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Classical PFT

B Free Scalar Field Action: So[f] = —1 [ d*Xn*P0afOBf

r Porome’rnze XA =(T,X) = XAx%) = (T(x,t), X(x,1)).
= So[f] = —2% [ dPx\/m*P D0 fOs .
Napg = nAB(’)’ XAaBXB.
B Vary this action w.r.to f and 2 new scalar fields X 4:
Sprr(f, X4 = =5 [ d?a\/n(X)n*?(X)0a fOs f
5f: aa(\fnaﬁaﬁf) =0=n"P0,0f =0
§X4: no new equations, = X4 are undetermined functions
of z, ¢, so 2 functions worth of Gauge!

W, ¢ arbifrary = general covariance
B So Hamiltonian theory has 2 constraints.

B Remark:Free sclar field solnsare f = f.(T+ X))+ f_ (T — X)
Use split into “left movers + right movers” in Hamiltonian
theory.
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Hamilfonian descriptfion

BT (x), X(x) become canonical variables. Use light cone
variables T'(z) £ X (z) := X*(x).

B Phase space: (f,m¢), (X, 1), (X —,11-)
B Constraints:Hy (v) = [T4(z)X* (2) £ L(np £ f)?]

B Define: Y+ =7+ f/
{(Y+ Y~} =0, {Y*(2),Y*(y)}= derivative of delta function

B Gauge fix: X* =t + z “deparameterize”.
get back standard flat spacetime free scalar field action.
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!

Caution:
B We set Spacetime Topology = St x R

B Not much known re;:Polymer repn when space is non-
compact. Hence choose space= circle.

B There are complications coming from using “single angular
coordinafte chart” x on embedded circle. Also from using
single spatial angular inerfial coordinate X on the flat
spacetime. Identifications of x and X "mod 27" are needed.
These can be taken care of. Will mention subtelities as and
when dictated by pedagogy.
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Quantum Kinematics: Embedding Sector

B Holonomies:
"Graph”: set of edges which cover the circle.
"Spins”: a label k. for each edge e.

“Holonomies”:¢’ 2= ¥« J. T+
B "Electric Field”: X (x)

W Poisson Brkfs: { X+ (z), ¢’ 2we Fe J Ty — i o' 2o ke I
( for z inside e)
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B Charge Networks: |v, k)

k*e' ‘ h‘]‘h (¢

X+ (@), k) = hkt |y, k), zinside e.

SN ot " I
EODNLAN RIS B) = [, E+F)
Inner Product: (v, k'|v, k) = 6 405 7,
B Range of k.: hk. € Za, a IS A Barbero- Immirzi parameter with

dimensions of length.

B Similarly for — sector.
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Quantum Kinematics: Matter Sector

: -
B Holonomy: g2 te )Y

B Recall that {Y*(x), Y (y)} is non- vanishing (=derivative of
delta function).
= Weyl Algebro

zz l'f Y+ zz le f Y+ —exp[——a(l_; l—*)]eize(ze+l;)fey+

B Charge network: |7, i

—»

w2 LT = expl-Ba(@, D] |y 0+ D)

B Range of [.: Modulo some ’rechmcclmes, le € Ze , €is another
Barbero- Immirizi like parameter with dimensions (ML)~ =.
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Dirac Observables

B Since gge transf act as diffeos, the infegral over x € [0, 27| of
any periodic scalar density consfructed solely from the
phase space variables, is an observable so that
O} := [o dzY*(z) f(X*(x)) is an observable for real periodic

f.

B In polymer repn Y+ are not good operators only their
exponentials are. So cant construct a “triangulation indep”
Of.

f

m But (exg?O}t) can be constructed!

—

W exp [ doYF (2) f(XF(2)|y. K. D) = em 20Dy K, (U )
where f. = f(hk.).
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Physical Hilbert Space by Group
Averaging

B Gge inv states satisfy U~ (¢+) ¥ = ¥ Vot

B Formally: ¥ = ) |4}, sum over all distinct |¢') gge related tp
14). Sum not normalizable in kinematic Hilbert space. Befter
fo think of sum of bras.

WS (v, kg, 1] lives in space of distributions:

W Distributions are linear maps from finite span of chrge nets
into complexes. Sum of inner prodtf of each bra in sum on a
given chrge network ket is finite (most ferms are zero).

B Grp averaging fechnique yields correct physical inner
product on space of Grp Averages of charge nets.
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PoLYMER STATES AND DISCRETE SPTIME .
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4 Finest Laftfice
o

B Turns out that Grp Average of a certain family of charge nets
yields a superselected sector corresponding to a regular
spacetime latffice a.

B Roughly speaking the family is that of all charge nets such
that the difference of the embedding charges on successive
edges is the minimal possible i.e. on v*, hkZ  — hkE = +a.

€r41
B The span of Grp Averages of all charge nets in this family is
left invariant by the action of all the Dirac observables.

B Since the minimal possible increment, a, in the embedding
charges is used to define this sector, there is no state outside
this sector corresponds to any finer discrefe spacetime
structure. Hence the name "Finest Lattice”.
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Emergence of Lattice Field Theory

B Restrict afttention to Superselected “Finest Lattice” Sector
B True degrees of freedom encoded in Dirac Observables.

B Classical sympl structure is represented by commutators of
basic kinematic operators. Dirac Observables are composite
opertrs. SO do not expect (do not get!) repn of classical
continuum sympl structure for Dirac Observablesi.e. of true
d.o.f.

B Recall:ciO7 = ¢l Jar @Y @IXT @) po not get repn of classical
PB. for all choices of f.

B However: Do get repn of classical sympl structure for those
continuum functions f(X*) which are piecewise constant -
l.e. constant on edges of dual laffice.

B Thus emergent sympl structure of frue degrees of freedom
that of lattice field theory,
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B

B Can also show that dynamics of frue degrees of freedom is
that of lattice field theory.

B Remark: localising support of f to one duadl lattice edge can
get lattice approximant to local field operator. Discrete
(latftice) Fourier fransform of this yields approximant to the
creation-ann modes.

The Free Polymer Quantum Scalar Field and its Classical Limit — p. 18



Fock vacuum 2 point function

B

m Want polymer state which approximates behaviour of Fock 2
Pt function. Precise nature of approx is thru defn of
confinuum limit.

B Note that the B-| parameters a, e dictate the smallest
increment of embedding.matter chrges. Also a Is the lattice
spacing. Hence continuum limitis a — 0, — 0.

B Accordingly we consider 2 parameter family of polymer
guantizations with 2 parameter family of states and 2
parameter family of Dirac observables which are lattice
approximant to the annihilation- creation modes.

B Require exp value of quadratic combinations of mode
operators for wavelengths >> laffice spacing tfo approach
Fock vacuum exp value in the continuum limit,

B \We explicitly construct such a set of stafes.
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4 summary
I

We constructed Polymer quantization of PFT with following
features:

B Absence of Ad-hoc Triangulations in oprir actions

B Correct implementation of constraint algebra: Classical
constfraints ensure foliation indep of the dynamics. Foliation
indep implies a consistent spacetime dynamics. Correctly
implemented, qguantum constraints play similar role (Kuchar).
Quantum sptime covariance is tied to our faithful repn of grp
of gge transformations.

B Continuum Limit: Crucial that limit is indep of i so seperation
of notions of quantum and continuum. Limit not of 1
parameter set of ad- hoc triangulations in single quantiztn;
rather, limit of 1 (B-1) parameter family of unitarily inequivalent
guantizations.
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4 Further research...
o

B Thiemann Quantzn and Sptime Covariance:We used density
weight 2 constraints. Classically equiv to 1 sptl diffeo and 1
Hamiltonian constr. As in LQG solve sptl diffeo by averaging,

impose Ham constr on diff inv disfributions (more on this if
fime...)

B Non- comp sptl toplgy: Related to CGHS model.

B Breaking of Local Lorentz Invariance: No dispersion due to +
seperation. Lattice breaks LLI. Eff theory?

B Lorentzian to Euclidean PFT?:

Hcic., efc...
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Thiemann fype quantization

B \We use density wt 2 constraints:
Hi(z) = [e(x)XF (2) £ Lmp £ )2 ],

B Constraint algebra is Lie algebra
B Define Cypp(x) =H"+H™,
Caig(r) = |Mp(2)X* (2) + T_(2)X " (2) + mp(x)f
B Define Cyp, = 1 Ht — H-
5 VX ()X~ (z) ( )
B Constraint algebra is Dirac algebra, same algebra as for
gravity with sptl metric = pull back of flat sptime metric to the
Cauchy slice.

/

M First impose spftl diffeo constr then Ham constr on spftl diff inv
disfriotns.
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Results

B Can write _1__ as opertr thru Thiemann- like tricks.
VX ()X (2)

B Solns obtained here, trivially solve spftl diff constraint

m If straightfwd regulrztn done for Ham constr ala LQG, no soln
of ours is soln fo Ham constr!

B There is non frivial reg for which our solns are solns of Ham
consir!
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