Problem Set 11 — Statistical Physics B

Problem 1: The hard-rod fluid in one spatial dimension
For a one-dimensional hard-rod fluid the intrinsic Helmholtz free energy functional F|p]
functional is analytically known. It is given by

ﬁ]—"[p]:/o;dzp(z) {1“[1p£22é)] —1}, t(z):/:odz’p(z').

Here p(z) is the one-body density profile and A is the thermal wavelength.

(a) Derive from F[p] the Helmholtz free energy density and pressure for the homogeneous hard-
rod fluid. Express your result in terms of the one-dimensional packing fraction n = po,
with p the number density and o the length of the rods. Interpret the result for the
pressure in terms of the free volume available to the centres of the rods.

(b) Derive an expression for the isothermal compressibility k = —L71(0L/dp)n 1 for the
homogeneous hard-rod fluid. What happens to k7 when n — 17 Give a physical interpre-
tation of your results.

The excess functional can be expressed in terms of weighted densities {ny|a = 0,1},

BFexlp] = /_OO dz ®({na(2)}),  @({na}) = —no(z)In[l —n1(2)].

This relation is exact. The weighted densities are defined by

na(z) = /00 dz p(zw®(z —2), «ae{0,1},
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with weight functions
1
wO(z) = 26—~ B) +6(= + )], w() = O(R ~ [2]),
with © the Heaviside step function and R = o /2.

(c) Consider Vext(z) = 0. In this case, show that ®({n,}) is the excess Helmholtz free energy
density (per kgT') for a homogeneous fluid.

(d) Derive explicit expressions for the one-body direct correlation functions for inhomogeneous
hard-rod fluids. It might be beneficial to first show that

c(z) = —/dz’ Za: anajzl)w(a)(z’ - 2), (1)

with w(® (o = 0,1) the weight functions of the one-component fluid. Evaluate your
answer in terms of the equilibrium density profile and simplify it to an expression that
does contain any of the weight functions.

(e) Prove for general Vi (z) that
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Evaluate this expression explicitly in terms of ng(z) and ni(z) and the weight functions.



(f) Prove that

/ dz/ dz' w (w2 — 2)e”™*

@ (k)yw P (k), B € {0,1}.

where we defined the Fourier transform of a function f as f(k) = [ dz f(z)e =

(g) Compute c¢)(z) when Vi (z) = 0. Sketch this function for various values of 7 including
the case n =0 and n = 1.

(h) Consider the case where Vet (2) = 0. Show that the structure factor is given by
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(i) Show that this expression for S(k) reproduces the result in (b). Give representative sket-
ches of S(k) for some values of 7. Do you observe crystallisation? Explain.



