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Lecture 9: Properties of density-density correlation functions

Recap: = p[log(g14) -17 + Bz(T)p2 + t By(T)p +....
(Virial expansion , Mayer expansion , cluster expansion (

Virial coefficients are not easy to compute at higher order , sometimes

ill-defined(e .g. Coulomb) .
So we would like to have methods to describe

densefluids : we correlation functions.

p() =()) Cone-lodydensity)

↑(2) = ([i))] (two-bodydensity
Translational invariant + isotropicm &" (ii)= - g(lE-)

Cradial distribution function)E .g. #atoms in first coordination shell : "conditional probability-
m(r) =4p(xg(x). n /first coordinationshell) =12 (liquid and solid !)

-Bw(r)
+ O(p)Last tutorial : g(rig .T) e For

gas conditional probability
-

is just the Boltzmann weight.
virial expansion for girl

This week : w(r) = - kpT log g(r)
= -) =-in fined

potential of meanforce

The radial distributionfunction is useful in more ways.
Claim : If we know g(r) und entire thermodynamics
· Caloric route to thermodynamics
Let us consider the internal energy of a system with pairwise additive interactions
U = (H)< + [Er(-)]



②

: [NhpT +t (dd)j)-)
= ENRpT + [Sdrfdrg()w-))

Since system is homogeneous
+ isotropic

:

↑ =plT+g(

· Virial route to thermodynamics

p = plT-(j) =PhiT-fd()(
=>

p
=gkT-drgur) ~ if gp=

·Forvirial and caloric route we did not specify the ensemble.
· Only valid for pair interactions lelse higher order correlationfunctions

are needed)

·Compressibility route to thermodynamics
Valid for arbitrary @CN)· Most easily derived in grand canonical ensemble.
We introduce the following notation

Cyce)

Trae ( ... )=si JaSain ( ...)

then E
, (u .
VT) = Traete-BCH-MN)]

Probability density : Jx (p,; N)= -BCH-MN Note :Tref

and in this notation the grand-canonical ensemble average is
the( ... ) = Tree [fy(-- )] Furthermore note that in ge

Sdrp(r) = Jdr2(r)) = <N >
Sdifdr'(i) = Safd((2)(i)) = <NY) -[N7 ·



③

At this point it is useful to introduce the density-density correlation function :
6(r) = (5)()) Gl = pr)-(y()
Note that : 6)(i

,
=) = g(2)(ii) - g(v)p() +p(r)f(r -v)

=> SdrfdrG(r) = [N2)- <N2 .

But : <NO =v+

(convince yourself !)

So : <N2)-LN2=+-
=+
Sp
=ND/v

de= - SdT-pdV-NdM
=-( )+ +v(

=

p (Maxwell

= RBT(N) (f) Recall : + =-+=
Lisothermal compressibility) .

=> <N2)-[N = pET(Nut-

For homogeneoust isotropic sysem <N-LN2= Sdrfd="G(-)) =VSdrG(r)
Hence

, we obtain the so-called compressibility sum rule :

Sa:G(r) = gBBThT Exact result for any EN) Do

Interms of g(r) : +efdrtg(r)-1] = pRBTUT



④
The structure factor
For homogeneous system : G(i)

=G(-)

We introduce the Fourier transform :

Ch =JaGluje-iot ; Gl=let
When system is also isotropic : G(-) =G(Ir-)

= T(E) = E(k) .

We define the static structurefactor as E(h) = ps(h)
Note that in terms of g(u) :

S(h) = 1 + g(dre- ihr [g() - 11 + (2+)((h) .

Define him S() = itpfa[g(r)-]
-

So compressibility sam rate is :&emSce =prTuk+0

SLIDES

The static structurefactor can be obtained from
scattering experiments· I(t) o S(q)

min A
momentum

-h transferred.

-Y i- Next Lecture.
Ed Tutorial : 42 .4)

,
2. 5



⑤
Static structure factor via X-ray scattering.

Rin

incident plane wave~Z

↑
x
-y

wave =
detector

Scattered wave has amplitude at detector :
ittin: +out : (p-vi)]

tatomicscattering e (first Born approximation)

from scattering from an atom at position i to detectoratd.
Assumption : detector for from scattering center of the cell .
=>ger-f(k) atomic scattering factor .

Hence scattered wave : J(h)e
i tontara-ite. :

tin
-

t = tout-hin (momentum transfer).· Elastic scattering : (Tout) : Itin/

It Bit-2tin · Fout + thir

= altin/-2/tink cost= Izhin/C-cost)
Recall : sintE= = 2/tin sin

=> sin



Total scattered wave= f/h)hone-i fixed configura
amplitude.

of scatteringse

I(E) = observed intensity at theobserver
iij-Sensemble

#wever :It
average.

=+et(j)=ij

- It /drfartei(-)fa ..de
-

- 1 +pfdeitg(r) = 1 +paihC )
= S(h)

Hence we conclude that : Ilt)OS(h) ·
FT's are unique : inversion gives g(r).
Properties of static structure factor : & Sch) = 1 Wh Lideal system

S(R)-11 Exe.

& first peal of SCh) is at

Kmax (first recipro
lattice
vector of
solid)



⑪
Ornstein-Zernike (02) integral equation

Define the indirect correlation function : h(r) =g(r) -1
Note that h(r)-o for->a (uncorrelated particles).

The indirect correlation function satisfies the integral equation :

h(r) = c(r) + p(di"c((v- (l)h(r) . (for now this relation
↳ direct correlation function.

defines ((r))
Dyson-like equation- 2 can be derived using DFT

"More directly related to inderaction potential since c(r)--Bur)
(r+ c) .

6(r) does not contain
any

oscillations unlike h(r) .

E .
g. Lennard-Jones fluid :

↓ h(r) : = g(r) - 1 .--> p

⑮des
Iteration of Ozegnation :
h(v

,2) = <(r,2) + p(arc (r ,b) [c(isa) +p(drya(is)c(ryz) +.... )
Diagrammatically :
~= 00 + oo

= oo ++

=o++8 +... -



⑳
Looks easier in Fourier space?
[(h) = j(h) + pi(h)[(k) = (h)=)
Orsince S(k) = I +ph) S(k)= (Interpretation

in terms

of structure
factor)So from Ot equation , we can

determine g(r) if <(r) is known random phase approximation.
↑

1) We need a closure relationn. E .g.
RPA c(r) = - Bu(r) .
(soft core systems) -

No exact
way
to obtain a closure relation- > approximative

closure relations -

(see Lecture notes for some examples
For now

,
let'sfocus on one more approximative closure relation :

Py(r) = 21-eBvcrGgpy(r) . Excellent approximation for
hard spheres.

For hard spheres , one can determine within PY closure an analytical
solution for the direct correlation function :

spyl)-Eyl
· (r >w)

(follows from Oz equation) .

Note: Straightforward to obtain SCk) via Fourier transformation.
However for g(r) : numerical calculations.

PY closure approximation is quantitative up until HS freezing.



Although gpy C is not analytically available we can still
obtain analytical results using compressibility or virial route :

&
=> Consistent up until O(p") .
=> Inconsistency due toPY approximation .

Inderestinglype
Note : g(r)ze-Pult (dilute system).
=>) Big difference between hard spheres and e.g

2
.% system.

However
, for dense systems gis (r) is almost indistinguishable

from gpy(r) .

= In dense system short-range repulsions dominate the short-range
correlations

(Slides) .
&


