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Cryptographic protocols are often based on the two main resources: private randomness and private key. In
this paper, we develop the relationship between these two resources. First, we show that any state containing
perfect, directly accessible, private key (a private state) is a particular case of the state containing perfect, directly
accessible, private randomness (an independent state). We then demonstrate a fundamental limitation on the
possibility of transferring the privacy of random bits in quantum networks with an intermediate repeater station.
More precisely, we provide an upper bound on the rate of repeated randomness in this scenario, similar to the
one derived for private key repeaters. This bound holds for states with positive partial transposition. We further
demonstrate the power of this upper bound by showing a gap between the localizable and the repeated private
randomness for separable Werner states. In the case of restricted class of operations, we provide also a bound on

repeated randomness which holds for arbitrary states.
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I. INTRODUCTION

Ensuring the security of communication in quantum in-
ternet is one of the main current challenges of quantum
technology [1]. In this context, two distant honest parties
must distribute a secure key, i.e., a private correlated string
of bits. A prominent security framework that assures the
distribution of encrypted bits in a quantum network is the
quantum repeaters scheme [2-5]. It allows for distributing
secure key employing pure maximally entangled states [6] and
entanglement swapping [2,3].

In a recent article [7] the paradigm of network key swap-
ping was extended to the most general scenario of private
states [8,9], that are, generally, mixed quantum states. A
striking result of [7] is the existence of mixed states p and o/,
such that no protocol between three parties A, B, C = C;C,
can transfer a non-negligible amount of key between A and B
from the key shared between the parties AC; and BC,.

This fact shows an intriguing property of the secure key
extracted from mixed quantum states: it is not transitive for an
arbitrary state, i.e., the fact that A has secure connection with
C and C has secure connection with B does not imply that A
can establish secure connection with B.

In this article, we investigate the network properties of
another critical resource for cryptography: the private ran-
domness. In most cases, it is used for testing a quantum device
or postprocessing the classical outcome of the latter. For this
reason, the privacy of randomness appears as a precondition
for secure key distribution. This resource was recognized quite
early (for the review on this topic, see [10]; the framework for
single-party private randomness extraction was developed in
[11]), and has motivated commercial implementations (e.g.,
Ref. [12]). Only recently a resource theory framework of
(distributed) private randomness has been established [13]
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(see, e.g., Refs. [6,14] for a review of other resource theories).
According to this approach, the task of distillation of private
randomness amounts to obtaining the so-called independent
states o via closed local operations and dephasing channel
(CLODCC). More precisely the CLODCC operations are
compositions of (i) local unitary operations by each of the
honest parties (U4 and Up) and (ii) communication via de-
phasing channel from A to B and vice versa. The dephasing
channel transfers the state measured in a fixed (say computa-
tional) basis. These operations were introduced in the context
of purity distillation. The choice of this class of operations
in resource theory of private randomness is justified, as these
operations do not bring in private randomness.

It is common in the literature to represent the
private randomness obtained by two honest parties
against an eavesdropper in terms of tripartite states

O D @ Y LIk k) @ pr (here  pp s
representing an arbitrary state of the eavesdropper). In
such an approach the honest parties are using local operations
and public communication. However, it is shown in [13]
that this approach is equivalent to distilling specific bipartite
states—the independent states, by means of CLODCC
operations. The independent states have a form of coherence
“twisted” into a shared mixed state:

Aapdy = Y 1)(j| ® k)| ® Unowp U}, (1)
i,j,k,l

as it can be written in the following way:
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FIG. 1. Onion structure of quantum states containing ideal pri-
vacy. The singlet state is an example of a private state. The set of
private states is a proper subset of the set of independent states. The
state |+) is an independent state, which is not a private state.

In the scenario considered here, i.e., when two parties
want to localize private randomness at one place, we will be
interested in local independent states:

ag, = Y li)(jl ® Uioan U] 3)
iJ

Although the structural analogy between the theories of pri-
vate key and randomness is somewhat natural, the results
explicitly determining this relation are missing. Developing
this analogy, we first show that any state containing an ideal
private key (a private state) [8,9] is, in fact, an independent
state. We therefore prove that the sets of quantum states
containing ideal privacy form an onion structure (see Fig. 1).

We then demonstrate that private randomness exhibits the
similar type of limitation as a secure key when distributed
on a communication network [7]. The answer to the question
“Can one always swap private randomness of general mixed
quantum states?” follows this close analogy.

The conceptual description that we introduce to capture
the topology of security in the network is called the loyalty
network. It represents each party as a vertex, while a directed
edge from vertex A to vertex B represents A being secure due
to loyalty of B. In the weaker sense, loyalty A — B means
that A trusts that B will not hand over his subsystem pp of the
shared joint state psp to any eavesdropper Eve. Clearly, if B
is not loyal to A, the local private randomness of A is equal to
localizable purity. However, we will assume a stronger sense
of loyalty, in which loyal B cooperates in favor of A, such that
A has access to as much private randomness of a state p4p as it
is possible (part of it is obtained from the correlations between
A and B).

We will exemplify this concept with entanglement swap-
ping of the singlet [y)45 := %(|00) + [11))ap:

' @ G T @
This operation can be interpreted as follows.

Initially, party A has 1 bit of private randomness due
to the loyalty of party C = (C,C;), and party C has 1 bit
of private randomness due to the loyalty of party B. After
applying entanglement swapping, party A has 1 bit of private
randomness due to the loyalty of party B, and does not need
to rely on the loyalty of party C anymore.
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FIG. 2. Depiction of the limitation for private randomness in the
context of network repeaters. Part (a) depicts redistribution of loyalty
in the network via entanglement swapping: on the LHS A trusts C
and C trusts B, as depicted by the green arrows. On the RHS A trusts
B only [2]. Part (b) shows that for any € > 0 there exist states with
positive partial transposition, that have almost 1 bit of secure key Kp
each. However, there is no LOCC protocol between three parties that
outputs an approximate private state with more than |ne | bits of key
[7]. Part (c) depicts the result of this paper, in analogy to the case
(b): for any € > 0, there exist states that have almost 1 bit of private
randomness, but there is no CLODCC protocol between three parties
that outputs an independent state with more than |ne | bits of private
randomness.

Another way to see the dependencies in the loyalty network
of (4) is as follows: at the beginning A trusts C and B trusts C,
while the task is to remove C out of the network and to make
A trust B (or B trust A). As we show in Sec. IV, the bound
for repeated private randomness which we provide is invariant
under the swap; hence it covers also this particular topology
of network. Moreover, in Sec. VII we show that there are
swap-invariant states (e.g., some Werner states) that exhibit
gap between localizable and repeated private randomness.

We then ask if such transformation is possible for all mixed
quantum states, when the number z of copies of initial states
goes to infinity,

priv. rand. repeater?  ,,
(kan ’ (5)

(pac, ® pcp)™"
n—0o0

where k x n is the rate of private randomness that can be ob-
tained via tripartite operations from n copies of the input state
in the form of the independent states. These states, denoted
by «, contain ideal private randomness directly accessible by
local complete von Neumann measurement on the subsystem
of «. For the qualitative summary of the results, see Fig. 2 and
Sec. TA.
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Since we adopt methods shown in [7], the upper bound
that we obtain works for the states with positive partial
transposition (PPT states). These are bipartite states p that
satisfy [T ® (-)"](p) > 0 [15], where (-)" is a transposition
and I is an identity operator. We show the power of the upper
bound by inspecting the gap between localizable and repeated
private randomness for separable Werner states. These are
states interpolating between symmetric and antisymmetric
states. Within the range of interpolating parameter that guar-
antees separability, for sufficiently large local dimension d,
we observe the presence of a gap. We also consider a strictly
smaller class of operations, generated by compositions of (i)
n optimal single copy operations among the three parties,
followed by (ii) distillation by A and B solely, via general
CLODCC(A : B) operations. For this class, we derive a bound
for repeated private randomness for arbitrary states. We then
exemplify it by providing a family of states that do not have
positive partial transposition, yet exhibit the same gap (of
almost 1) between localizable and repeated randomness.

A. Summary of the main results

For the reader’s convenience, we summarize here the main
results of our contribution.

Here and further in this paper we write interchangeably
PAc,» Po, and p, p whenever it is clear from the context.
Given a state psp, S(A), will denote the von Neumann
entropy of subsystem A of psp, S(A), := —Tr(pslog, pa),
with p4 = Trgpap. By S(A|B), we denote the conditional en-
tropy S(AB), — S(A),, while I(A:B), = S(A), +S(B), —
S(AB), is the quantum mutual information. By log, |A| we
mean the log of dimension of the system A (similarly for B and
AB). In case it is necessary, we will explicitly write the state
of which dimension is invoked: log, |A|,. The logarithm is of
the base 2 throughout all of this paper. For the special case
of a distribution {p, (1 — p)}, its Shannon entropy we denote
as h(p) = —plog, p— (1 — p)log,(1 — p). We also refer to
it as the binary Shannon entropy.

The main step towards our results is the defini-
tion of the repeated randomness Rﬁ"’c‘ C<Br®p) (an
analog of repeated key), which is the asymptotic rate (n —
00) of private randomness (in the form of the ibits) that can be
achieved by the three parties from initial n copies of the state
o ® p via operations allowed in the resource theory of private
randomness [13] (called CLODCC). Separately, we define the
private randomness repeater rate in the i.i.d. case, i.e., when
three parties perform the same CLODCC operation on each of
the copies of the state, followed by a general operation from
CLODCC(A : B).

As the main result, we prove the following upper bound on
the rate of repeated private randomness:

RATOCE (pac, ® pers)

<D<pr|| ! )+D<ﬁFIIL> (©6)
= IAC | |C.B| )’

where D(pl|lo) = Tr(p log, p — p log, o) is the quantum
relative entropy and p' := (I ® T)(p) denotes the partial
transposition of p. The right-hand side (RHS) of (6) can
be quite small in some cases, as we show with particular

examples of states for which repeated private randomness is
negligible. It can be rephrased in terms of the global purity,
G(pxy) :=log, |XY| — S(XY),, as

’RQHCICZHB(/OAC] ® po,B) < G(pAFCl) + G('bng)' @

The above form of the bound would be natural in the pu-
rity distillation paradigm [16]. In the context of private ran-
domness distillation it will be also natural to rephrase it in
terms of correlations, i.e., quantum mutual information. This
is because the mutual information quantifies the nontrivial
(not equivalent to purity) amount of private randomness. For
the case when p = p has positive partial transposition and
has both subsystems in maximally mixed states, we have
immediate corollary.

The partial transposition does not change the entropy of
either of the subsystems of p. One subsystem (say A) is the
same after applying the map I, ® (-);. For the other, by the
fact that det(X) = det(X ") one has det(pg — A1) = det(op —
ADT = det(p;— — AI). Hence the roots of this polynomial,
which are the eigenvalues of pp, are the same as for ,0;:

RﬁechzeB(pAcl ® pep) < 2I(A : Cy),r. 8)

This stems from the fact that the quantum relative entropy
between a state and the product of its two subsystems is equal
to quantum mutual information between them.

The key result of [13] which allows us to interpret our
main result is the protocol of optimal private randomness
distillation. It determines how a single party can localize as
much of the private randomness in her system as possible.
Additionally, in [13] it is shown that there are two sources of
private randomness: local, in the form of purity, and shared, in
the form of correlations. This fact is supported by quantitative
result: the amount of localized private randomness of a state
with positive partial transposition p4c, in the asymptotic limit
reads

Ra(pac,) = [log, |A] = S(A),] + [log, |Ci] — S(C1),]

9)
+1(A:Cy)p.

Thus the amount of locally achievable private randomness for
the pac, (i.e., between A and Cy) is equal to the sum of local
purity log, |A| —S(A), and the amount of correlation in the
shared state (i.e., the quantum mutual information). When the
state p has subsystems in a maximally mixed state, we can use
the bound from Eq. (8) since no local purity can be achieved,
i.e., Ra(pac,) = I1(A : C1),. It applies for states with positive
partial transposition, for which there is a gap:

I(A:Cp)p > 2I(A : Cy),r. (10)

Although we notice the gap between correlations of p and
ol for states having key (and therefore distillable private
randomness) [17], the above gap cannot be demonstrated in
the same way as in [7] due to the factor 2 above. Instead,
since the key is not the only local form of private random-
ness, we study the most famous single parameter class of
states—the Werner states. In particular, we observe that the

symmetric Werner state [18], ,of = d21+d (I +V),whereV =
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Zi’j lij)(ji| is called a swap operator, satisfies

d
Im:mﬂ:1+m&<317>——»L

d—oo
Im:mwf=$m&d+d;1m&dilwm
Hence, for large dimensions of d,
Ra(pf) =1, Ra(p{ @ pf) ~0. (11

As we show in Sec. VII, any separable Werner state of suffi-
ciently high dimension exhibits the gap, as it is the case for the
symmetric one. This result is analogous to the limitation for
key repeaters shown in [7]. In contrast, however, it is achieved
on separable states, rather than on the approximate private
states used in [7].

Finally, we consider a variant of the i.i.d. case, when the
three parties are forced to use identical operations on each
copy of the state and, further, A and B apply any CLODCC(A :
B) on such obtained outputs. For a particular independent state

of the form
Wz #
anZE 1% T |’ (12)
2

we prove the existence of a gap between private random-
ness Ra(av.q4), Rp(ay 4) and i.i.d. repeated private randomness
Rid(ay 4), whenever dimension is sufficiently large. Namely,
we prove that, for d > 32, we have R4 (ay 4) = Rp(ay.qg) = 1,
while ’Ri{d(av.d) < 1. In particular, for d > 11, we have

4 log, d 4
—_— -, 13
4 +n<d> (13)

which clearly goes to zero when d — oo.

Our paper is organized as follows. We start from Sec. II,
where all necessary tools are presented; in particular, we
introduce the concepts of the CLODCC operations and of a
local idit. In Sec. IT A we precisely describe the framework
in which we work, stating what the involved parties are
allowed to perform. We do so by defining the allowed class
of operations (CLODCC) and its distinguished subclass, and
by establishing relations between them. Section III analyzes
the relationship between the sets of private states and of
independent states, showing they are not equal to each other.
This finding distinguishes our work from previous results on
limitations on quantum key repeaters. Section IV is divided
into two separate parts. In the first one, we prove results
on the state discrimination from the maximal noise by using
CLODCC operations. In the second part, we derive our main
result: an upper bound on the rate of repeated randomness.
This implies existence of the states with localizable random-
ness equal to 1 that have vanishingly small repeated inde-
pendent randomness. In Sec. V we provide alternative proof
of the bound on repeated private randomness for states with
positive partial transposition, showing, as a by-product, that
the latter rate is bounded by a value computed on partially
transposed states. In Sec. VI, we present the limitation for a
private randomness repeater in the i.i.d. case, where parties
first perform the same CLODCC operation on each copy of
the state and then apply arbitrary CLODCC on these copies.

Ril(ay.q) <

In particular, for a chosen class of independent states and
for sufficiently large dimension, we show a gap between the
private randomness and the repeated private randomness. In
Sec. VII we show a broad class of Werner states for which
our main result holds. We close this paper with Sec. IX,
summarizing our main results and putting them in the broader
picture of possible further research.

II. PRELIMINARIES ON PRIVATE
RANDOMNESS AND KEY

In this section, we recall necessary concepts of the resource
theory of private randomness and private key, allowing the
reader to better understand our further results.

The free operations of this theory are closed operations and
classical communication via dephasing channel (CLODCC).
This class of operations is a subclass of the well-known LOCC
operations, and was introduced as free operations in the re-
source theory of purity [19]. The systems under consideration
are closed, only local unitary transformations are allowed,
and the honest parties can exchange subsystems through a
dephasing channel. Such dephasing channel can be realized by
an eavesdropper Eve via (1) attaching an ancillary pure state
|0)r to each system M passing between the honest parties,
(2) performing a CNOT (controlled-NOT) gate (with source at
M and target at the system E), and (3) collecting £ in some
quantum memory.

The target states (i.e., states containing ideal private ran-
domness in a directly accessible form) are given by indepen-
dent states [13], which can be Viewed as the result of twisting

of coherent states [20] f(21 o 1) ® I(Zl o 10)p). In
the case of two dits of private randomness the independent
states have the form

dapap = UlH){+a @ [+)(+ @ oapUT, (14

where U = Z lij){ij| ® U;; and U;; is a unitary transfor-
mation for each ij.

By local idit we will mean the independent state given
in Eq. (14) when |A| =d and |B| =1 (or |A| = 1 and |B| =
d). Hence private randomness can be directly accessed from
a part of such state that is localized either at A or at B.
To explicitly indicate the number m of private random bits
directly accessible via measuring systems A (or B) in a local
idit, we will denote it as «,,.

Note that these states are similar in construction to the pri-
vate states, deﬁned [8, 9] by twisting of maximally entangled

states [y)47 = [ > lid)ag,

Yapwwy = UY) (Y lap ® oapU’, (15)

with the unitary operator U =), |ii){ii| ® U;. Every key
distillation protocol ends up in states approximating private
states, while every protocol which distills private randomness
produces approximated independent states. In Sec. III we
show that any private state is an independent state.

Following [13], R4(p) will denote the private randomness
localizable on system A by means of CLODCC(A : B) opera-
tions from (asymptotically many) copies of pap.

An important result from [13] asserts the following: if a
bipartite state has a negative conditional entropy, then the
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FIG. 3. Depiction of the considered scenario. All three parties
can perform locally unitary transformations, and can send a system
down a dephasing channel to the other parties. Their task is to distill
independent states shared by A and B.

whole of its private randomness content can be localized at
each of the parties by means of CLODCC operations.

Theorem 1 (Corollary from Theorem 4 of [13]). Any bi-
partite state pup satisfying S(B|A), > 0 satisfies Ry(pap) =
log, |AB| — S(AB),.

The quantity log, |[AB| — S(AB), is called a global purity
[19], and is also a trivial upper bound on the amount of
localizable private randomness (achieved when both parties
can operate globally on the system AB). Any separable state
and, in general, states with positive partial transposition have
positive quantum conditional entropy (i.e., negative coherent
information) [6]. Moreover, as we will see, some ibits that
have negative partial transposition share this property with
PPT states. Furthermore, the resource theory of private ran-
domness has an empty set of free states: adding a maximally
mixed state can increase the amount of localizable private
randomness. However, the maximally mixed state on its own
represents the set of states which are closed under CLODCC
operations (see Sec. IV) and it contains zero localizable
private randomness. We can, therefore, view this state as a
correspondent of the set of separable states in the resource
theory of private key.

In what follows p ~. p’ denotes ||p — p’||; < e with
[IX]]; := Tr|X| for a Hermitian operator X .

A. Scenario of private randomness repeaters

In our scenario, there are three involved parties: A, B, and
C. Party C has two subsystems: C; and C,. A dephasing
channel connects each pair of parties. Each of the parties can
perform either (i) unitary operation or (ii) sending of a system
to some of the other parties (or both of them). We denote
as CLODCC(A : C,(C; : B) the class of operation generated
by arbitrary (possibly infinite) compositions of the above
operations. The parties are given (arbitrarily large) n copies
of input states pac, and pc,p shared by A and C, and C and B,
respectively. The task of the parties is to obtain a local idit o,
on systems A and B with the largest possible amount m of bits
of private randomness, with randomness directly accessible by
von Neumann measurement on Alice’s system [see part (c) of
Fig. 2 and Fig. 3]. In the case of the above scenario, we obtain
the bound for states with positive partial transposition.

To obtain analogous results for states that are not hav-
ing positive partial transposition, we will consider a much
simpler scenario, with a smaller class of allowed operations,

cLobcc(ciid ; (4 1id . piidy; © cLODCC(A : B : €). For
the case of n copies of the input states, this class is defined by
the composition of two operations, denoted as (C : A : B)“d
and A < B, respectively. The former operation corresponds
to an action of the three parties: they behave identically on
each copy, producing n copies of the best single-round output
0. The latter operation refers to A and B performing a general
CLODCC(A : B) operation on p®". The task for the parties is
again to distill independent states shared by A and B.

We end this section with several simple observations,
which are crucial for our later considerations.

Observation 1. There is  CLODCC(A : C,C; :
CLODCC(C,C; : AB).

Proof. The difference between these two sets of operations
is that A and B are joining their labs. They can now perform
global unitary transformations, and we have to show that they
still are able to dephase parts of their system. For example, A
can send a state to B via a dephasing channel according to def-
inition of the set of CLODCC(A : C;C; : B) (and vice versa).
When A and B acting together want to dephase some system,
they can send it to C who sends it back to them. The claim
is then seen from the fact that a single dephasing channel
between C and AB can also simulate two separate dephasing
channels between C and A, and C and B, respectively, while
operations of C are the same in both sets. |

Consider the set S of operations on system AB induced
from the operations in CLODCC(C : AB) via composing the
latter with a partial trace over system C. We will argue that
this set includes operations that are a composition of unitary
transformations and projections in the computational basis.
We will denote the set of all such compositions as U + Deph.

Observation 2. The set S of transformations of system AB
defined as TrcAc;AB(,OABc), with AC:AB € CLODCC(C . AB),
satisfies U + Deph C S.

Proof. Tt follows directly from the fact that operations
Usp ® I¢ and {P, ® I¢} with a being a subsystem of AB
belong to the set CLODCC(C : AB). Indeed, the von Neu-
mann measurement on a subsystem of AB can be realized
via composition of sending the measured system a to C
and resending it back to AB. The same holds for arbitrary
composition of the latter two. The assertion then follows from
the fact that Trc(Lag ® Ic)(oac) = Lap(Trcpapc) for any
completely positive trace preserving linear map Lyp. ]

It is common that the allowed operations in a given re-
source theory preserve the set of the free states, i.e., transform
any free state into a free state. The observation below imple-
ments this property for the resource theory of (distributed)
private randomness.

Observation 3. Every A € CLODCC is unital, i.e., A pre-
serves the maximally mixed state.

Proof. According to the definition of CLODCC, presented
in Sec. II, operations in this class are composed of unitary
operations and dephasing together with sending the dephased
system from one party to another. Clearly, the first two opera-
tions preserve the maximally mixed state. The only nonunital
operation is sending of the dephased system. However, a sub-
system of a maximally mixed state is also a maximally mixed
one; hence the map outputs also a maximally mixed state,
but (possibly) of different dimension on systems A, B, and

B) C
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C (denoted as |A|, |B|, and |C|, respectively). However, |A| +
|B| 4+ |C| = |A| + |B| + |C|, because the CLODCC class does
not contain the partial trace operation. Hence this map can be
seen as “redistributing” the maximally mixed state among the
three systems. |

III. PRIVATE STATES ARE INDEPENDENT STATES

In this section, we discuss the differences between private
states and independent states. In particular, we prove that the
set of independent states is strictly included in the set of
all private states. This follows from the fact that there are
product states, such as |[+) ® [ /2, which are ibits having zero
distillable key, because entanglement is a precondition for
secure key [21]. Nevertheless, the techniques used here are
related to those in [7]. For example, the relative entropy is
taken with respect to the set of separable states, while here it
is taken with respect to the maximally mixed state. We have
to simplify the approach, because the private randomness is
zero for the maximally mixed state, and is nonzero for any
other state. We show that these two similar, although different,
classes of states are related by the strict inclusion PS C IS,
which is the main result of this section.

Proposition 1. Any private state is a (local) independent
state, while the converse statement is not valid in general,
PS C IS. Moreover, the private random bit can be located at
either of the parties.

Proof. Any private state has a form yapap =
Zi;zlo $|ii)(jj| ® UioA/BrUjT. The twisting involved in
the definition of any private state can be simplified to have a
single control [22]:

d—1
Yabyp = (Z li)(ila ® Tp ® U,-) V) (Wi lap ® ous

i=0

@I @ U] (16)

d—1
DI
j=0

It is then enough to express the singlet state |{/.)4p as an

output of a control-shift gate: |V )ap = T|+)a ® |0)p with

) = X5y Jli) and © = 3, 1i)(ila ® Si.a, where Siqlj) =
|j +imodd), if d is prime. If d is not prime, it can be

expressed uniquely by multiplication of primes: d = d; X

- X di where d; is prime for [ € {1, ..., k} (for the sake of
uniqueness, we assume d; < dp for l l ). In this case we
define 7 := ®z . (Zdl i ® S; 4,), Where S; 4 is defined

as above with d; in place of d. Substituting this form of a

private state into (16) immediately yields

d—1
VABA'B = |:Z 1) (ila ® <®Sl[l] d/) ® Uj||‘|’)(+|A ® |0)

i=0 =1

d—1
x (0] ® oarp ZU J|A®(®S,md1)®UT ,

j=0 =1
(17)

where [[i] is the [th digit of i written in a multibase system
of k bases: dj, ..., d;. Written in such a form, this state is

by definition a (local) independent state. Indeed, consider
Eq. (14), with substitution B of system of dimension 1 and
B’ system in state |0) (0] ® Tra 0. The strictness of inclusion
follows from the state |[4) ® I/2 being an ibit, while having
no distillable key, because entanglement is a precondition of
security [21]. Because the singlet state is swap invariant, the
same reasoning follows when one expresses it as |V )ap =
'|4+)p ® |0)4 with T/ having control at B rather than at A.
This fact shows that the private random bit can be located in
any of the parties. |

The above Theorem implies the onion structure of quantum
states containing ideal privacy: [¢¥;) € PS C IS and |4) €
IS\ PS (see Fig. 1).

IV. LIMITATIONS ON PRIVATE
RANDOMNESS REPEATERS

The main result of this section provides a bound on re-
peated independent randomness. It is based on the restricted
relative entropy bound of the Supplemental Material of [7],
with the difference that allowed operations are taken to be
CLODCC instead of LOCC, while the set of free states is
given by a maximally mixed state, instead of the set of
separable states. We will first describe the asymptotic distin-
guishability using operations from CLODCC.

A. Discriminating states from maximal noise
via CLODCC operations

We are interested in an asymptotic distinguishability. In
analogy to the restricted relative entropy of entanglement of
[23], we consider now the simplest of the restricted relative
entropy: the relative entropy with respect to the maximally
mixed state. Due to limitations of the specific technique, our
results hold only for states with positive partial transposition
(PPT states). We build on the results of [7].

Definition 1. For a bipartite state on H := C¢ @ C?, the
restricted relative entropy distance from the maximal mixed
state achievable via operations from set S of POVMS is

I
Ds(p) := ASHPSD[AM(p)IIAM<d2)] (18)
1
Dg(p) = lim ;Ds(p@’"), 19)

where Ay =), Try [M'(-)]]i)(i| is a completely positive
trace-preserving map, n € N, and D(:||-) is the Kullback-
Leibler relative entropy of two probability distributions. A
restriction of S in (18) and (19) to the set J, corresponding
to such Ay, that belong to the CLODCC class, defines Dy (p)
and D$°(p), respectively.

Theorem 2. If p is a density operator on H := C? @ C?,
I':=idce ® ()7, and X' := I'(X) for a linear bounded X :
H — H, then

I
r >O:>D§’O(p)<D<,0FIId—2)- (20)
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Proof. Let A € CLODCC and let {|i)(i|} be a base in H. Then

. e
D[ZTrH(M’ApW) ® i) (illl Y Try, (M’Aﬁ) ® |i><i|}

AeCLODCC a AeCLODCC

]I®n
sup D|:A(p®”)||A< >:| ‘= sup

®n

) rl
= sup D[ZTm[(M’A)%F)@’"]®|i><i|||ZTrH<(M’A)Fﬁ)®|i><z‘|}

AeCLODCC

H ®n
< D[(pr)@‘n(d—z) ]

Hence

. ®n e . r I
lim — sup D|A(p®")||A 5 < lim D{ p ||—2 .
n—00 Nl A eCLODCC d=" n—00 d
(22)
In the above A = {M,} is a POVM of an operation from
the set CLODCC. In the second equality we use the identity
Tr(XY) = Tr(X"Y") for matrices X and Y, and the fact that
( p®)r = (p’ )®". The last inequality follows from the fact that
the relative entropy is nonincreasing under CPTP maps. W

B. Rate of repeated private randomness

Now we are in a position to derive an asymptotic version
of the distinguishability bound, that is, the quantity that upper
bounds the rate of repeated randomness R4 ¢ 2. It measures
the distinguishability of the state from the maximally mixed
state in terms of the relative entropy of the probability distri-
butions that can be obtained by CLODCC.

We start from presenting a rigorous definition of rates of
repeated randomness. Namely, for input states psc, between
A and C, and pc,p between C and B, we call

(pac, ® Pc,B)

:= inf lim sup sup
€>0 5500 A,eCLODCC,q,,

<= TrelAn((oac, ® pen)™ ) ~e an) - (23)

A-CoB
7?’A

the quantum private randomness repeater rate of p and p with
respect to arbitrary CLODCC operations among A, B, and C,
that can be obtained on a system A.

Let CLODCC(A : B) be the set of POVMs which can be
implemented with CLODCC operations. An element of this
class is a corresponding CPTP map. That is, instead of a
POVM given by {M;}, we consider the CPTP map M : X
> [Tr(M;:X)] ® |i)(i]. Hence M (p) is a distribution of POVM
elements from the stet {M;} measured for a density operator p.
Our bound on the quantum independent randomness repeater
rate involves the measured relative entropy with respect to the
set CLODCC,

Dcoap(pac, @ Pc,s)

= sup
MeCLODCC(C:AB)

I
D|:M(/0 ® 'Z))”M(d_>:|' (24)
ABC

By dapc we mean the multiplication of dimensions of p and
p. We denote by D¢, the regularized version of (24),
analogous to the relationship between (19) and (18).

.
=n1)<p ||d—2). 1)

(

Before we prove the bound, we need a lemma showing a
lower bound on the measured relative entropy distance from
the maximally mixed state for states that approximate inde-
pendent states. We show that the measured relative entropy
distance with respect to U 4 Deph from the maximally mixed
state is proportional to m on p X oy,.

Lemma 1. For p = a,;iAA’B of dimensionality |AA'B|, we
have

I
Dy Deph (Pllm> 2 (I —€)m — h(e). (25)

Proof. We will follow the proof of Lemma from [7] with
appropriate changes, since a general idit is twisted coherence
rather than entanglement. We use the fact that «,, can be
expressed as UPY' ® oapUT. Here U is a controlled unitary
operator, with control A and target A'B’, while o4 p is an
arbitrary state. Then,

I
Dy pe —_—
U+D. ph(p” |AA/B|)

offscom o))

I
T T
2 Du4peph |:TTA’B’(UPU N Tras <U |AA'B| v >:|

_ 1
=D Pm
U+Deph< A ” |A|)

_ I
2 Duipeph [{Tr(Pm’FP/T)}” {Tr (P’”'FW) }i|

> (1 — e)m — h(e), (26)

= sup
Ae{U+Deph

where Py :=Trap(UpU") is a state, € close to PI' =
lej:(l) zi [i)(jla- The first inequality holds due to monotonic-
ity of D(:||-) and the fact that U € {U + Deph}. The second
inequality follows from (i) monotonicity under the projective
measurement {P,, r} onto the basis of the Fourier transform
of the basis {|i>}i215 ! (P2 is an element of this transformed
basis) and (ii) P, » € {U + Deph}. The last inequality is due
to {Tr(Pm,p&—‘)} = {1/2™}. Moreover, Tr(P, rP}) > 1 —¢,
which follows from p =, «,,. Further, the highest entropy
among distributions {1 — €, A, ..., Ay_1} is achieved by the
most mixed one for A; = dETl' We thus obtain the lower bound
on the relative entropy of the distribution, as claimed. |
We now come to the main result of this section.
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Theorem 3. For all states pac, and pc,p:

Rﬁ(—)CeB(pAcl ® IbCzB) < Dg‘oeAB(IOACl ® ,Z)CZB). (27)

Proof. For any € > 0, by the definition of the rate of
repeated private randomness, there exists n € N and A €
B := CLODCC(A" : C" : B"), such thatr > RA“B(psc, ®
Pcp) — € and @ := Tre Al(pac, ® Pe,s)®"] Xe @jnr), Where
L-] denotes the floor function. Taking o4pc = % and & :=
TrcA(o), we have

max D[M(pi @ p&y)IIM (oacs)]
> max D[M(A(pS ® PER))IM(A(oacs))]

>  max

max  DIM (@) IM(G1)] (28)

Thanks to Observation 1 and the assumption that A €
CLODCC(C : AB) we obtain the first inequality. The third
line follows from the fact that we restrict maximization to
the set of operations that are induced on system AB from a
CLODCC(C : AB) via trace over C. The set of these opera-
tions is denoted by S. Due to Observation 2, the set S includes
U + Deph. We get the lower quantity if we restrict supremum
to the operations from U + Deph C S. Due to Observation 3,
=1 , where d, is the dimension of the output of the map

Applying Lemma 1 with & ~, o, we arrive at

ymax DM (@) IM(@Gap)] > (1= €)lnr) — he). (29)

Bounds (28) and (29), together with minimization over o and
taking the limit n — oo, imply the following lower bound on

Do as

DZ ap(pac, ® Peyp) = (1 —€)r. (30)
Taking into account that r > RA“C“B(psc, ® pc,p) — € with
arbitrary e, the statement is proved. |

Corollary 1. The following inequality holds for all PPT
states p = pc,a and p = Pc,:

1 1
RATCPo@p) < D(prnm) +D(ff||—),

where d,,, dj stand for the dimensions of p, p, respectively.

This Corollary follows from applying Theorems 2 and 3 to
J = CLODCC(C : AB).

From the bound (31) in Corollary 1 we can conclude
that there are states that have localizable randomness equal
to almost 1, while their repeated independent randomness is
vanishingly small (see Sec. VII for examples).

To interpret the above result, we should compare the
localizable and repeated private randomness. Theorem 1
of [13], invoked in Sec. II, states that localizable private
randomness of an input state pac, is equal to its global
purity, i.e., log,|ACi|— S(AC;),. Using the equality of
log, |AC,| for pac, and for pgcl, the RHS of (31) can be
rewritten as log, |ACi| — S(ACy),r + log, |CB| — S(CoB)sr.
However, for any state oac,, log,|ACi|—SAC)), =
[log, |A| — S(A)s] + [log, |Ci| — S(Ci)g] +1(A : Ci)y. That
is, the global purity can be split into purity accessible locally

(sum of the first two terms), and the correlation part (the
mutual information). The locally accessible purity is a type of
private randomness that is accessible to A and B without help
of C, and hence is always available in our private randomness
repeater scenario. The partial transposition does not change
entropy of the local subsystem, S(A), = §(A),r, and the
same holds for B. Hence, for p = p, the difference between
localizable private randomness from p at system A and our
bound reads

log, |AC| — S(AC)), — [log, |AC1| — S(AC)),r]
— [log, |G2B| — S(C2B)r]
=1(A:C1), — [log, |B| — S(B); + log, |C2| — S(C2);
+I(A: C)pr +1(Cs 2 B)yr]. (32)

Thus, due to the term log, |B| — S(B), + log, |C;| — S(C2),
appearing on the RHS of (32), the above bound is weak for
states that contain local purity. However, as we will see, it
is sufficiently powerful for all states that have local purity
equal to zero, i.e., that have both subsystems in maximally
mixed states. In the latter case, considering also pac, = pc,s,
the gap between localizable and repeated localizable random-
ness reads I(A : B), — 2I(A : B),r. In Sec. VII we will study
behavior of this gap for the family of separable Werner states.

V. DIRECT BOUND FOR PPT STATES IS NOT
TIGHTER THAN THE INDIRECT ONE

In this section we provide a more direct proof of Corollary
1. One might think that the latter bound could be improved by
getting rid of the factor 2 in front of the one presented in (8)
in Sec. I A, as analogous phenomenon happens for the private
key (see Lemma 12 and Theorem 13 of the Supplemental
Material of [7]). As we will see below, this is not the case:
we obtain the same bound. We show it here, because its
intermediate step is worth mentioning separately. It states that
the repeated private randomness is upper bounded for states
from PPT set by its value taken on the partially transposed
state.

Theorem 4. For any two bipartite states p and p that have
positive partial transposition,

RATC (pac, ® b)) < RYTIEP (phe, ® i) (33)

Proof. We first note that the definition of R4 ¢ <# involves
the term Trc A[(pac, ® 0c,5)®"], with A € CLODCC(A : C :
B) CLOCCA:C:B)CSEPA:B:C), where SEP(A:
B : C) are the operations that can be expressed in a form
3, Ai®B; ®Ci(-)A] ® B ® C/. Adopting the idea of the
proof of Lemma 12 from [7], we note that Trc(oacp) =
Tre[(Iap ® Te)oapcl, i.e., we can transpose the state on sys-
tem C before tracing it, then trace and obtain the original state
traced over system C. This fact holds for any state o, and in
particular for o := A(pac, ® Pc,)- Hence

Tre Al(pac, ® po,)®"]
= Tre{(ILug ® To)Al(pac, ® pc,)®"1}
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=Tre| s ®Tc) Y A ® B;®

ijk
x Celpac, ® pee)®"Al @ BL@Cl | (34)
Using IQT)Xi®XpY1®Y) =X QY (p"r®X],
we obtain

Tre | (Inp ® Tc) ZAi ®B;®
ijk

x Ce(pac, ® pes)™"Al ® B} @ C]

=Trc[ >4 ®B; ® G (phe, ® plp) ™"
ijk

xAl @Bl @) |. 35)

We will show now that C; are such that the total
operation Y, A; ® B; ® C; (Al ® Bl ® (C})" is a valid
CLODCC(C : AB) operation. Let < |0)(0|x denote the op-
eration of adding an ancillary state |0) to the system X. Any
operation from CLODCC(C : AB) can be simulated by the
following four LOCC operations (and their composition in a
proper order).

(1) Unitary transformation on system C: Uc_,c.

(2) Dephasing channel from C to A, i.e., {Pci ® I[C,}lczlo—l
with P’ := [i)(i]..

(3) Operation which changes the system c in a way that it is
in the same state as some dephased system on AB. It first adds
an ancillary blank state, and further performs appropriate shift
(8¢ 1l to <> [0)(0le, with ¢ |j) := |j + imod]e] ). This

L]
operation is controlled by the outcomes of {P! ® I} l‘ia ! with
P! :=|i)(il,, a being an arbitrary subsystem of AB satisfying
|a] = |c| and a denoting complement of AB to a.

(4) Tr, (used only after a dephasing channel and an opera-
tion on system A analogous to the third operation on this list).

For any k there is Cty =M;o---oM;o---, where M,
are Kraus’ operators from the above set of operations (up
to the restriction that Tr, can be used only after the third
operation from the list). Hence C}; = M{ o---o M} o---. All
operations on the above list, apart from the first, do not change
under complex conjugation, as they are formulated with real
numbers, while Uc_, ¢/ becomes another unitary transforma-
tion U}, .. Thus any CLODCC(C : AB) operation A after
partial transposition (-)} ® [45 becomes some other operation
A’ € CLODCC(C : AB). By evaluating it on p} ® p(, 5. the
assertion follows. ]

Remark 1. Although the fact that CLODCC(A : B) C
LOCC(A : B) was already noticed in the context of resource
theory of purity [16], the above simulation of an operation
from CLODCC by means of LOCC is an explicit proof of this
inclusion. Local operations of enlarging system < |0){(0],

partial trace, and von Neumann projection are explicitly inside
LOCC. The operation of application of the shift S is
controlled by the outcome of the projective measurement on
the other system, which employs the communication based
interdependencies of the Kraus operators of an LOCC opera-
tion.

From the above we have an immediate Corollary, where by
G(pap) we denote log, |AB| — S(AB),.

Corollary 2. For any two bipartite states p and p that have
positive partial transposition, there is

RATC"  pac, ® Pep) < G(oae, ® Bis)- (36)

Proof. We first note that CLODCC(A : CiC; : B) C
CLODCCI[A : (C1CyB)] (see Observation 1). The state o =
Pic, ® pé,p» treated as a bipartite state with a partition A :
(C,C1B), has a positive partial transposition, since p4c, has it
positive by assumption. Hence Theorem 1 implies that G(o)
is achieved. |

Since G(p ® p) is additive on the tensor product, the RHS
of (2) is equal to the RHS of the bound (31) of Corollary 1. So,
the above bound is no better than the already presented one.
This is in contrast with the case of private key [7], where the
corresponding bound was better by a factor of 2 (cf. Lemma
12 and Theorem 13 of the Supplemental Material of [7]).

VI. LIMITATION FOR LI1.D. PRIVATE RANDOMNESS
REPEATERS FOR SOME IBITS

In this section we focus on a simpler case in which the three
parties first perform the same CLODCC operation on each
of the copies of the state, and then A and B perform general
CLODCC(A : B). We begin with defining the rate of repeated
private randomness gained by CLODCC[C11d ; (4lid . piidy;
operations. As we will see, in this case even some states
with negative partial transposition will have limited repeated
private randomness.

We begin with a formal definition of private randomness
repeater based on the operations mentioned above:

Rgnd:(Aud:Bud)(PAc, ® Pc,)
:= inf limsup sup
€>0 n=oeropccciid.4iid giid))

m ~ n
x[;:TrcAn((pAc,wczB) )~ a} (37)

will be called the quantum i.i.d. private randomness repeater
rate of p and p with respect to CLODCC[Cid ; (Alid ; Biid)]
operations among A, B, and C, that can be obtained at system
A. With a little abuse of notation we will denote R i, (4. giia)
as Rj;d. Moreover, in the case of p = p, we will refer to
Rid(p ® p) as to Riid(p).

From Lemma 1 of the content of the Supplemental Note 2
in [7], we know the following.

Corollary 3. For any two states pac, and pc,p and any A €
CLODCC(A : C1G; : B), the output state pap = Tre A(pac, ®
pc,B), satisfies

I
|ABI,

r I

o ~I
Pac ™ Jac]

T |Pes ~ ieBi

1

bAB - X

1 L
3
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Proof. Follows from % € SEP and CLODCC C LOCC, as a
special case of Lemma 1 in [7]. [ |

Proposition 2. For a state p € C¢ @ C?, satisfying ||p" —
%Hl < %, and any operation A € CLODCC(A : C,C; : B), the
output state pap = Trc A(p ® p) satisfies

| log, |AB|; — S(AB);|

<2

L T B ) P (39)
o |, 253 n 1Y al.)
where 7(x) := —xlog, x.
Proof. From the asymptotic continuity of quantum mutual
information [24,25] for any p, p’ € C% ® C% such that ||p —
P/l < ewith0 < € < 1 ~0.368, one has

IS(AB), — S(AB),/| < €log, dap + n(e). (40)

Since the von Neumann entropy of the maximally mixed
state equals log, |AB|, the assertion follows directly from
Corollary 3. ]

We will exemplify the upper bound (39) using the in-
dependent state from (12). This state has negative partial
transposition. We will use the property

I
8

vVd sz
We are ready to show the gap between private randomness and
repeated private randomness for ay 4, for sufficiently large d.
Theorem 5. The family of states {ayq}3°, satisfies the
following properties.
(1) Ford > 2, Ry(ay 4) = Rp(ay.q) = 1.
(2) Ford > 11,

. 4log, d 4
Ri(ayv.q) < % + 77(3) (42)

3) For d > 32,
Rid(ay,4) =400 0.

Proof. The first statement follows from negativity of coher-
ent information of ay 4 for d > 2, so that Theorem 1 applies.
Let us denote ay 4 as asap to indicate subsystems explicitly.
Like for the states with positive partial transposition, the
conditional entropy S(B’|AA’) is equal to the global purity of
opap, 1., to log, |JAA'B'| — S(AA'B'),,,. This in turn gives
I(AA" : B)y,, = L.

For the second statement, we focus on a perspective of
party A. This property follows from the sequence of inequali-
ties:

R0 @ o) < Ra(p) < log, |AB|, — S(AB),

<2 41)
1 h d

1 = Ra(av.qg) = Rp(ay.q) >

I I
< 2|7 = = log, d 20" — =
7al e +"(“’ dD
4log, d 4
< -, 43
p +n(d> (43)

where p = TrcA(aac, ® ac,z) with A € CLODCC(A :
C1C; : B). The first inequality comes from the definition of
the class of operations involved in Rij*. The second one holds
because private randomness cannot be greater than the global
purity, i.e., the amount of purity that A and B can obtain when
they join their systems and act globally. The value of global

purity is achievable due to the Schumacher compression
[26,27]. The next inequality follows from Corollary 3. The
last one is due to Eq. (41) and the fact that, for d > 11, we
have 2 x % < % and the Proposition 2. For d > 32, the RHS
of the just proven bound is less than 1, i.e., less than R4 (oty 4)-
The argument for Rp is symmetric. |

The inequality presented in the third item of Theorem 5
seems to be trivial, as R4 involves in its definition a class of
operations not restricted by “i.i.d.” However, we can make
sure that this is not the case for the states ay,; on systems
AA’. Indeed, for these states, private randomness is directly
accessible for Alice via identical measurements on each copy
of ay 4 on subsystem A. One can then define Rgd as private
randomness localizable at subsystem of party A via identical
operations on the input state.

Corollary 4. For system A of the state ay 4 with d > 32,
there is

Ril(ay.a) < R (ay.q). (44)

VII. GAP BETWEEN LOCALIZABLE AND REPEATED
PRIVATE RANDOMNESS FOR SEPARABLE
WERNER STATES

In this section we show that the main result holds for a
larger set of Werner states than the fully symmetric state and
we briefly study the critical dimension for which there is a
limitation in the randomness repeaters.

A general Werner state p is a convex combination

p=0=0)ps+0pa, 45

with 6 the mixing parameter, the symmetric state p, :=
ﬁ(ﬂ + V), and the antisymmetric state p, := ﬁ(ﬂ -V),
where V is the swap operator, while d is the dimension
of the systems A and B. We will be using the facts that
the partial transpose ()" is a linear operator, (I)\ =1,
and (V) =d|®*)(d+|. Using the above results, we

write the partial transposes of p; and p, as (p,) =
]Ifxcclszr)[(;bﬂ |<1>+L<<1>+| and  (p,)" = 117|;I>2+_)g(ic1>+| _ |<1>+)d<c1>ﬂ.
Defining Ot (D =1 — | DTN DT]|, we get pl =
(1 —20) ULy [f o L0+ (+T.. The state
o' is diagonal in the basis of maximally entangled states,
called a Bell basis [28] because it is a convex combination of
Bell diagonal states p! and p!. From the form of p" one can
directly obtain the eigenvalues of p! in the Bell basis:

_(1-26)
0= d s

==k =g T

1/ 6 1-6
d

:| . (46)

The eigenvalue Aq is associated with the eigenvector |®T),
while all other d> — 1 eigenvalues are equal and given by
(46). Because p" is Bell diagonal, the reduction to indi-
vidual systems A and B gives the maximally mixed state;
hence S(A),r = S(B),r = log,d. Computing the entropy
of the whole state, which is S(AB),r = %log, [1(4=2)] —
log, [%] +log,d, where o =1—-20, we are in the

012615-10



LIMITATIONS FOR PRIVATE RANDOMNESS REPEATERS

PHYSICAL REVIEW A 102, 012615 (2020)

Critical dimension
30+
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20+

15+

10+

50

- - - - Alpha par
0.2 0.4 0.6 0.8 phap
FIG. 4. Values of d; as the parameter « increases from 0.1 by
steps of 0.05. It is worth mentioning some special values, such as
o = 0.1, for which the d,; takes a very large value of 51, and @ €
{0.2, 0.5} that determine sudden drops of d.; to the values {5, 2},

respectively.

position to compute the mutual information:
) dd—a) o a(d*—1)
I(A : B)pr = 10g2 [W} + E 10g2 [ﬂ .
In consequence,

lim I(A:B),r =0. A7
d—+o00
As noticed in Sec. I A, the states illustrating our claim are
those which satisfy

IA:B), > 2[(A: B),r. (48)

Let us notice that states p, and p, have supports, respectively,
in the orthonormal subspaces H, and H, of the full Hilbert
space Hap = Hy; D H,. The von Neumann entropy of the
density matrix p = (H'T“)ps + (1%"‘),0,1 reads [see Eq. (12.19)

Information [bits] Information [bits]

in [29]]
l—« 14+« l—«
S@AB), =h — + > S(AB),, + TS(AB)[,“
l—« 1+« l—«
= h( ) ) + log,(d) + log,(d-),

(49)

where dy =d(d +1)/2 and d_ =d(d — 1)/2. Hence the
mutual information of the Werner state p in the form (45) is

2d l -«
I(A:B),,:logz[ = e ]—h( )
(d— D'+ D' 2
(50)
Hence limy, o0 (A : B), =1 —h(}5%). This shows that
there always exists a value of d large enough to satisfy the
condition (48). The minimum value of d for which the Werner
state p satisfies (48) will be called the critical dimension d;.
To understand better the nonlinear dependence of d,i, we
also investigate the plot of /(A : B), and 2I(A : B),r versus
dimension for some selected values of «, as shown in Fig. 4
. The inspection of the sequence presented in Fig. 4 shows
that the parameter o essentially induces compression of both
curves towards the y axis, which generates the different cross-
ing of the curves as « approaches 1. For the values o greater
than 0.5 the value of d.; goes down smoothly and without
sudden drops and rises. (See also Fig. 5.)

VIII. TOWARDS TWO-QUBIT EXAMPLES

So far the exemplary states were of dimension higher than
2 ® 2. In this section we show that a wide class of a well
known family of states, that of Bell diagonal states (after
partial transposition), escapes our technique.

Information [bits]

0.008 0.04 0.08
0.006 0.03 0.06 /————————-
0.004 _ 0.02 i 1 0.04 |
0.002 / 001 / 0.02F /
Pl L Ll Dimension o L Ll Dimension Pttt a1l Dimension
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Information [bits] Information [bits] Information [bits]
0.10 0 /"——___
010 /'—'-—_— 0.15 /'——_—_ s
0.06 / 0.10 / 0.15 /
0.04 0.10
002F 0.054 005F
"""""""""" Dimension s L ns L Dimension oLl Dimension
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
Information [bits] Information [bits] Information [bits]
04 05 8(.73
osb o1 ( H
02 S E 4H
/ 02f gg
0.1 01 34
Dimension Dimension 3 ~ Dimension

20 40 60 80 100

20 40 60 80 100

20 40 60 80 100

FIG. 5. Plots of information vs dimension show the values of I(A : B), (blue line) and 2/(A : B),r (orange line) for several values of «,
starting with ¢ = 0.1 in the upper left corner and increasing by steps of 0.1 until @ = 0.9 in the bottom right corner. The solid area highlights

the gap between I(A : B), and 2I(A : B),r.
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Any Bell diagonal state can be expressed in the form of a
matrix

ay +a_ 0 0 ay —a-
1 0 by +b_ by —b_ 0
PBell = 7 )
2 0 by —b_ by+b_ 0
ay —a- 0 0 ay +a-

(51
where the entries are weights of appropriate Bell states:

et = A |V ) (V| + a_ | ) (Y| + bilo) (pr] + D_]9-)
(¢_|. After partial transposition we obtain the desired family
of states:

ay +a- 0 0 by —b_
r _ l O b+ + b_ ay —a— 0
Pl =51 0 ay —a_ by +b_ 0
b+ —_ b7 0 O ay + a_

(52)
Since T is an involution, we have (pg.;)" = ppen. We check
now if some of the states of the form ,olgeu = pgeng exhibit a
gap between localizable and repeated randomness. Note that
every Bell diagonal state has maximally mixed subsystems.
Since partial transposition does not change the entropy of the
subsystems, the same holds for pg.g. Hence the condition
I(A 2 B)pyyq > 21(A: B),r is equivalent to: S(AB) gy, <
2S(pLag) — 2. ie.,

S(AB) g < 28(AB) ., — 2. (53)
This condition is equivalent to the following one:
2H({ay,a_,by,b_})—2
>H({3(as +a_+by —b_), 3(ar +a_ — by +b_),
May —a- +by+bo), A—ay +a_ + by +b)}).
(54

We can use the above condition if the state pg.y i separable,
that is, for ay,a_, by, b_ < % We have searched for the
gap via 5 X 10° random tests of PBen States, yet did not find
any case with a gap in Eq. (53). Indeed, for a large region
of parameters we are able to confirm that considered states
escape our technique.

To see this, let us denote a; = % a_ =%, b, =
b_ = %. Then the condition of Eq. (54) reads

o)t (1—a)’
2H<{E}i:1>—2>H({ _ }1:1). (55)

It turns out that the converse inequality holds, if only «; ¢
[1/3,1/2] for all i =1,...,4. This can be seen from ex-
panding 2 = . o;, and observing that the converse inequality
holds elementwise:

2(3) —a <n(1_2“"), (56)

under considered condition on «;, where n(x) = —xlog, x.
The latter fact is confirmed by plotting the difference of the
LHS and RHS using Mathematica 7.0. In terms of parameters
a+ and by of the state pgeyg we cannot decide based on
the aforementioned results if the state has limited repeated
randomness if a, by € [0, %) U (%, %]. This fact allows us to
conjecture that all the states pgeyg escape our technique.

o3

X and

IX. DISCUSSION

In this manuscript we have studied the relationship be-
tween private key and private randomness obtainable from
quantum states, treated as quantum resources. We have shown
that the states containing ideal privacy (private dits) belong
to the set of states containing ideal private randomness (inde-
pendent dits). We have then asked if the topology of loyalty in
the network of repeaters can be modified by free operations
of the resource theory of private randomness. We focused
on the simplest repeater: two stations A and B linked by
connections with an intermediate station C. The problem we
focused on is whether there exists such an action of the
three parties that, after performing it, A can relay solely
on loyalty of B instead of trusting an intermediate party C.
While entanglement swapping is an example of such type of
an action in the case of pure (maximally entangled) states,
we show that in the case of the mixed states it is not so
(in general).

To achieve our goal, in analogy to the rate of the repeated
private key, we have defined the rate of repeated private
randomness and shown an upper bound on the latter quantity.
It is equal to twice the relative entropy with respect to the
maximally mixed state. The bound holds for states with
positive partial transposition. To exemplify the phenomenon,
we showed that the separable Werner states for sufficiently
large dimensions exhibit a gap between localizable private
randomness and a repeated one. Interestingly, the states used
in [7], exhibiting limitation on the repeated key, cannot serve
as good examples in our context. This is due to the factor 2
appearing in our upper bound [one cannot achieve the gap
between I(A: B), and 2I(A : B),r]. Improving the bound
to characterize the subset of states (especially the subset
of separable ones) that exhibit the gap between private and
repeated private randomness is an important direction to study.
Our Theorem 4 and Corollary 2 are analogs of Lemma 12
and Theorem 13 of [7], respectively. The former yield the
same bound as the one presented in our main result (Corollary
1). This is in contrast with the results for the private key.
Indeed, in the latter case, the mentioned Theorem 13 of [7]
presents the bound on the repeated private key without factor
2. However, a study in this direction allowed us to show that
for PPT states the repeated private randomness of p ® p is
upper bounded by the same function evaluated on p" ® p',
which is of independent interest.

We also studied a limited repeater of private randomness
in which the three parties first perform identical operations
on each copy, and later perform the best CLODCC protocol
on all obtained copies of A and B, without the help of C. We
showed that a certain idit, which is not in the PPT set, exhibits
an extreme gap for large d. Our findings in this respect do not
have a direct analog in [7] and can be extended to hold for a
private key.

Presented results open an interesting perspective for further
research. First of all one could discuss the implication of
results presented in the paper for the simplest possible case,
i.e., 2 ® 2 states. The first step toward solution has been made
in Sec. VIII, showing that such construction is not straight-
forward and more sophisticated techniques or candidates are
needed.
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Secondly, as it was proposed also in [13], one could
consider in the context of our paper the amortized approach
in which the allowed operations can bring k bits of private
randomness (e.g., in the form of purity). The output ran-
domness gets further lowered by k in the end. This is to
compute the private randomness content of a given quan-
tum state rather than private randomness of an operation.
Since the latter class of operation is still to be explored, we
have followed here the approach of [13] based on CLODCC
operations.

From the broader perspective we could ask a ques-
tion: which quantum resources (or just properties of quan-
tum states) are “transferable” via a quantum network
of mixed states? We have shown that the limitation on
the transfer of certain resources is not bound to pri-
vate key only. Designing axioms for a resource theory
to have limited transfer is an interesting direction of
studies.

It is also essential to show an analog of the obtained results
for channels rather than states, in the spirit of [30], and for
states with negative partial transposition, adopting methods
of [31]. Further investigation of interdependencies between
private randomness and private key can also lead to fruitful
results.
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