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Hamiltonian Approa
h to Conformal Coupling S
alar Field in the General Relativity 21. Introdu
tionThe s
alar �elds play very important role in both parti
le physi
s as the Higgs �eldin Standard Model (SM) and standard 
osmologi
al model as one of elements of thein�ation me
hanism [1℄. A s
alar �eld (SF) 
an be introdu
ed into General Relativity(GR) in two manners: without R/6 term (a minimal 
oupling) and with R/6 term(a 
onformal 
oupling) [2℄. The di�eren
e between two 
ouplings be
omes essential at
osmologi
al appli
ations and the uni�
ation of SM with GR. Therefore, the resear
h ofdi�eren
e of these two 
ouplings from the dynami
 point of view is the topi
al problem[3, 4℄.The present paper is devoted to investigation of dynami
al status of di�erent
ouplings of s
alar �eld by means of the Hamiltonian approa
h to GR [5, 6, 7, 8, 9℄generalized for �nite spa
e in [10, 11℄ and the Li
hnerowi
z transformation to the unitdeterminant of the spatial metri
 [12℄. We resear
h self-
onsisten
es of initial 
onditionswith equations of motion and boundary 
onditions, with the variation problem.In Se
tion 2, the status of a 
onformal 
oupling s
alar �eld in GR is 
onsidered.In Se
tion 3, the 
orresponden
e of the 
onsidered model with a relativisti
 brane isestablished. Se
tions 4, 5 are devoted to the Hamiltonian approa
h to the 
onsideredmodel in the �nite spa
e-time. In Se
tion 6, 
osmologi
al 
onsequen
es are studied.2. S
alar �eld: a
tion, interval, and symmetriesThe sum of GR and SF a
tions is
SGR+SF,ξ =

∫
d4x

√−g
[
−ϕ

2
0

6
R(g) + ξ

Φ2

6
R(g) + gµν∂µΦ∂νΦ

]
, (1)where

ϕ0 =

√
3

8π
MP l ≃ 0.3 · 1018GeV (2)is the mass s
ale fa
tor, R(g) is the 
urvature Ri

i s
alar and gµν is the metri
 tensoron the Riemann manifold with the �geometri
 interval�

ds2 = gµνdx
µxν , (3)

ξ = 0, 1 for minimal (ξ = 0) and 
onformal (ξ = 1) 
ouplings. The �geometri
 interval�
an be written in terms of linear di�erential forms as 
omponents of an orthogonalFo
k's simplex of referen
e ω(α)

ds2 ≡ ω(α)ω(α) = ω(0)ω(0) − ω(1)ω(1) − ω(2)ω(2) − ω(3)ω(3). (4)In terms of simplex the GR 
ontains two prin
iples of relativity: the �geometri
� inthe form of general 
oordinate transformations
xµ → x̃µ = x̃µ(x0, x1, x2, x3) (5)
ω(α)(x

µ) → ω(α)(x̃
µ) = ω(α)(x

µ) (6)



Hamiltonian Approa
h to Conformal Coupling S
alar Field in the General Relativity 3and the �dynami
� prin
iple formulated as the Lorentz transformations of an orthogonalsimplex of referen
e
ω(α) → ω(α) = L(α)(β)ω(β). (7)The latter are 
onsidered as transformations of a frame of referen
e.3. Conformal 
oupling s
alar �eld in GR as a relativisti
 braneThe 
onformal 
oupling s
alar �eld a
tion
SSF,ξ=1 =

∫
d4x

[√−gΦ2

6
R(g) − Φ∂µ(

√−ggµν∂νΦ)

]
, (8)is invariant with respe
t to s
ale transformations of metri
 
omponents and s
alar �eld

gΩ
µν = Ω2gµν , ΦΩ = Ω−1Φ (9)with the 
onformal weights n = 2,−1 for the tensor and s
alar �elds, respe
tively. The
onformal 
oupling of the s
alar �eld with the weight n = −1 is required by uni�
ationof GR and SM. The latter is s
ale invariant ex
ept of the Higgs potential. However, theHilbert � Einstein a
tion SGR in Eq. (1) is not invariant. After the s
ale transformationthe total a
tion (1) SGR+SF,ξ=1 takes the form of the 
onformal relativisti
 brane
SGR[gΩ] + SSF,ξ=1[g

Ω,ΦΩ] = S
(D=4/N=2)
brane [X(0), X(1)]=

−
∫
d4x

[√−g
X2

(0) −X2
(1)

6
(4)R(g) −X(0)∂µ(

√−ggµν∂νX(0)) +

X(1)∂µ(
√−ggµν∂νX(1))

]
, (10)where two external �
oordinates� are de�ned as

X(0) = ϕ0Ω, X(1) = Φ (11)in a

ord with the standard de�nition of the general a
tion for brane inD/N dimensionsgiven in [22℄ by
S

(D/N)
brane = −

∫
dDx

N∑

A,B=1

ηAB
[√−g XAXB

(D − 2)(D − 1)
(D)R(g)−

XA∂µ(
√−ggµν∂νXB)

] (12)in the 
ase for D = 4, N = 2 we have ηAB = diag{1,−1}. In this 
ase, in order to keep
onformal invarian
e of the theory (10), the Einstein de�nition of a measurable interval(3) in GR (1) should be repla
ed by its 
onformal invariant version as a Weyl-type ratio
ds2

(L) =
ds2

ds2
units

, (13)where ds2
units is an interval of the units that is de�ned like the Einstein de�nition of ameasurable interval (3) in GR.
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h to Conformal Coupling S
alar Field in the General Relativity 4From the relativisti
 brane viewpoint the Einstein GR (1) with the 
onformal
oupling s
alar �eld looks like the Ptolemaeus absolutizing of the present-day (PD)value of one of �
oordinates� in �eld �superspa
e� of events [X(0)|X(1)], in our 
ase it is
X(0)

∣∣∣
PD

= ϕ0. (14)This is equivalent to �xation of units of measurements [19℄. Another 
hoi
e ofindependent degrees of freedom in the brane theory (10) is the unit spatial metri
determinant
|g(3)

(L)| = 1 (15)known as the Li
hnerowi
z variables [12℄. In the last 
ase, a relativisti
 system in ea
hframe has its proper units, like a parti
le in ea
h frame in 
lassi
al me
hani
s has itsproper initial position and velo
ity (Galilei), and a relativisti
 parti
le in ea
h frame inspe
ial relativity has its proper time (Einstein). The �relative units� (13) supposes a newtype of 
onformal 
osmology (CC) [19, 20, 21℄ with another de�nition of the �measurabledistan
e� (13), instead of the standard 
osmology (SC) with absolute units (3) [18℄. The�relative units� (13) in CC ex
ludes the expansion of the �measurable� volume of theUniverse in the pro
ess of its 
osmologi
al evolution, as this volume does not depend onany s
ale fa
tor in
luding the 
osmologi
al one, whereas all masses in CC in
luding thePlan
k one are s
aled by 
osmologi
al s
ale fa
tor. The relative �measurable distan
e�(13) in CC explains the SN data on the luminosity-distan
e � redshift relation [23, 24, 25℄by the rigid state without Λ � term [19, 21℄. Thus, a 
onformal-invariant relativisti
brane (10) is a more general theory than Einstein GR (1), and is redu
ed to GR for theabsolute units (14) or to the s
alar version of the Weyl 
onformal theory in terms ofthe Li
hnerowi
z variables (15). In the following, we 
all the theory (10) with 
ondition(15) the Conformal Relativity (CR).The problem is to determine the measurable Plan
k mass and 
osmologi
al s
alefa
tor in both the GR (1) and CR (10). Measurable quantities are determined by aframe of referen
e to initial data in both the �external superspa
e of events� [X(0), X(1)]and �internal� Riemannian spa
e-time (x0, xk).4. Referen
e frame in external �superspa
e of events�4.1. Distortion of GR by the 
onformal 
oupling s
alar �eldOne 
an see that the 
onformal 
oupling s
alar �eld Φ distorts the Newton 
oupling
onstant in the Hilbert a
tion (1) distinguished by (14)
SGR+SF,ξ=1 =

∫
d4x

√−g
[
−
(

1−|Φ|2
ϕ2

0

)
ϕ2

0

6
R(g) + gµν∂µΦ∂νΦ

]
, (16)This distortion 
hanges the Einstein equations and their standard solutions of typeof S
hwarzs
hild one and other [13, 3, 4℄ due to the 
oe�
ient [1−|Φ|2/(ϕ2
0)]. This
oe�
ient restri
ts region of a s
alar �eld motion by the 
ondition |Φ|2 ≤ ϕ2

0, be
ausein other region |Φ|2 ≥ ϕ2
0 the sign before the 4-dimensional 
urvature is 
hanged in the
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h to Conformal Coupling S
alar Field in the General Relativity 5Hilbert a
tion (1). The rough analogy of this restri
tion is the light 
one in spe
ialrelativity whi
h de�nes the physi
ally admissible region of a parti
le motion.4.2. The Bekenstein's transformation of the Higgs �eldIn order to keep the Einstein theory (1), one needs to 
onsider only the �eld 
on�gurationsu
h that |Φ|2 ≤ ϕ2
0. For this 
ase one 
an introdu
e new variables [13℄

gµν = g(B)
µν cosh2Q, (17)

|Φ|2 = ϕ2
0 sinh2Q (18)
onsidered in [3, 4℄. These variables restore the initial Einstein � Hilbert a
tion

SGR+SF,ξ=1 =

∫
d4x

√−gϕ2
0

[
−R(g(B))

6
+ gµν(B)∂µQ∂νQ

]
. (19)One 
an see that the Bekenstein transformation 
onverts the �
onformal 
oupling� s
alar�eld with the weight n = −1 into the �minimal 
oupling� angle Q of the s
alar � s
alemixing that looks like a s
alar graviton with the 
onformal weight n = 0.4.3. Choi
e of �
oordinates� in brane �superspa
e of events�The analogy of GR (1) with a relativisti
 brane (10) distinguished by the 
ondition (15)allows us to formulate the 
hoi
e of variables (17) and (18) as a 
hoi
e of the �frame� inthe brane �superspa
e of events�

X̃(0) =
√
X2

(0) −X2
(1), (20)

Q = arc coth
X(0)

X(1)

(21)As we have seen above the argument in favor of the 
hoi
e of these variables is thede�nition of the measurable value of the Newton 
onstant
G =

8π

3
X̃−2

(0)

∣∣∣
present−day

=
8π

3
ϕ−2

0 (22)as the present-day value of the �
oordinate� X̃(0) = ϕ0.In the 
ase the a
tion (10), (15) takes the form
SGR[gΩ] + SSF,ξ=1[g

Ω,ΦΩ] = S
(D=4/N=2)
brane [X(0), X(1)]=∫

d4x

[√
−g(L)X̃

2
(0)

(
−

(4)R(g(L))

6
+ gµν(L)∂µQ∂νQ

)
+

X̃(0)∂µ

(√
−g(L)g

µν
(L)∂νX̃(0)

)]
. (23)This form is the brane generalization of the relativisti
 
onformal me
hani
s

S
(D=1/N=2)
particle [X0, Q0]=

∫
ds

[
X2

0

(
dQ0

ds

)2

−
(
dX0

ds

)2
]

; (24)
ds = dx0e(x0). (25)In the following this 
onformal me
hani
s will be 
onsidered as a simple example.
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h to Conformal Coupling S
alar Field in the General Relativity 65. Referen
e frame in internal Riemannian spa
e-time5.1. The Dira
 � ADM parametrizationRe
all that the Hamiltonian approa
h to GR is formulated in a spe
i�
 frame of referen
ein terms of the Dira
 � ADM parametrization of metri
 [5, 6℄ de�ned as
ds2 = g(B)

µν dx
µdxν ≡ ω2

(0) − ω2
(b) (26)

ω(0) = ψ6Nddx
0 ≡ ψ2 ω

(L)
(0) (27)

ω(b) = ψ2
e(b)i(dx

i +N idx0) ≡ ψ2 ω
(L)
(b) (28)here triads e(a)i form the spatial metri
s with det |e| = 1, Nd is the Dira
 lapsefun
tion, N i is shift ve
tor and ψ is a determinant of the spatial metri
 and ω(L)

(µ) arethe Li
hnerowi
z simplex distinguished by the 
ondition of the unit determinant (15).In terms of these metri
 
omponents the GR a
tion takes the form
S[ϕ0|F,Q] =

∫
dx0ϕ2

0

∫
d3x

[
−ψ12Nd

(4)R(g)

6
+

(∂0Q−Nk∂kQ)2

Nd
−

Ndψ
8∂(b)Q∂(b)Q

]
, (29)where ∂(b)Q = e

k
(b)∂kQ and (4)R(g) is given in Appendix (see Eq. (68)). This a
tion isinvariant with respe
t to transformations [16℄

x0 → x̃0 = x̃0(x0) (30)
xi → x̃i = x̃i(x

0, x1, x2, x3), (31)
Ñd = Nd

dx0

dx̃0
, (32)

Ñk = N i∂x̃
k

∂xi

dx0

dx̃0
− ∂x̃k

∂xi

∂xi

∂x̃0
. (33)This group of di�eomorphisms 
onserves a family of 
onstant-time hypersurfa
es, andis 
ommonly known as the �kinemetri
� subgroup of the group of general 
oordinatetransformations xµ → x̃µ = x̃µ(x0, x1, x2, x3). The �kinemetri
� subgroup 
ontainsreparametrizations of the 
oordinate evolution parameter x0. This means that in �nitespa
e-time the 
oordinate evolution parameter x0 is not measurable quantity, like the
oordinate evolution parameter x0 in the relativisti
 
onformal me
hani
s (24) that isinvariant with respe
t to di�eomorphisms x0 → x̃0 = x̃0(x0), be
ause both parameters

x0 are not di�eo-invariant.The relativisti
 me
hani
s (24) has two di�eo-invariant measurable times. They arethe geometri
al interval (25) and the time-like variable X0 in the external �superspa
eof events�. The relation between these two �times� X0(s) are 
onventionally treated asa relativisti
 transformation. The main problem is to point out similar two measurabletime-like di�eo-invariant quantities in both GR (29) and a brane (23).



Hamiltonian Approa
h to Conformal Coupling S
alar Field in the General Relativity 75.2. External di�eo-invariant evolution parameter as zero mode in �nite volumeThe brane/GR 
orresponden
e (10) and spe
ial relativity (24) allows us to treatan external time as homogeneous 
omponent of the time-like external �
oordinate�
X̃(0)(x

0, xk) identifying this homogeneous 
omponent with the 
osmologi
al s
ale fa
tor
a

X̃(0)(x
0, xk) → ϕ0a(x

0) = ϕ(x0) (34)be
ause this fa
tor is introdu
ed in the 
osmologi
al perturbation theory [26℄ by thes
ale transformation of the metri
s (11) too
gµν = a2(x0)g̃µν . (35)Re
all that, in this 
ase, any �eld F (n) with the 
onformal weight (n) takes the form
F (n) = an(x0)F̃

(n). (36)In parti
ular, the 
urvature √−g (4)R(g) = a2
√

−g̃ (4)R(g̃) − 6a∂0

[
∂0a
√
−g̃ g̃00

] 
anbe expressed in terms of the new lapse fun
tion Ñd and spatial determinant ψ̃ in Eq.(26)
Ñd = [

√
−g̃ g̃00]−1 = a2Nd, ψ̃ = (

√
a)−1ψ. (37)In order to keep the number of variables in GR, in 
ontrast to [26℄, we identify log

√
awith the spatial volume �averaging� of logψ, and log ψ̃, with the nonzero Fourierharmoni
s [10, 11℄

log
√
a = 〈logψ〉 ≡ 1

V0

∫
d3x logψ, 〈log ψ̃〉 ≡ 0 (38)here the Li
hnerowi
z di�eo-invariant volume V0 =

∫
d3x is introdu
ed. One shouldemphasize that modern 
osmologi
al models [26℄ are 
onsidered in the �nite spa
eand �internal �nite time� in a referen
e frame identi�ed with the frame of the Cosmi
Ba
kground Mi
rowave Radiation.A s
alar �eld 
an be also presented as a sum of a zero Fourier harmoni
s andnonzero ones like (38)

Q = 〈Q〉 +Q; 〈Q〉 = 0 (39)After the separation of all zero modes the a
tion (29) takes the form
S[ϕ0|F,Q] = S[ϕ|F̃ , Q] + V0

∫
dx0 1

N0

[
ϕ2

(
d〈Q〉
dx0

)2

−
(
dϕ

dx0

)2
]

︸ ︷︷ ︸
zero−mode contribution

; (40)here
S[ϕ|F̃ , Q] =

∫
dx0ϕ2

∫
d3x

[
−ψ̃12Ñd

(4)R(g̃)

6
+

(∂0Q−Nk∂kQ)2

Ñd

−Ñdψ̃
8∂(b)Q∂(b)Q

] (41)
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alar Field in the General Relativity 8repeats a
tion S[ϕ0|F,Q] (29), where [ϕ0|F,Q] are repla
ed by [ϕ|F̃ , Q], and
1

N0
=

1

V0

∫
d3x

Ñd

≡
〈

1

Ñd

〉 (42)is the homogeneous 
omponent of the lapse fun
tion. The a
tion of the lo
al variables(41) determines the 
orrespondent lo
al energy density for the lo
al variables
− T̃d =

δS[ϕ0|F̃ , Q]

δÑd

. (43)5.3. �Internal di�eo-invariant homogeneous time�The homogeneous 
omponent of the lapse fun
tion (42) N0 determines difeo-invariantlo
al lapse fun
tion
N = Ñd〈Ñ−1

d 〉, 〈N−1〉 = 1, (44)and the �internal di�eo-invariant homogeneous time� with its derivative
∫
dx0N0 = ζ, f ′ =

df

dζ
. (45)5.4. Resolution of the energy 
onstraintsThe a
tion prin
iple for the S[ϕ0|F,Q] with respe
t to the lapse fun
tion Ñd gives usthe energy 
onstraints equation

1

N 2

(
ϕ′2 − ϕ2〈Q〉′2

)
− T̃d = 0. (46)This equation is the algebrai
 one with respe
t to the di�eo-invariant lapse fun
tion Nand has solution satisfying the 
onstraint (44)

N =
〈T̃ 1/2

d 〉
T̃

1/2
d

. (47)The substitution of this solution into the energy 
onstraint (46) leads to the 
osmologi
altype equation
ϕ′2 = ϕ2〈Q〉′2 + 〈(T̃d)

1/2〉2 ≡ ρtot(ϕ) =
P 2
〈Q〉

4V 2
0 ϕ

2
+ 〈(T̃d)

1/2〉2 (48)here the total energy density ρtot(ϕ) is split on the sum of the energy density of lo
al�elds 〈(T̃d)
1/2〉2 and the zero mode one, where

P〈Q〉 = 2V 0ϕ2〈Q〉′ ≡ 2V 0p0 (49)is the s
alar �eld zero mode momentum that is an integral of motion of the 
onsideredmodel be
ause the a
tion does not depend on 〈Q〉. The value of the lo
al energy densityonto solutions of motion equations depends on only ϕ too, be
ause momentum of theexternal time ϕ
Pϕ = 2V0ϕ

′ = ±2V0

√
p2

0

ϕ2
+ 〈(T̃d)1/2〉2 ≡ ∓Eϕ (50)
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alar Field in the General Relativity 9
an be 
onsidered as the Hamiltonian of evolution in the �superspa
e of events�. Thevalue of the momentum Pϕ = ±Eϕ onto solutions of motion equation is de�ned as anenergy of the universe, in a

ord with the se
ond Nöther theorem removing momentaby 
onstraints following from di�eomorphisms. We 
an see that the dimension of thegroup of di�eomorphisms (30) and (31) 
oin
ides with the dimension of the �rst 
lass
onstraint momenta, be
ause the lo
al part of the energy 
onstraint (46) determines thedi�eo-invariant lo
al lapse fun
tion N (47).The solution (50) gives the di�eo-invariant 
onstraint-shell a
tion (90) obtained inAppendix
SH=0 =

ϕ0∫

ϕI

dϕ̃






∫

V0

d3x
∑

eF

P eF∂ϕF̃ ∓ 2Eϕ




 . (51)The GR version of the Friedmann equation (48) leads to the di�eo-invariant Hubblelaw as the relation between the geometri
 time (45) and the 
osmologi
al s
ale fa
tor
ϕ = ϕ0a [10, 11℄

ζ(±) =

∫
dx0N0 = ±

∫ ϕ0

ϕI

dϕ
[
p2

0/ϕ
2 + 〈(T̃d)

1/2〉2
]−1/2

≥ 0,where
T̃d =

4ϕ2

3
ψ̃7△ψ̃ +

∑

I

ϕI/2−2ψ̃IT I ; (52)here T I is partial energy density marked by the index I running, in general 
ase, a setof values I=0 (sti�), 4 (radiation), 6 (mass), 8 (
urvature)‡ in 
orresponden
e with atype of matter �eld 
ontributions (see Appendix, Eqs. (87) and (88)).The se
ond 
lass Dira
 
ondition of the minimal 3-dimensional hyper-surfa
e [5℄
p eψ = 0 → (∂ζ −N(b)∂(b)) log ψ̃ =

1

6
∂(b)N(b), (53)is in
luded in order to give a positive value of the Hamiltonian density T̃d given by Eq.(52) and Eq. (87) in the Appendix. The equations (47) and T̃ψ − 〈T̃ψ〉 = 0 (where

T̃ψ = Tψ[ϕ|ψ̃] and Tψ is given by Eq. (85)) determine the lapse fun
tion N and thes
alar 
omponent ψ̃.Thus, we give the di�eo-invariant formulation of the GR with the 
onformal s
alar�eld in the 
omoving CMB frame 
ompatible with the Einstein equations Td = Tψ = 0and their S
hwarzs
hild-type solutions △ψ = 0, △(ψ7N ) = 0 in the in�nite volumelimit [10℄, in 
ontrast to all other approa
h to a s
alar �eld in GR [1, 27℄.The spe
ial relativity identi�
ation of the brane external time-like �
oordinate� withthe di�eo-invariant evolution parameter (34)
X̃(0)(x

0, xk) =
√
X2

(0) −X2
(1) = ϕ(ζ)ψ̃2

‡ Λ-term 
orresponds to I = 12
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onstraint with respe
t its momentum Pϕ is in agreementwith the Hamiltonian version [10, 11, 20℄ of 
osmologi
al perturbation theory [26℄identifying this external time-like �
oordinate� with the 
osmologi
al s
ale fa
tor a(η) =

ϕ(η)/ϕ0 provided that(i) the 
osmologi
al s
ale fa
tor is a zero mode of the s
alar 
omponent of metri
(but it is not additional variable as it is supposed in the a

epted 
osmologi
alperturbation theory [26℄)(ii) the 
onformal time in the redshift � luminosity distan
e relation is gauge-invariantmeasurable quantity, in a

ord with the Dira
 de�nition of observable quantitiesas di�eo-invariants (but it is not di�eo-variant quantity as an obje
t of Bardeen'sgauge transformations in the a

epted perturbation theory [26℄),(iii) the initial datum a(η = 0) = aI is free from the 
urrent data a′(η0) andfundamental parameterMPlanck of the motion equations (be
ause the Plan
k epo
hdata a(η = 0) = a′(η0)/MPlanck violate the 
ausality prin
iple in the 
onstrainta
tion (51) and they are the origin of numerous problems in the In�ationary Model[1℄),(iv) there is the va
uum as a state with the minimal energy as expli
it resolving theenergy 
onstraint. The va
uum postulate is provided by the se
ond 
lass Dira

ondition of the minimal 3-dimensional hyper-surfa
e [5℄ (53) that removes thekineti
 perturbations of the a

epted 
osmologi
al perturbation theory explainingthe power CMB spe
trum [27℄.However, the a

epted 
osmologi
al perturbation theory [27℄ omitted the potentialperturbations going from the s
alar metri
 
omponent ψ̃ = 1 − Ψ/2 in partial energydensity (52) that leads to additional �u
tuations of the CMB temperature [10℄.6. Cosmology and the Cau
hy problem of the zero mode dynami
sThe 
onformal-invariant uni�ed theory alternative in the homogeneous approximation
w(x0, xk) = ϕ(x0) ≡ ϕ0a(x

0), (54)
Q(x0, xk) = 〈Q〉(x0) ≡ 1

V0

∫
d3xQ(x0, xk), (55)

Nd(x
0, xk) = N0(x

0), (56)
N0(x

0)dx0 = dη (57)leads to the 
osmologi
al model given by the a
tion
S = V0

∫
dx0

[−(∂0ϕ)2 + ϕ2(∂0〈Q〉)2

N0

]
= (58)

=

∫
dx0

{
PQ

d

dx0
〈Q〉 − Pϕ

d

dx0
ϕ+

N0

4V0

[
P 2
ϕ − P 2

Q

ϕ2

]} (59)
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∫
d3x is �nite 
oordinate volume,
Pϕ = 2V0ϕ

′ ≡ 2V0
dϕ

dη
, (60)

PQ = 2V0 ϕ
2 〈Q〉′ (61)are 
anoni
al 
onjugated momenta, η =

∫
dx0N0(x

0) is the 
onformal time.The energy 
onstraint in the model
P 2
ϕ −E2

ϕ = 0; Eϕ =
|PQ|
ϕ

(62)repeat 
ompletely the 
osmologi
al equations of the GR in the 
ase of a rigid equationof state Ωrigid = 1

ϕ2
0a

′2 =
P 2
Q

4V 2
0 ϕ

2
≡ ρ0

a2
= H2

0

Ωrigid

a2
, (63)where PQ is the 
onstant of the motion, be
ause

P ′
Q = 0. (64)The solution of these equations take the form
ϕ(η) = ϕI

√
1 + 2HIη, Q(η) = QI + log

√
1 + 2HIη, (65)where

ϕI = ϕ(η = 0), (66)
QI = Q(η = 0), PQ = const (67)are the ordinary initial data. These data do not depend on the 
urrent values of variables

ϕ0 = ϕ0a(η = η0) in 
ontrast to the Plan
k epo
h one, where the initial data of the s
alevariable aI = a(η = 0) = a′(η0)/MPlanck are determined by its velo
ity at present-dayepo
h. We have seen above that this determination violates the 
ausality prin
iple inthe 
onstraint-shell a
tion (51).7. Con
lusionWe 
onvin
e that the 
onformal symmetry is the way for 
lassi�
ation of s
alar �elddynami
s in GR. Conformal transformation allows us to 
onvert the 
onformal 
ouplings
alar �eld into a 
onformal relativisti
 brane without any dimensional parameter.Spontaneous 
onformal symmetry breaking in this 
ase 
an be provided by initial data.Consideration of the di�eo-invariant initial data in a spe
i�
 frame di�ers ourapproa
h to s
alar �eld in this paper from other approa
hes to this problem. A de�nitionof initial data as di�eo-invariant measurable quantities supposes two distinguishedreferen
e frames - the observer rest frame and the observable 
omoving frame. Inparti
ular, 
omoving frame of the Universe is identi�ed with the CMB frame that di�ersfrom the rest frame by the non zero dipole 
omponent of the temperature �u
tuations.Di�eren
es between these two frames lie in essen
e of all prin
iples of relativity in
ludingthe Galilei's relativity as a di�eren
e of initial positions and velo
ities, the Einstein's
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e of proper times, and the Weyl's relativity of a di�eren
e ofunits. A de�nition of referen
e frame, in our paper, is based on the Fo
k simplex(in order to separate di�eomorphism from frame transformation), the Dira
�ADMparametrization of metri
 (in order to 
lassify of the metri
 
omponents), and theZel'manov �kinemetri
� di�eomorphisms as parametrizations of the internal 
oordinate(in order to identify the di�eo-invariant evolution parameter with the 
osmologi
als
ale fa
tor as the zero mode of metri
 determinant and to de�ne the energy as the
onstraint-shell value of the s
ale momentum). Finally, the Hamiltonian a
tion in GR
oin
ides with the relativisti
 brane one, where time-like external 
oordinate plays therole of the di�eo-invariant evolution parameter in the �eld �superspa
e of events�, andits momentum plays the role of the energy in a

ord with spe
ial relativity given in theMinkowskian spa
e of events. Therefore, the generalization of the Dira
 Hamiltonianapproa
h to the 
onformal 
oupling s
alar �eld gives us the possibility to restore theuniversal Hamiltonian des
ription of relativisti
 brane-like systems with the a
tion SD/Nwith any number of external and internal 
oordinates. Thus, we show that the Dira
Hamiltonian approa
h to the 
onformal 
oupling s
alar �eld in GR 
oin
ides withthe similar 
onsideration of the 
onformal brane SD=4/N=2. Both these theories (the
onformal 
oupling s
alar �eld and the brane) lead to the rigid state in agreement withthe SN data on the luminosity-distan
e � redshift relation [23, 24, 25℄ in framework ofthe 
onformal 
osmology [19, 20, 21℄, where the Weyl relativity of units (13) is supposed.A
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�ADM approa
h to GRThe Hilbert a
tion S = SGR + SQ in terms of the Dira
 � ADM variables (27) and (28)is as follows
SGR = −

∫
d4x

√−gϕ
2
0

6
(4)R(g) =

∫
d4x(K[ϕ0|g] − P[ϕ0|g] + S[ϕ0|g])

SQ = ϕ2
0

∫
dx0d3x

[
(∂0Q−Nk∂kQ)2

Nd

−Ndψ
8(∂(b)Q)2

]
, (68)where

K[ϕ0|e] = Ndϕ
2
0

(
−4v2 +

v2
(ab)

6

)
, (69)
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P[ϕ0|e] =

Ndϕ
2
0ψ

7

6

(
(3)R(e)ψ + 8△ψ

)
, (70)

S[ϕ0|e] = 2ϕ2
0

[
∂0vψ − ∂l(N

lvψ)
]
− ϕ2

0

3
∂j [ψ

2∂j(ψ6Nd)]; (71)are the kineti
 and potential terms, respe
tively,
v =

1

Nd

[
(∂0 −N l∂l) logψ − 1

6
∂lN

l

]
, (72)

v(ab) =
1

2

(
e(a)iv

i
(b) + e(b)iv

i
(a)

)
, (73)

v(a)i =
1

Nd

[
(∂0 −N l∂l)e(a)i +

1

3
e(a)i∂lN

l − e(a)l∂iN
l

]
, (74)

vQ =
∂0Q−Nk∂kQ

Nd

(75)are velo
ities of the metri
 
omponents, △ψ = ∂i(e
i
(a)e

j
(a)∂jψ) is the 
ovariant Beltrami�Lapla
e operator, (3)R(e) is a three-dimensional 
urvature expressed in terms of triads

e(a)i:
(3)R(e) = −2∂i [e

i
(b)σ(c)|(b)(c)] − σ(c)|(b)(c)σ(a)|(b)(a) + σ(c)|(d)(f)σ(f)|(d)(c). (76)Here

σ(a)|(b)(c) = e
j
(c)∇ie(a)ke

k
(b) =

1

2
e(a)j

[
∂(b)e

j
(c) − ∂(c)e

j
(b)

] (77)are the 
oe�
ients of the spin-
onne
tion (see [11℄),
∇ie(a)j = ∂ie(a)j − Γkije(a)k (78)are 
ovariant derivatives, and Γkij = 1

2
e
k
(b)(∂ie(b)j + ∂je(b)i). The 
anoni
al 
onjugatedmomenta are

pψ =
∂K[ϕ0|e]
∂(∂0 lnψ)

= −8ϕ2
0v, (79)

pi(b) =
∂K[ϕ0|e]
∂(∂0e(a)i)

=
ϕ2

3
e
i
(a)v(ab), (80)

PQ = 2ϕ2
0

∂0Q−Nk∂kQ

Nd

. (81)The Hamiltonian a
tion takes the form [10, 11℄
S =

∫
d4x

[
∑

F=e,logψ,Q

PF∂0F −H
] (82)where

H = NdTd +N(b)T
0
(b) + λ0pψ + λ(a)∂ke

k
(a) (83)is the sum of 
onstraints with the Lagrangian multipliers Nd, N(b) = ek(b)N

k, λ0 , λ(a),and , T 0
(a) = −pψ∂(a)ψ+

1
6
∂(a)(pψψ)+2p(b)(c)γ(b)|(a)(c)−∂(b)p(b)(a)+PQ∂(a)Q are the 
omponents
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(a) = − δS

δNk

ek(a), and
Td[ϕ0|ψ] = − δS

δNd
=

4ϕ2
0

3
ψ7△ψ +

∑

I

ψITI , (84)
Tψ[ϕ0|ψ] = − ψ

δS

δψ
≡ 4ϕ2

0

3

[
7Ndψ

7△ψ + ψ△[Ndψ
7]
]
+Nd

∑

I

IψITI = 0;(85)here TI is partial energy density marked by the index I running, in general 
ase, a set ofvalues I=0 (sti�), 4 (radiation), 6 (mass), 8 (
urvature) in 
orresponden
e with a typeof matter �eld 
ontributions
ψ7△ψ ≡ ψ7∂(b)∂(b)ψ (86)
TI=0 =

6p(ab)p(ab)

ϕ2
0

− 16

ϕ2
0

pψ
2 +

P 2
Q

4ϕ2
0

(87)
TI=8 = ϕ2

0

[
1

6
R(3)(e) + ∂(b)Q∂(b)Q

]
, (88)here p(ab) = 1

2
(ei(a)p̃(b)i + e

i
(b)p(a)i), we in
lude the Dira
 lo
al 
ondition of the minimal3-dimensional hyper-surfa
e [5℄ too

p eψ = 0 → (∂0 −N l∂l) log ψ̃ =
1

6
∂lN

l, (89)in order to obtain a positive value of the Hamiltonian density (87) after the separationof the 
osmologi
al s
ale fa
tor (38).The 
onstraint-shell a
tion (82) after the separation of the zero modes (38) and(39) takes the form
S|H=0=

∫
dx0

∫
d3x

∑

F=ψ,e,Q

PF∂0F |ϕ0a=ϕ =

=

∫
dx0





∫

V0

d3x
∑

eF= eψ,e,Q

P eF∂0F̃ − Pϕ
dϕ

dx0
+ P〈Q〉

d〈Q〉
dx0



 =

=

ϕ0∫

ϕI

dϕ





∫

V0

d3x
∑

eF= eψ,e,Q

P eF∂ϕF̃ + P〈Q〉
d〈Q〉
dϕ

− Pϕ



 . (90)where Pϕ = ±Eϕ is the 
onstraint-shell Hamiltonian in the �superspa
e of events� givenby the resolving the energy 
onstraint (50), where T̃d = Td[ϕ|ψ̃], and Td[ϕ|ψ̃] is givenby Eqs. (84), (87) and (88) where [ϕ0|ψ] is repla
ed by [ϕ|ψ̃].Referen
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