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(1) Certain types of scalar field theory in flat effective spaces are

GFTs.

(2) Relate these field theories to spinfoam models




Haar :;m =
measure Usual scalar field theory
. momentum conservation

= translation invariance

*\ Consider a scalar field theory:
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* Momentum space is an abelian group

* Group element generated from abelian Lie
algebra
eim'Xeipz‘X — ei(p1+p2)'X I:X,U,?XV:I -0
% The addition is commutative and associative,
with inverse Dtot = P1 + D2, —P

* Momentum space is a “coset” space, from which
we determine Lorentz action.

R' ~ I150(3,1)/50(3,1)




Flat effective spicQ

® Flat space with quantum gravity scale

® Poincaré symmetries should be
consistent with the existence of this scale
(no symmetry breaking)

® Construct it by introducing a momentum

Plancl< scale: Planck mass.
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Introduce Planc‘kw

Abelian group

Introduce
curvature
Non-abelian group K-loop
Addition is non-commutative Addition is non-commutative
but associative and non-associative

et Xetha X = t®R) XX, X, = O, X

P =my f(k,mp) k" piot = p1 B, D2

Momentum is a coordinate on the manifold. There will be in
general many patches.




They can be constructed from group factorization.
G~L.H— g=ah a€L heH

a,be L

ab=g = (a-b)hap,
(a-b) ' =a"t-b7! Va,be L.
They satisfy weak version of commutativity and associativity
a-b=ha(b-a)h,,
a-(b-¢c)=(a-b)- (habch;bl).

Well-known example: SO(3,1) = L.SO(3)
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Scalar field theory
in semi-CIaSSicaI space momentum conservation

We consider a field theory defined over a non-abelian group pr a K-
loop.
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measure / \

/ ‘[dg]Q ?(91)K(91)9(92)0(g192) / [da)? ¢(a1)K(ar)¢(az)d(as - as)
—% [dg]® 6(91)d(g2)(93)8(919293) —% [da]® ¢(a1)d(az)p(az)d(ar - (az - as))
Group case K-loop case

= Check that Lorentz invariance is there.
= Check that modified momentum conservation is related to

deformed translations.




Examples of relevant groups

3d:SU(2), SL(2,R), AN2, AN2’

4d:AN3, AN3’

Iwasawa decomposition

SO(4,1) ~ AN5-SO(3,1) ~ AN350(3,1)
SO(3,2) ~ AN}.SO(3,1) ~ AN} >aS0(3,1)

Lie algebras
1
(X, X;] = m—efjxk

[Xo, Xi] =

[leX/t] = -

P
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——X;i=1,2,..
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— X, 1n=0,2,..
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(Kowalski-Glikman)

(Girelli-Livine)

Cartan and other decompositions to generate K-loops

SO(p,1) ~ L".SO(p)

SO(p,1) ~ L.SO(p — 1,1)

Momentum space is isomorphic to the coset space (which can have a

group structure)

M~G/H




P 1Ty LiP2 T — e%(m@pz) x

Plane-wave e

Fourier transform  ¢(z) = /[dp] d(p)e?®

~ ~

—_—
¢ o ¢ =¢x Convolution product on group and K-loop is dual to star product

Non-commutative space

-

X xTr) = x, * x 1
uf( ) ® f( ) \-) [X,quu] = WJMV Snyder space (K-loop)

D (Girelli-Livine)

1
[X/u Xz/] = m_ngon Lie algebra type
P

Non-commutative field action
J1ds] ((0u0) x @u0)0) 6+ ) + 364 (62 9)0))
Action of the translations (=) — é(z+¢) é(p) — e ¢(p)

B(p1)(p2) — € PP Y (p1)(p2) = €17 x €72 p(p1) p(p2)




Scalar field theor;in )
kappa-Minkowski

Scalar field theory in kappa-Minkowski is a GFT.

Freidel, Kowalski-Glikman
Girelli, Livine, Oriti

Momentum addition is non-commutative
0
P1

Pl @py =p) +p5, plep,=pl+e mrpl

One needs to be careful with Lorentz action and choice of coordinates

Freidel, Kowalski-Glikman
Arzano, Kowalski-Glikman, Walkus

Many arguments in favor of kappa-Minkowski
space as flat effective space.

Amelino-Camelia, Smolin, Starodubtsev
Kowalski-Glikman, Starodubtsev
Girelli, Livine, Orriti




% | call a scalar field theory defined on a group “a Group Field
Theory” (GFT). A GFT is a non commutative field theory.

* The deformed symmetries can be obtained by algebraic methods
from quantum groups (kappa-Poincare, Drinfeld double). For the
Snyder case, this is a new quantum group!

% GFT of Boulatov (3d topological), Ooguri (4d topological),
Barrett-Crane (4d quantum gravity) are non-commutative field
theories. (Girelli, Livine -- Baratin, Oriti)




GFT

Non-commutative Harmonic analysis
Fourier transform Peter-Weyl theorem

Non-commutative <« 3 Spinfoams
field theory

Livine, Perez, Rovelli (2d BF)
Girelli, Livine (3d QG)
Baratin, Oriti (3d, 4d QG)
Baratin, Girelli, Oriti




% GFT with non-trivial spin?
* Gurau’s GFT proposal to improve renormalization
analysis.

* For SU(2), use Drinfeld double: anyons
(Bais, Muller, Schroers)
* On kappa-Minkowski, this is not easy...
* No agreement for fermions

% Yang-Mills theories not under control
*What is the role of braiding in the spinfoam GFT context?
%* Can we use the fact that spinfoam GFT and field theory in flat

effective space are described by the same formalism to relate
them?




Boulatov mofe’l)

Complex field defined on SU(2)xSU(2)xSU(2)
Vg € SU(2), (919,929, 939) = (91, 92, 93)- &(g1, 92, 93) = ¢(g3, 92, 91)-

Boulatov action

Sclo] = /[d9]3 P123 P23 — 2 /[d9]6 $123 P543 D526 P146

Solution of equation of motion (Livine)

A
(93, 92,91) = 30 /[dg]3¢(g3;94795)¢(95,92796)¢(96,94,91)~

¢5(91,92,93) = \/?/dgé(glg)f(ggg)é(ggg).

irf#0, [fi=1




Perturbations as‘m—aD

Perturbations AP(g1,92,93) = ¢(9193_1)-
Effective action for perturbations  Scss[¢] = Solés + ] — So[oy].

Around trivial solution

A

Silo=v) = 5 [ dgvtgrula™ - 5

[1461 60110102002 001)5 01929091)

Around non-trivial solution (Livine-Fairbain)

sl = 3 [asstuas™) 5 ([ 1) [l staiteeisomnn)

3!
A
*@/[dg] ¥(g1)¥(92)¥(93)¥(94)6(91929394),
Choice of f leads to the right propagator K(g)  f = fo + f1X17 Kf(g) = k1[f] P2(g) _ li2fg

This is the effective action obtained by Freidel-Livine:
scalar field theory in effective flat 3d space.




This works also for the other types of perturbations, if we consider
the braiding associated to quantum double.

W(90)P(g2) — ¥(@)0(G)  with G1=95'0192, G2 =092, G201 = 9192 # 9201

(g1)¥(g2) — Y(@2)¥(91),  with G1=g¢7", 2=97"95"91, 95 91 =91 g

5 [ oo @@ - 5 [ lda]! vlo0) T (02 T00) (o1 (92) " ga(a0) )

Selé = 1¥(g195 )]
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Seld = ¥(g295")] = %/dgw(g)@— %/[d9]4w(g1)@mw(g4)5(91(92)’193(94)’1)-

The quantum double symmetry of the perturbations can be
identified in the Boulatov GFT. (Girelii-Livine)

Selo = v(g195")]

~3 Meaning of the symmetry from the simplicial perspective?

~3 Meaning of the perturbations from the simplicial perspective?




:EXten5|on to 4_d_’) Girelli, Livine, Oriti

In 4d, we are interested by a scalar field theory in kappa-Minkowski,
ie a GFT on AN3. Spinfoams models in 4d are generated from the

Ooguri GFT. b(g1, 92,93, 91) = H(919. 929 939, 949)

1
Sia = 5/[039}3 (91,92, 93, 94)P(94, 93, 92, 91)

A
75 /[dg}gqb(gl?g% g3, g4)¢(g47 95796797)(15(977 93,98, 99)¢(997 96, 92, glO)Qb(glOy 98,95, 91

Solution of equation of motion:

| ~
o0 (g;) = 3\/% / dg 5(919)F(929)F (939)5(949),
SO(4,1)

Direct generalization from 3d case: consider Ooguri’s GFT on AN3
and consider the effective action for the perturbations. Careful with
nfinkest Flg) = au(9)+a)ig).  Flo) = dg).

DSR propagator: Regularisation function

~3 What is the meaning of BF with group AN3?




Consider instead group SO(4,1), since AN3 is a subgroup.
Ooguri’s GFT with SO(4,1): basis for Freidel-Starodubtsev action.

DSR propagator 9(g) = x(h)O(A). c=[F. a=(a+1)!

c(a+ va(g))?
3 [ vt -2 - e TR o (3@) [ 000000 80100 e+ Plga)

— (@) [oton-t0n) 8tana0) = 5 [ v01)-10005) (an.59)

This is a field theory on SO(4,1). It is not easy to disentangle the
SO(3,1) and AN3 sectors in the interaction term.

Key idea in FS action: the separation of these two sectors. A
better understanding of the quantisation of FS action in
terms of spinfoams will help to get a better derivation.




@uding ques‘ti‘o;rf>

@ Scalar field theory in flat effective spaces are GFTS.
@ They can be identified as sub-sectors of spinfoam GFTs.

%* Can we improve the perturbations approach in 3d and 4d to
include other type of field (fermions, Yang-Mills)?

* First define these fields on the non-commutative spaces!

* Physical interpretation of the non-commutative field theories?
% What is the simplicial interpretation of the perturbations?

* What are the non-commutative features useful for the spinfoam

approach: braiding, quantum symmetries?




