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The Kohn- Sham Method -
The Kohn-Sham Equations

® Schrodinger-like equations with local potential

OE,[p]\ (E,[p]
op op

—f—m§2+uext(?)+oH(7)+vx(7)+vc(7) 0.(F)=e0p,(F)

p(F)=20% (Fp,(F) ’
i=1

® These equation are nonlinear and must be solved
iteratively (self-consistently)
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Fale ptaskie i pseudopotencjaty
® Koncepcja pseudopotencjatu

® Roéwnania Kohna-Shama w bazie fal ptaskich
¢ Pseudopotencjaly zachowujgce norme

¢ Pseudopotencjaly empiryczne

The Kohn- Sham Method — The Total Energy
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Solution of the Kohn-Sham Equations

® Direct methods on a mesh in r-space

@® Expansion of the Kohn-Sham orbitals in a basis {Zag(F)}
2, (F)=NY ca(nK)z, 0 (F)
a

2 - - -
‘ [Z <Zag |—;LmV2 +UKs(F)|Za-;>—En(k)<Zag |la-g>}ca-(n,k) =0
al

Hamiltonian

matrix elements Overlap integrals
N

(Mg (K) = 6 (€)S g (Kl (0, K) =0 |

Eigenvalueproblem det[H,,:(K) - £,(K)S4q(K)] =0

= £ (|Z) Bandstructure

Plane-wave formalism

on S (F)=2Conxs(7)
5 .
L1 o
X5(r)=—=exp(ip-r)
p \/’\7

Plane-waves constitute orthonormal system

Problem: <Xﬁ |X§'>=5ﬁﬁ.

2 . .
e P continuous variable

=) For periodic systems, one can introduce discrete
values

Solution of the Kohn-Sham Equations -
LCAO & Plane-waves expansion

® | CAO (Linear Combination of Atomic Orbitals)
All electron & pseudopotential

=) Semiempirical Tight-Binding Method

@ Plane waves and pseudopotential
=) EMP — Empirical Pseudopotential Method

Plane-wave formalism
Periodic systems

{ai} primitive translations characterizing periodicity

-

{G} - reciprocal lattice vectors G, =nb; +nyh, +ngbs

k € BZ wave vectors characterize Bloch States

P=k+G

o5, 1 5 =
xé(r):wexp(lG-r)

(26126 )= 9

Discrete, orthonormal set of basis functions
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Plane-wave formalism Plane-wave formalism

Fourier coefficients of the electronic (pseudoelectronic) density

1 ke, gy 1 2\ i(R+G)-F occ
-(r)=— -(N=— - - Q o - o
P )= 75 Ui ()= 75 2.0k ()¢ Pa =252 [ ) K = Do OF
Bz nk Special k-points

. ] 4 Basis — plane waves I . 1 e e o

[Expansmn COCUICICNIS G/ i(K+G)-F Pual (r)=vaaI G)e™" Pual (G)=§T Z ¢(G+G)c 1 (G)
xQ (r)=e G 0 kG

Methods to solve eigenvalue problem for expansion coefficients

{G}- reciprocal lattice vectors G =mby +nyb, +nghy e For small number of expansion coefficients an(é)
say ~ 2000, standard diagonalization procedure is used.

g ' - 1 - =
D [EEGHIEEY calculatlonS{G D =(k +G)2 < Ecutoff } @ For larger number of coefficients, the modern iterative techniques
i based on direct minimization of the total energy are used.

- - Commercial or open source (GNU-license) codes available
[Kmenc Energy Cutoff VASP (Univ. Vienna, com.), CASTEP (Accelrys, com.)
ABINIT (Univ. de Louvain, GNU), SPINOR (UCSB, GNU)

N

Plane-wave formalism Pl_ane—wave formglls_m_ for systems
with reduced periodicity

Kohn-Sham equations in momentum space How we solve the Kohn-Sham problem when the systems
are not periodic: surfaces, interfaces, clusters, molecules...
and still take advantage of the plane wave formulation

of the problem

7% =, . o s . .
|:_2mV oy (r)+ch(r)+Vion ¢nE(r)=gnE¢nE(r) (KS-Eq) <73 l\b\’;’.;’{i‘%“}
e
W

1 Fourier transformation :
LS

° Expansion with respect to basis = Fourier series

e External potential substituted by Pseudopotential

2
g; [f—m(ﬁ+é’)25¢é,+uH (G=G")+0,(G-G)+VP(K+G K+ ~'):|Cnl;(é)=fngc,ﬂ;(é)

Eigenvalue problem — system of equations
for expansion coefficients

¢ (G)
Surface Molecule
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Plane-wave formalism — Supercell method

Crystals Surfaces Molecules & Atoms
4 S UL DT T T
IBOS8eNHE! 4
T T
> | & | <
7 & A
v & b1 d & & 4 41 d 4
08880
T T Ty

® Impose periodic boundary conditions to describe extended,
translationally ordered (periodic) bulk crystals, surfaces, and
interfaces. Can also use same formalism to describe
molecules or atoms.

The Pseudopotential Concept

e |DEA: group all the electrons around the nuclear core into an
effective ionic core, where all the strong oscillations close to the
nuclei are damped, and leave out only the valence electrons that
contribute to the bonding of the solid. Core electrons are left
basically unchanged going from the atom to the solid

Si: 1s2 252 2p6 3s23p? Si: (pseudo core) 3s23p?
14 electrons 4 (valence) electrons
-14e

Vo (1) = Ve 1) =V, (1)

r

Typical electronic potential and wave function

* When solving the K-S equations for the full system of nuclei and
electrons we find that:
— Close to the nuclei, the potential is dominated by strong
Coulomb interactions
— In interstitial regions the potential is much weaker and
reflects the symmetry of the crystal
» Atypical wavefunction would look like:

Strong oscillations in
the core region

PSEUDOPOTENTIALS - Basic ldea

The basic idea of the pseudopotential theory:

2N
XD

@ Core electrons are localized and
therefore chemically inactive (inert)

@ Valence electrons determine chemical
properties of atoms and SOLIDS

=) Describe valence states by smooth wavefunctions

(AR
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PSEUDOPOTENTIALS - Philips-Kleinman Method

New Method for Calculating Wave Functions in Crystals and Molecules

James C. Puirniest anp LEoNarD KLEiNMani
Department of Physics, University of California, Berkeey, California

Phillips & Kleinman, Phys. Rev. 116, 287 (1959)

Construction of pseudopotentials from atomic wavefunctions
fat
H ‘V’c)z Ec“/’c>

H lv.)=E,|w) lw.) -core states |y, ) - valence states

@ Orthogonality condition (w, [w,)=0 ‘W‘;j\ [\

leads to oscillations in |w) SARV}

@ How to get smooth pseudo-valence- wavefunctions ‘qo\,) from
atomic valence wavefunctions ?

© IDEA: Project out oscillations from |y, )

PSEUDOPOTENTIALS - Philips-Kleinman Method
l:'at"//v>=Ev"//v> l:|ps‘¢v>=Ev‘¢v>

\ Energies are identical

Effective potential acting on the pseudo-valence electrons

\7ps =V 1+ 3 (E - E)|we ) (W | \7,)5 is weaker than V ©'
c
@ Within the core region (0<r < r°2)
) -Ze
~ ®, i The potential V" (r)= —"
1 ]
+— \__/ r' v and atomic valence wavefunctions are
i SN substituted by pseudopotential Vps  and
Ve knot free pseudowavefunction v
/’z:ez @® Outside the coreregion r >, —Zsez
ST Py =Yy Vps =

r
@ Construction procedure keeps the energies
of atomic and pseudoatomic states unchanged.

Zg— No. of valence
electrons in neutral atom

After paper of Philips & Kleinman, various models of pseudopotentials have
been developed. Main weakness: many parameters involved

PSEUDOPOTENTIALS - Philips-Kleinman Method

® First, we define pseudo-wave-function ‘¢V> = ‘l//v>+z"//c><y/c |¢V>
for valence electrons

C
® Second,weact  H¥|p,)=E,|w, )+ Ec|w)ay, = o
c

with atomic
amionan onte - =Ele)- € Zlvejao s TElvel =
=& ‘¢’V>+;(Ec - E)lve)aw
H M)—ZC:(EC -E)lve)(welo)=Ei|oy)
o {H* -2 (Ec-E)lwe) e [llo)=E o)
® The pseJdo-wave-function fulfills Schrédinger-like equation with

Hamiltonian that is dependent on energy and contains additional
repulsive, nonlocal potential.

e lqps =R +Z(E_ Ec)"/’c)(!”c‘
c

Parameter Free (Ab-initio) Pseudopotentials —
Norm Conserving Pseudopotentials

@ Density Functional Theory for Atoms — Kohn-Sham equations for atoms
@ Spherical symmetry of atoms is assumed

. ~ u(r ~
V(D)= TR OV @ =32, @)
Im Im r
@ For each “I”, one-dimensional Kohn-Sham equation

2
[_;j S+ Ula,[KS (r):| u (r)=gu(r) Atomic units: Z=e=m=1
r

@ Effective Kohn-Sham potential contains all electronic interactions

z
oo =-2+ 0 w0 (o4 p D+ 0l + )

ensity density density
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Construction of Norm Conserving Pseudopotentials

@ Construction of pseudo-wavefunctions u|p5(r)from atomic solutions

u(r)
24dr?

The pseudo-wavefunctions u*(r) have to fulfill certain conditions

uB)=u(r) for r>ry

2
_1d® +o (r):| uP () =gu(r)

T o ps 2 0 o ) Pseudo-wavefunctions and
_[0 [R™(N)Ir dr:_‘.o IR (N1°rdr  atomic wavefunctions lead

to identical charge in the
NORM CONSERVATION core region r <,

Elps =&
d RIPS (r) d R, (r) Ide_nticgl logarithmic )
dr dr derivatives at cutoff radii
RP(r) R (r)
r=rg r=rg

These conditions do not determine the pseudo-wavefunctions uniquely
=) Different types of ab-initio pseudopotentials

Construction of Norm Conserving Pseudopotentials

® @ Inversion of the Kohn-Sham equations == Atomic pseudopot.

d®

——uP(r
()= _I0+1) g2t " Note,uf*(r) are
Y| atom =& 2I’2 +2 ulps(r) knot free

Atomic pseudopotential contains interaction between valence electrons.

This interaction should be subtracted.

@®@® ® Unscreening procedure
0faom (N = V(N IONIC PSEUDOPOTENTIAL

Vl ﬁzn(r) = Ulr,];tom (r) — Uy ([pv%sl ]1 r) - ch([pvpasl ]1 r)

S wln
V|,pion(") - For each angular momentum quantum number |

Construction of Norm Concerving Pseudopotentials

Older pseudopotentials

BHS pseudopotential G.B. Bachelet, D.R. Haman, and M. Schliter,
Phys. Rev. B 26, 4199 (1982)

Kerker pseudopotential G.P.Kerker, J. Phys. C 13, L189 (1980)

N. Troullier & J. L. Martins,
Phys. Rev. B 43, 8861 (1991)

The pseudo-wavefunction in the core region (r <rg|)
I 2
uf*(r)=r"*"explp; (r*)]
Coefficients of the polynomial are determined from:
a) Conditions 1-4

b) Continuity of the first, second, third, and fourth derivative of uPSinrg
¢) Second derivative of ionic pseudopotential should vanish in r =0

Troullier-Martins-Pseudopotentials

P - polynomial of 6t order

Very good convergence properties !

When pseudo-wavefunctions ulps are established, then proceed to the
next step of pseudopotential construction.

Norm Conserving Pseudopotentials

Comparison of the pseudo-wavefunction Components of the ionic
(solid lines) and the corresponding pseudo-potential for angular
all-electron wavefunctions (dashed lines) momentum | = 0,1,2

o 0.8

13

c —_

2 04 3

2 =

© 3

2= 0 >

s

S

c-0.4 .

x 0 o
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Norm Conserving Pseudopotentials

V,fon (1) - different component for each “I”

=) Non-local pseudopotential <F|Vit'))r§| 7 > Vien(F.7)
VI(’)): ZVI |on(r)PI ZVI |on(r)‘ ‘
Projectlon operator < _ylm(r)
In Solids: | Vi = Z ZV, 2O F-R, -7 DR

Pseudopotential in Kohn-Sham Method

 External potential substituted by Pseudopotential

72 - . - -
{_vaz +oy (r)+uxc(r)+V,§§}¢ng(r) =£.:0:(F) (KSEq)

(FIVg 177} =V (. F)
non-local pseudopotential !!

® External potential (pseudopotential) is non-local !
e |s it compatible with derivation of Kohn-Sham equations?

=) Not really, but generalization of the formalism possible

Pseudopotential Smoothness & Accuracy

Pseudopotential quality is measured by its transferability,
i.e., ability of the PP to match AE values when put in
different chemical environments

Iron wavefunctions

. @ Move outward cutoff
and pseudo-wavefunctions

radius to get smoother
ZWE pseudo-wavefunctions
O 1 WF ° Acceptable basis size

T ¥ = ° Penalty:

| f A% e e decreased
BN e N = transferability
“;”4\“\"// - ® Small cutoff =

1 esharp function
s e expensive to
expand in PWs

Kohn-Sham equations in
pseudopotential formalism

V(P ) =05 (F)+ 025 10 (F,F)

72 . . .
[-vaz +0 (F) + 0y (F) + 0 (r)+unonloc(r,r ):|¢)n|z(r) =59 - (7)

Y

Ve (F) =0y (r)"'uxc(r)"'ul ()

V& . - -
[—%V +U|Oc(r)+unonloc(r,r ):|¢n|z(l’)=6‘nlz¢nlz(r)

P(F)= L0 (Pp(F)
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Local and nonlocal parts of pseudopotential

Pseudopotential for atomic species
ViR (F T = ofse () + 20 (1 Wiy (F )W (F)
" (_Im Y,

Local Y
Non-local

Pseudopotential S =
S/ = .o = Y
for a collection | VP(F,F)=D Vi “(F=X,.F"'=X,)
a

of atoms
/ local part
VP (FF)= Yol Ar - X, D+
a
2 DO F = X P (F = X, )Y, (F'- X,)

a Im

non-local part

Pseudopotential plane-wave formalism —
practical aspects
Number of plane waves {é’ :

in the wavefunction
expansion N

(k +G)? < Eqyo }

N[~

Number of needed Fourier cogffici_gnts
1 .
of the local potential? Vo (G-G")

- 1 - =
8N ﬁ Gpnax E(I("'Gmax)2 = Ecytoff
max |G -G’ |= 2G,,.x

p(é) -- 8N Fourier coefficients required

Kohn-Sham equations in pseudopotential
plane-wave formalism

Kohn-Sham Egs. (=2 S L (E)ei(K+E)F
[in real space ]\ @i (1) \/5%: W (G)

Fourier transform

V0c(G—=G") =0 (G=G")+0,,(G-G") + v (G-G")

Pseudopotential plane-wave formalism —
practical aspects

u=(nk)

2
)y K—m(hé)%sé@ +u,oc(é-é')+unp§n,oc(12+é,|2+<§')Jc,,(é')= €,¢,(G)
&

s == S
Z {ﬂ(me)zaévé,w,oc(e—e )+ 0foni0c(K+G,k+G") |c
2

Eigenvalue problem — system of equations for R
expansion coefficients ¢z (G)

e

= 1 4 =k =
P (G)=—2 ¢ -(G+G")c -(G)
Q) &

Self-consistent
problem

e Solution of eigenvalue problem gives N eigenvalues and
eigenfunctions

° For self-consistent solution of the problem, it is necessary
to known only occupied states

Number of occupied states << N

° Traditional methods (based on the solution of eigenvalue
problem) only practicable for moderate N (say N~2000)

e For N > 2000 (large supercells), reformulation of
the problem is required
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Pseudopotential plane-wave formalism —
practical aspects — Iterative methods

u=(nk) ’g(")(é)=z (H(G.G")~¢,05 s Je (G

Gradient
We are looking for #2 N, wavefunctions

e mutually orthogonal <ﬂ|ﬂ'>=Zc;(é)cﬂ,(é)=6W
G

e such that the gradients vanish g(ﬂ)(é )=0
Searching procedure ?
e.g. steepest descent ¢(™ =c" +yg*/(n)
conjugate gradient
Davidson method
Required: effective method to calculate gradient

Features of the Pseudopotential Method

Pseudopotential is approximation to all-electron case, but...
Very accurate

*Comparable accuracy to AE in most cases

*Simpler formalism

Low computational cost
*Perform calculations on ‘real-life’ materials

Allows full advantage of plane-wave basis sets
*Systematic convergence
*Easy to perform dynamics

Pseudopotential plane-wave formalism —

practical aspects

Calculation of p(é) from the formula
pva.(é)=QiOn%cng(é +676:6)

. N2 -
requires N operatlons Inefficient !l

Better solution
¢ Introduce mesh in r-space with 8N points {r}
e Fourier transform wavefunction in G-space into
wave function in real space ¢,(7;)  €,(G;)—>9,(r;)
Use Fast Fourier '(I)'Crcansform — it costs ~NlogN operations
« Calculate (% )=2.0,(7: )p,(F;)
u
* Use inverse FFT to obtain p(G')  p(7 ) —> p(G;)
Total cost ~NIogN

Empirical Pseudopotential Method

B2 - = Lo o - - -
ps ' _
Z [Zm(k +G) 5@,6' +Vemp (k+G,k+G )}cnlz(G) = gn(k)an(G)

Non-local empirical pseudopotential
Fourier components are treated as empirical parameters

Very accurate band structure description of elemental (diamond),
zinc-blende, wurtzite, and chalcopyrite structure semiconductors.

Particularly simple model

R ez 2 ps X R Sy _ o o
)Y Lm(k +G)? 85 g +Vwp 10c (G —G )]cn;(e) = £,(K)c - (G)
¢ Local empirical pseudopotentials
Ten parameters give very reasonable description of the band structure

J. Chelikovsky & M. Cohen, “Electronic Structure and Optical Properties
of Semiconductors”, (Springer, Heidelberg, 1988)
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Band Structures and Pseudopotential Form Factors for Fourteen Semiconductors
of the Diamond and Zinc-blende Structures*

Mazvis L. Connt awp T. K. BErostiessen
Deportment of Physics, University of California, Beskeley, Calijornia

Phys. Rev. 141, 789-796 (1966) [cited 1217 times]
e A TS L - 1 R

Model Pseudopotentials (2)

Model potential due to Heine and Abarenkov:

~ V(r A
—Ze~ ® Te
reTe >

Vr)=y ame,;’ "
A rsre

Lin and Kleinman model potentials:

-Ze’ ‘
B LGS \__
IO: r<ie

Model Pseudopotentials

Constant effective potential in the core region:

v
— Z 2 -
A S e Fe r
AT |
Vir)y= Of; 1
—Ze~ 1
——: r< e
[ 4me o,
Empty core model:
V(l') A
Ze? - r
—Ze® -
N r> e
V(r)=1 4me,r
0 TETe

A Typical Empirical Pseudopotential

04

Vig) (Ry)

5 6 7 8

0 1 2 3

4
q (2n/ay)

Fourier transform of the pseudopotential. (Note that ¢=|G-G/ )
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Electronic Excitations in Nanostructures:
An Empirical Pseudopotential base

Approach

Gabriel Bester

Maz-Planck Institut fiir Festkérperforschung, Heisenbergstr. 1, D-70569 Stuttgart

Semi-empirical PPs from ab initio calculations

Construction of Semi-Empirical Pseudopotentials
i MNorm-Conserving Set of crystal structures AB
Pseudopotentials § at different lattice constants
Density Functional Theory =S

Spherical Average =V SEPM 4/ SEPM
H=-N2+V _+V _SP4Ly

nl boc S0
s

Exact within DFT

Approximation

Ground State

Observables Excitations

Atomistic PP Theory of Nanostructures

Atomistic Pseudopotential Theory of Nanostructures

Input Geometry

l Generate empirical
Psaudopatental

¥
Calculate the Crystal Potential

¥
Solve the Schrédinger Equation

Configuration Interaction

Optical Properties (Absorption, Photoluminescence,...)
Charging Energles, Carrier Lifetime, Magnetotunneling-
spectroscopy, NSOM, Entanglement, ...

Semi-empirical Pseudopotential

a
ol ( ),
L
I I NN (b)
s 4 N V_(|G]). GaAs
S a0 4 sl
s I L L] fit with 8 splines + 1 exponential
| I \
£ ol | I %
£ f I !
g r | 2—||— \
g 30 s
e [ T
-100H S
/ L
120& 2 a K 8 10
— — — —
0 2 4 6 8 10 12 14
6] (au)
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