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The notion of conditional expectations have been studied only for alge-
bras, since its definition is based on the notion of the multiplication of
clements. In this article, we work with an order unit space, which may
be considered as an JBW-algebra, however {he multiplication in such
an object is not defined. We consider a natural question of extending
the notion of conditional expectations to the order unit space. We
introduce the definition of conditional expectation in the spaces with
an order unit and show that this definition agrees with that given for
JBW-algebras. The theorem on existence of conditional expectations

on generalized spin factors is proved.
1. Introduction

An order unit space presents a statistic model [7], as a space of affine
functions on the space of states. Lately, the theory of those spaces is

intensively developed.

In the classical model a space of states is a simplex. Generally, it 1s
an arbitrary convex set in a local convex space. In the case of commutative
algebra elements of the order unit space is interpreted as a space of observed

on a measure space.
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In the works (2, 8, 9] the conditional expectations on W*- and JBW-
algebras are studied. The order unit space which is being an ordered linear
normed space, can be considered as an JBW-algebra by the normed struc-
ture. Naturally, the question on extension of the notion of conditional
expectations to the order unit spaces with order unit is born. In the pa-
per we give the definition of an conditional expectation for the spaces with
order unit. We show that this definition agrees with definition given for
JBW-algebras and we prove a theorem on existence of conditional expec-

tations on generaiized spin factors.

2. Preliminaries

Let A be a real linear ordered space. We denote by A" the set of its
positive elements. An element e € AT is said to be an order unit if for any
a € A, there exists a pumber A € Rt such that —ie < a < Ne. If the order

is Archimedean, then the mapping defined as
a— |lall —inf{A>0:-Xe<a< Ae}

is a norm in A. If Ais a Banach space with respect to this norm then we

say that (A, e) is an order unit space with the order unit e [1].

Let V be a real linear space with the generating cone V1 possessing

a base K, i.e.

v=vt-vt, vt=|JAK, MNK=2, as A\ # 1.
A>0
We suppose that the set B = conv(K U —K) is radially compact, i.e. the
set BN L is a closed bounded segment for any straight line L passing

through the zero element of V. In this case the Minkowsky’s functional
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llell = inf {\ > 0:p € AB} turns V into a normed space called a base-

norm space. Below, we denote this space by (V, K).

Let (A, e) be an order unit space, (V, K) be a base-norm space. Sup-
pose that these spaces are in separated, ordered and normed duality. This

duality we denote by < -, >.

Further, a linear weakly *_continuous mapping R : A — A with
R2 = R is called projection of the space A. A projection R is called
smooth if for a € kert R = AT Nker R, the condition p€ VT, <a,p>=0

implies < a,p >= 0. A projection Q is said to be a quasicomplement of R if

ker' R =im*Q, im'R=ker" Q.

A projection R is called P-projection if R and its quasicomplement () are
smooth and ||R|| < 1, |Q[l < 1. Tt is known that the smooth quasicom-
plement of P-projector R is always unique. Further we denote it by R'.
Elements of the set U = {u = Re: R is P-projector in A} are called

projective units.

If A is an JBW-algebra, projective units are idempotents, and P-
projectors have the form Ra = Upa, where p is an idempotent.
3. Main Results

Let (A, e) be an order unit space and let B be an order unit subspace

of A, which contains e.
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DEeFINITION 1. A linear mapping F : A — B is said to be a condi-

tional expectation with respect to B if

2.a>0= E(a) > 0;

3. E(Ra) = R(Ea) for all P-projectors R in A such that Re € B
and a € A.

It is not difficult to show that || E|| = 1.

Indeed, let @ € A and |la] € 1, i.e. —e < a < e. Owing to the
positivity of £ we have E(a +e) > 0 and E(e — a) > 0. Since F is linear
and E(e) = e, the last inequalities mean that —e < F(a) < e. Hence,
|El| < 1. But E(e) = e. Therefore | E|| = 1.

Definition 1 implies that E is an idempotent mapping, i.e. E(E(a)) =
E(a), for all a € A, in the other words, F? = E. Indeed, if u € B is a
projective unit, then u = Re, for a P-projector R, and by conditions 3
and 1 of Definition 1 we have E(u) = E(Re) = R(Fe) = Re = u. Fur-

n

ther, let @ = 3 \;ju; be a simple element of B. Then, obviously, u; € B

=1
n n

and E(a) = > E(\u;) = Y. Mu; = a. It means that F(a) = a. Since
i=1 i=1

E(a) € B for any a € A, the equality E(F(a)) = E(a) holds.

As it was stated above, an JBW-algebra is an example for an order

unit space. The conditional expectations on JBW-algebras are defined as
follows [2].
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Let A be an JBW-algebra with the unit 1 and let A; be an JBW-

subalgebra of A containing 1.

DEFINITION 2. A linear mapping F : A — A; is called an condi-

tional expectation if
(i) E1) =1;
(ii) z 2 0= E{z) > 0;
(iii) E(ax) = aE(xz) Vz € A, Va € A;.

This definition agrees with Definition 1, i.e. an conditional expecta-

tion on JBW-algebras satisfies also to Definition 1.

THEOREM 1. Let M : A — Ay be a linear mapping having the

properties:
1) M(1) =1;
2)z>0= M(z) >0
3) M(Uy(z)) = UpM(z) Yz € A and for any idempotent p € A;.

Then M is a conditional expectation.

PRroOOF. The properties (i) and (ii) of Definition 2 are obvious. We

will check the condition (iii).

Let M(Uy(x)) = U,M(z) for any idempotent p € A; and Vz € A.
Then we have Uy(Mz) = M (Uyz), forallz € Aand p' =1 —p€ A;. It

is known [5], that the Pierce decomposition z = Upx + 2Up & + Uy x takes
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place for € A with respect to the idempotent p. Therefore we have

M(z) = M(Upzx) + M(2Up yz) + M (Uyz) .

On the other fmnd, the Pierce decomposition for Mz is the following:
M (z) = Up(M(z)) + 2Up (M (z)) + Uy (M (z)).
Hence, by the condition 3) of the theorem, we get
22Uy (M () = A!(Q-Up,prz).

Since Up pyx = 2px — 2p(px) by Definition (see [5]), the last equality means
that

2p(M (z)) = 2p(p(M (x))) = M (2pz — 2p(px)).
Similarly by the condition 3) of the theorem we get
2p(p(M(z))) — pM(z) = M (2p(px) — pz).
Summing these equalities, we obtain
pM(z) = M(pz) Vz € A, p € A;.

Since M is weakly continuous and a linear span of idempotents is weakly

dense in A7 we conclude that

aM(z) = M(ax), Vz € A, Va€ A;. U
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Further we shall consider of the following examples

ExaMpLES 1. 1) Let (A, e) be an order unit space and let p be a
state on A. For a € A, we put E(a) = p(a). Then E is the conditional
expectation with respect to the subspace B = {\e: A € R}

2) Let Q be a P-projector in A. Put E(a) = Qa+Q’'a, Va € A. Then

E is the conditional expectation with respect to the subspace
B={a€eA:a=Qa+ Q'a} = imQ + imQ’.

In fact, for the map E the conditions 1 and 2 of Definition 1 are obvious,

since ( is a P-projector. Let us to check the property 3.

Leét Re € B, i.e. Re € imQ + #mQ'. 1t means that R and @
are compatible, i.e. RQ = QR and RQ' = Q'R (see [1], 5.26). Hence,
RE(a) = E(Ra).

DEFINITION 3. A state 7 on A is said to be a trace if
r(a) = 7(Ra) + 7(R'a)
for every a € A and P-projector R.

Let p be a state on A. If p(Ea) = p(A), then we say that E preserves
p. It is easy to see, that the conditional expectation E from Examples 1)

and 2) preserves the states p and 7, respectively.
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The following question of interest: when does a conditional expecta-
tion for a given subspace exist? The answer still remains open. We can
will answer in the special case, when an order unit space is a generalized

spin factor.

Let X be a reflexive Banach space and let the unit ball X; of X be
a smooth, strongly convex set, i.e. the own faces of the unit ball X 1 of the
dual space X™* are only the sets of the form {o}, where ¢ is an extreme point
of X7, and for each o € 9eX] there exists an unique element z € deX 4
with o(z) = 1.

Consider the spaces A = R+ X and V = R + X*. The order and

norm on A are defined as:
a=a+z20 & a2z, o =|a| + |z

(p=7+E20 & B> &, loll =max(|8],I€]))

for a € A, p € V| respectively.

Clearly, A is an order unit space and V' is a base-norm space. More-
over these spaces are in separated, ordered and normed duality with respect

to the form:

{a.p) ={a+2,8+&) =af +&(z), (1)

where £ is a bounded linear functional on X.

The order unit spaces of this construction are called generalized spin
factors [4].
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The trace T on a generalized spin factor is unique and defined as fol-

lows: T(a + ) = .

Since the unit ball of X is a smooth, strongly convex set, elements
of the form of u = % + %x(,, where z¢ € X, ||zo|| = 1, are projective units,
and P-projector R corresponding to u has the form Ra = {a, @) u, where
4 is a continuous linear functional on A having the properties: (u, ) =1,
llall = 1.

Let A = R+ X be a generalized spin factor and let B be its arbitrary
subspace. It is not difficult to show that B has the form B = R+ Xo, where

X, is a subspace of X.

THEOREM 2. The trace-preserving conditional expectation on A with

respect to B exists if and only if there exists a projection T from X into Xp.

-

PROOF. Necessity. Let there exist the trace-preserving conditional
expectation E with respect to B =R+ Xy. ForVa=a+z € A, the
element Fa € B has the form

Ea=a+Tz. (2)

Here T is a projection from X into Xj.

Indeed, let Ea = o + f(x) + T for a functional f on X and a linear
mapping T : X — Xo. Take u € B and let u = Re. Since Eu = u,

the property 3 of conditional expectation (i.e. the equality ERa = REa)

implies that (a,@)u = (Ea,@)u, ie. (a,i) = (Ea, ).
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Since the projective unit © € B has the form u = % - %II?(), Ty € X,
lzoll = 1, and it corresponds to the state U =1+¢& in B*, where & € Xz,

[€oll =1, (€0, 20) = 1, we have

(@,8) = (o + 2,1 + &) = o + &y(2),

(EBa, @) = (e + f(z),1 +&) = o + f(x) + &(Tx).

Hence we get f(z) = &y(z) — o(Tz). Then due to the fact that u € B is
arbitrary, we have f(z) = 0, for all z € X and §o(Tx) = &(z). It means
that Fa = o + T'z. Since E is idempotent, we get

a+Tm:Ea=E2a=E(a+T$) =a+ Tz,
which implies T2z = Tr. So, T is also idempotent.

Now, we will show that |7 < 1. Let a = o +z >0, ie o> |z
Then E(a) = a+ Tz > 0, ie. a > ITz|. Hence, ||T ()] < 1. Since
Hﬁ” < 1, we have ||T|| < 1. Therefore T is a projection.

Sufficiency. Let a map T : X — X, be a projection. We set
E(a + 1) = a + Tz. We shall check that E is a conditional expecta-
tion with respect to B.

Indeed, the condition 1 of Definition 1 is obviously satisfied, since
€ =1+0in a generalized spin factor. We will check the condition 2. Let
@=a+z2>0,ie a2 |z. Since ||T| < 1, we have ITz|| < ||z||. There-
fore | Tz|| < . It means that Ela+z)=a+Tz>0.
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Now we will check the condition 3. Let u = % + %IU, and let it cor-
respond to the state 7 =1+ &p in B*, & € X{;. We have

ERa = {a,4Yu=(a+2,1+ &) u = (a + &(x)) u,

REa = (Ea,i)u= (o +Tz,1 + &) u = (a + & (Tz)) u.

Since T is a projection from X into Xy, then 7™ is a projection from Xg
into X*. It means that &(Tz) = &(z) for all z € X, & € X{. Therefore
we have REa = FRa.

Preservation of the trace for E follows from the definition of a trace.
O

REMARK. A similar theorem for JBW-algebras is proved in (3].

THEOREM 3. Let A =R+ X be a generalized spin factor, p =1 +&
be a state on A and let B = R + X be its subspace. Then p-preserving
conditional expectation with respect to B exists if and only if there exists a

projection T from X into Xo with the condition T*E = .

ProOOF. Necessity. Let E: A — B be the p-preserving conditional
expectation with respect to B. By Theorem 2, there exists the projection
T from X onto Xg and it has the form E(a +z) =a + Tz. Therefore,

p(Ea) = (E(a +3),p) = (o + Tz, 1+6) = a + §(T2),

pla) = (o + 2,1+ &) = o +&(x).

Since E preserves the state p: p(Fa) = p(a), we have
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§(Tz) =&(x), ie. (T, )= (&, 7) Vr € X.

Hence, T*¢ = €.

Sufficiency follows from Theorem 2. ' a

COROLLARY 1. Let A =R + X be a generalized spin factor, p be
a state on A, and let B = R(A) + R'(A) for the P-projector R. Then the
conditional expectation with respect to B preserves p if and only if p = 14,

where © = Re.

It is known [6], that if a Banach space admits a bounded projection
on its subspace, then it is a Hilbert space. The similar statement takes

place for generalized spin factors:

COROLLARY 2. Let A = R + X be a generalized spin factor. A
conditional expectation with respect to arbitrary subspace Ay C A czists of

and only if X 1is a Hilbert space.
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