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Lecture 8 : Interacting classical fluids
-

J-

Rap Generic classical Hamiltonianno internal degrees of freedomt

H(N)=M

Ni

&Vext() [v(Ir=j) +......

izj
The canonical partition function in the classical limit is
z (N,VT)= SdfdNe-BH(Y)

=G with Q(N
,UT) = /dime-PECEY)

S
momentum configurational integral
integrations
are Gaussian (Notice we cannot use statistical field theory
Here

,
1=mkT methods generally speaking since the functional

inverse ofa does not necessarily exist !)
u Problem boils down to computing Q(N ,V.T) .

For now
,
let us consider the case where Vent = o Chomogeneous)bulk

systems) -

Furthermore
,
we neglect three-body interactions.

Then =-rj
ECN

,
VIT=

/Neil rij =/rijl

~filrij) Mayer function .

=Hitfulrij) = It fi(rij..izj identical particles
and there areN pairs



② Z(N,
V

,
T) =

↓
& = (+)12 -2 .

(f) =VSdfl

-- B2-
where we have defined the second virial coefficient
Be = -[Sdrfy(r) Note that Bz = Bz(T)

Define Fex (N ,
V

,T) = F(N
,
V

,T) - Fid (NiV ,T)
f = E

=> Fex =ENT)B
We can obtain the pressure as pp = -f +p and find

= pp = p + Ba(t)ph ..... E Ba30 repulsions

B2CO attractions

repulsions.

-

to whether

By is dominated·
corresponds
by attractions
or repulsions !

How to obtain higher order corrections ?
z(N

,viT)= Sin [it + Zefin(rij) fr (e) +..... ]
In principle, we could continue with this computation. However ,

the fixed particle constraint is tedious to hundle ....



③
Solution : Let's

go
to the grand-canonical ensemble I

Define: QIV .T =Q(N
,
V

,T) ; z = ech Hugacity) -
Then : E(m ,

V
,
T)=Q SFurthermore

, B=-In,
and define PR=-VBuz

b=b b:Q
where we used In(1+)=-1
We conclude that : oh (u,

V
,T) = -p(uT)V= Bp(zT)= brz

·(N = - (ult =-z) viT =) pET)=b
However

, we want to express in terms of p .

So we write z= aphE
We find (seeTutorials) : a,

= 1 ; an= -ba : an= -3 bytobz?

Let us compute pressure. Bp(pT) =

p
+ By(i)p2 + By(t)p3 +...

We find :

BaCT)=- Sari Sarzfu(rin) = -Efdiful)
and By(T)= Sar Safdy fin(rin) Fin (ris) fi (v2s)

Remark : BzCTis) = 0 Es Ti : Boyle temperature

(signifies transition between repulsion/attraction dominated at sufficiently
lo density) .

It is useful sometimes to define excess quantities , e.g. Fex
: = F-Fid

(so the contribution over the ideal case)



⑪
Similarly
, & fex = FidCCT

pp = -(N = - Pf +p(GG=
We conclude that :

If= = p[log(p13)-1) + Bz( + )g2+B +....

The virial coefficients can be represented graphically as :

B(T)=Safdi,
By(T) =- JarSafario

By(T) =-Safdndfdiy
Note that diagrams like 6 drop out . Only irreducible clusters ,we

only connected graphs- (cutting one line doesn't make the graph to disconnect

in two pieces)

Examples of virial expansions

Very important model system is the hand-sphere system :

(i)

UHs(r) =

5 o
From now on : only 3d systems

!E 0 +75.

We find : B2 = Eig
Note that BnFfCT) Do

By=
By = [-@Marcos]B



⑤

It is convenient to define the volume fraction : N:emroccupied
by particlesso

For hard spheres : n=
esp
.

We find :

& = 1 +by + 1042+ 10 .36543 + 28 . 22544 + 39 .7445 + 53. 546 + 70 .847 +....

~-

Crim)" This series can be summed

=PP- Garnaha-Starling maxdeviationeage
· G Virial expansion converges slowly .

J

& 5Y-
(SLIDES)

.

S 4 What happens for 220 .
5?

· S

G
2

-
25

&

Reason crystallization :

a

S
Entropy ?i Free volume at high o is

I

-
4

higher when particles are

↑ HCP ordered on a crystal Lattice-

(ii) A model which contains attractions is the henward-Jones potential

ung() = 4s[(z)" - (E)] ·



⑥
We approximate : ray(r) = Gins()

vo

Ca can be free
-42(76ra parameter)

WCA theory -

The free energy density can be written as

f(pit) = fis(p)-BTfdr[e
- Brat+H

-1]
with a= 16 vo

- fits(p)- Jare (5) =: fis-ap? V
.=o

↓
could be approximated by Garnahan-Starting. However ,

alternative approximation :

-The T is silent :

QHS (NiVt = Sarexp[-pnstij)] = V(V-Ovp) (V-2 . 800) ... (V- (N- 1 dvo)
binomial ~V* (1- .... )

↓
) expansion
=-1000)" =: (V-Nb)" (ovov)

precisely the
We thes find : Pf(p) = p[log()-1]- Bap VEW approximation

Recall this was already written down when people were still disputing the existence

of molecules & atomsD
Remarks onthe virial expansion :

· Virial coefficients become progressively harder to calculate for large n

and more general model potentials (seeTutorials

· For long-ranged interaction potentials Bu(T) is ill-defined -

E .

g.: Point
Coulomb interactions

, dipole-dipole interactions -

· Slowly converging series> problem for densefluids 1.
Furthermore

, as before we are interested in carrelation functionsI



⑨

Dncity-densitycorrelation functions
We define the classical density operator as:(= -)
Observe that p (v) : = (Y(r] is the local density of the system -

E .

g. in canonical ensemble with J ,...-, N) completely symmetricasical particles)
(())=NFSdr-Fi) e-RAY)

~ iii) Sai ...Sariye-PE
,in ....M)

Now : Ship = Jan (lik=Shin St
= Sap() = N = p(i) is indeed the local density .

Interpretation : Probability to find a particle at position i irrespective

of what the other particles' positions & momenta are

Notethat for homogeneous (i . e . bulk) fluid : Vext (r) =0

=> p() = p = cst . (Prove this !)
What about 2-body correlations ?

We introduce the two-body density operator :

-(i)=-j) .
and define:=l

Note the normalisation : Sdifdip( ,) = N(N-1)



⑨
Interpretation : &"(r ,

r) is the probability to find a particle at o and

one atol
, irrespective of what we know about

the position and momenta of the other

particles

Forsuitable #: (ii) -> p()p() (lF--+ c) ·

This motivates us to define : glt)=
with property gir) ++ 1 for It-ill+o.

For bulk (Next =o) we have translational invariance + isotropy -

=> g(r) = g(Il-1) This is called the radial distribution

function or pair correlation function.

terpretation:Reminderprobabilitytheyanwithjoint
probability density play) . Then de so-called marginal distributions

are : px(x) = Jdyp(x ,y)

py(y) = (axp(x , y)
&
"integrating out dofs" in physics language

Then the conditional probability density ofY given that X= x

is ply()=



⑨
Apply this terminology to thedensity-density correlation functions :

) probability to find one particleat and e
at l

& probability to find one particleat

=>g) : probability to find particle at t

knowing there is a particle at "

=> 42pg(r)dr : given a particle in the origin ,
it
says

what is the number of particles betweenr and redr

Setematically :

a
:

&

S4DES


