

Here
,
1=m Thermal deBroglie wavelength



⑨
From partition function thermodynamic properties can be inferred :

Bid(p) : =B = p [log(p13) +]

where p== constant
From standard thermodynamic relations , we find : (Check !)

BE =/N ; Bp= Bi Bm-log(p13)

SIkB = EN-Nep13 (Sachur-Tetrode equation )

Note that above expressions are valid for 8131 .

Namely , for p13 > exp(5(2) S2o

=> Quantum mechanical effects
become important !

So a rough measure when quantum effects become important

gra
Ther ~
Note that classical effects dominate when m4T4 + &

What systems behave classically ?

microscopic ! mesoscopic "macroscopic
8(nm) Olionm)

· Macroscopic objects
· simple finds (one-component ,

atomic, molecular, .....)
·Complex liquids (milk , blood, polymermelt, liquid crystals , prokins

....)



⑩

Interactingclassical fluids . (E +o

Generally ,
we can write :

& (N)=Ver++..rebody etc .

j2i
~ ~
one-body two-body interactions
Cexternal potential) Cisotropic ,

translational invariance)
-

⑧
-> Z

O ①Examples 1000 ⑪
10 Conbomb

22
v(r) =-

hardwall.( ↳itfor

For classical systems ,
we often use various model potentials :

(cy(r)
A

o Lennard-fores potential Cempirical)
-v

yoIL <g(r) = xe [(z)"- (E)]
-->r j 9) Van der Waals

Pauli exclusion interactionn.

-Ef -.

+ Born repulsionn.

uswir) A ro

Vsw(r) = -E - < r<5 (J> 1)

M E
O use.

Square-well potential . When Exo
also called sticky hand spheres.

#
-(s(r) =48
Hard-sphere potential .



⑭
(r)

NHS

↑ -(s() =28.
- ~ Hard-sphere potential .

z

Non-isotropic potentials :

VSB(ri ,in) = -(u,)+5)
Gay-berre potential. -I
Dipole-dipole interaction :

v(r, u2)=us [tz-3(r)r)]
--
distance orientiational part .

In general ,
all these model potential are so-called effective

interaction podentials.(Integrated out degrees of freedom
Note that for HCrMN)=
that ZIN

,V .
T= wherea

Note that for ideal gas Q(N ,
V

,
T) =VM. integral .



⑫
Interactions can lead te non-trivial phase behaviour
Phasediagrams : Conditions under which phases coexist.

Simplest example : storder 2nd order

Pa .........I S↑pri. a mean#toT ↓
triplepoint

binodal (phasecoexistence)phasedaries (coexistencea- --
in coexisting phases ,

all intensive
S : solid 6 :

thermodynamic variables are

L : Liquid K . Gen constant

00I↳ L-↓
00000000

gas loguid solid-

D volume not fixed i fixed volume i fixed
volume

a lowdensity D high density nigh density
-I now fixed shape D non-fixedshape I fixed shape

i high compressibility D low compressibility D low compressibilityis translational inv & translational in D Translational
D potential energy symmetry broken↳

D
< k> - <#) Crystal ((k) > (E) or invariant

J Camorphoust
kinetic energy (E> (k)

Phase diagrams can be very complicatedawaterr ... )


