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Summar~. This paper deals with loca! uniform rotundity (LUR). weak loca! uniform 
rotunJit) (WLUR), and weak uniform rotundity (WUR) of Orlicz spaces equipped with 
Orlicz norm under the case of finite and atomless measure. It is proved here that (I) both 
LUR and WLUR coincide with that the Orlicz spaces are reflexive and rotund, (II) WUR 
coincide with UR. Finally, a sufficient condition for uniform rotundity in every direction 
(URED) is given. 

1. Introduction. With Luxemburg norm, most rotundities of Orlicz spaces 
have been investigated [1 - 8]. But with Orlicz norm, no rotundity except R, 
UR and HR seemed to be discussed before. This paper con iders some 
rotunditie with Orlicz norm, one will find that the corresponding rotundities 
betwcen the two equivalent norms are of much difference. 

Let u introduce some definitions and notations first. 
Let (X, I I) be a Banach space. X i aid to be (WLUR) LUR 

provided that for any Xn, x 0 in X with li Xn li ~ 1, li x 0 li ~ 1 (n= 1, 2, ... ), 
lim .\11 + x0 =2 implies (x11 -x0 ~0 as n~r::,) lim x 11 -x0 =0. X is 

11 -+ ,y 

said to b~ (WUR) UR providcd that x 11 , y 11 in X with li x„ li < 1, I y" li ~ 1 
and lim x11+.r11 =2 implics (x 11 -y 11 ~0 a n~CG) lim l x 11 -y 11 1i =O . X 

,, ł f n 7 

is said to be URED provided that Xn, z in X with li Xn 11 = 1, li Xn + z li ~ 1 

(n= I, 2, .. ) and ~1'!1 [[x,+; z[[= I implies z= O. 
Throughout this paper, we denote by G a measurable space with 

finite atomless measure, M (u), N (v) a pair of complementary N-functions 
and p (u), q (r) their derivatives on the right, re pectively. For a measurable 
function 11 (t) defined on G, we introducc the modular of u by Ru (u)= 
= J M (u (t)) dt. The Orlicz space Lt1 generated by M (u) i defined by 

G 

Lt, = [u (t) : :la> O. R,1 (au)< ~ 1- The Orlicz norm and Luxemb1Jrg norm 
of an element u in Lt, are defined. respect vely, a follows 
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llullM= sup Ju(t)·u(t)dt, llull<M>=inf{)>0:RAdui) ' 1. 
R-v(v)~ 1 G 

Sometimes, we also use the following subspace of Orlicz space Lf1 : EM= 
=(u(t):VJ..>0, RM().u)<oc}. We always express by MELJ 2 that M(u) 

satisfies condition LJ 2 for large u, by ME V 2 that NE /J 2 . 

LEMMA 1. [9] For u in Lt, if there exists k > O such thal 
J N (P (k I u (t) I)) dt = 1, then 
G 

li u IIM = f lu (t)I p (k I u (t) I) dt = ! (1 + RM (ku)). 

G 

LEMMA 2. [2] For any nonzero u in Lt, there exists k0 > O suclz tnat 

li u IIM = inf ! (1 + RM (ku))= /
0 

(1 + RM (k 0 u)). 

LEMMA 3. [3] Suppose ME LJ 2 , Xn in Lt with li Xn li ~ 1 (n = 1, 2, ... ), 
then (i) li Xn ll(M) ~ 1 implies RM (xn) ~ 1; (ii) RM (xn) ~ O implies 11- ·n ll<M)~ O. 

LEMMA 4. [4] Suppose MELJ 2 , x 0 , Xn in Lt (n=l,2, .. ). Then 
R 11,,1 (x 11

) ~ R \I (x0 ) and x 11 (t) 14 x 0 (t) (converqen ·e in measure) implies x 11 ~ x 0 

in norm. 
We say M (u) is strictly convex if M (au+(l-a) v) < aM (u)+(l-a) M (v) 

whenever a E(0, 1) and u -=I- v. 

LEMMA 5. Assume that M (u) is strictly convex, that kn, hn are bounded 
and that Xn, Yn in Lt satisfies 

n= 1,2, ... , then llxn+YnllM~2 imp/ies knxn(t)-hnyn(t)40. 

Proof. Analogous as in Lemma 11 in [ 4]. 

1 
LEMMA 6. Assume ~Xn} in Lt, is norm bounded, li Xn li \I = k (1 + R \I (kn Xn)) 

n • 

(n= 1, 2, ... ), then kn ~ oo implie Xn (t) 14 O. 

Proof. Note that the N-function M (u) has the property M (u) u~ er 

as u~ oo. 

LEMMA 7. The set K = {k: llxllM ={(t+RM (kx)), a,;; llxllw s:b} is 

bounded for any b ~a> O if and only if ME V 2 . 
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Proof. Sufficiency. Denote u0 = M- 1 
( 

2
m:s G )- Similarly as the proof 

of Theorem 4.2 in [9], it i" easily verified that ME V 2 ifT there exist 

p > I and / > 1 such that M (lu) ? plM (u) for all u ? u0 . For given 

b? a> O and x in Lt, uppose k satisfies a~ li x IIM = ! (1 + R .w (kx)) ~ b . 

1 1 
Since li x li CM) ~ 2 li x li M ? 2 a, by the definition of li · lic.>J), we ha ve 

RM ( ! x) > 1. Therefore 

Now, if k > -~I, then we an choose a 1 atural number i such that 
a 

. I . I 
I' < 3 ak ~ I' + . By repeated util izing the formula M (lu)~ plM (u) (u ? u0 ), 

we get M (li u) ? pi [i M (u) (u ~ u0 ) . Hence, 

1 
> -,z 

1 . . 1 . . '( 6 . + 1) a . >-p' l'· - >-p' l' / - l' = -p1 

k 2 1/' a 61 

Therefore, i < log/1 (6lh /a) implying k ~ ~ [[1 + log, 161" 1111. 
a 

Nec ssity. If M + 2 , then there exist !11 , 11 ex, with 11 .y 2 and M(ui)mesG ? 

> ! s eh thai M(l,u,)<(1 + ! },M(u,) (11= 1,2, ... ). For ach n= 1,2, ... , 
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1 
select a subset Gn of G such that M (un) mes Gn = 4 and define x" (t) = 

= Un XGn (t) where XGn (t) exprcsses the charactenstic function of Gn , t hen 

! = RM (xn) ~ IJ Xn IJ(M) ~ li Xn IIM ~ }(l +RM (In Xn)) = 
n 

= 1: + :. M (/,, u,) mes G,,,: i+ 1: ( +-:,) I, M (u,) mes G, = 

= _!_ + _!_ (1 + _2_)-+ _!_ 
I" 4 n 4 

If { kn} satisfies 
1 

li Xn li M = r(l + RM (kn Xn)), then kn > 1 and SO 
n 

Let n-+ oo, we see k"-+ oo completing the proof. 

2. Local rotundity. 

THEOREM 1. The following are equivalent 

(i) Ltt is locally uniformly rotund, 

(ii) Lt, is weak/y locally uniformly rotund, 

(iii) ME LI 2 , MF\ 2 and M (u) is strictly conrex. 

Proof. (i)~ (ii) Trivial. 
(ii)=> (iii) Since WLUR => R, by [1, 2], M (u) is stri.ctly convex. lf 

M $ LI 2 , there exists x0 E Lt1 E..,1. Define 

Xn (t) = {Xoo, (t)' w hen 
when 

lxo (t)I ~ n 

I Xo (t) I > 11 

then XnEE ,..,1 (n= 1,2, .. . ) and llxn ll M111 Jl xo ll .... ,, therefore 

li Xn Xo li ( 1 l ) j Jl 2 - +--- ~ ---+ -- Xn .\t-+ 
ll xn ll M 1l xo llM At Jl xn ll. .. , ll xo ll.w 

On the other hand, since x 01EM, there exists fE(Lt1)* (the dual of Lt1) 

such that f (x0 ) -=I= O and such that f (u)= O for all u in E.,, . Thu , 

f (xo Xo I „1 -x" Xn I H) = J (xo) li Xo I \f -=I= O contradicting (ii). 
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lf W \ 2 , then there exist akjoo and a sequence [Gn} of patrw1se 
c,;:, 

disjoin subset of G such that E ~r G\ U Gk is not a null set and such that 
k=1 

V ( ( I + {) a,) > 2' N ( a.) and N (a,) mes G, = 1 /2' 

/.· = 1, 2, ... . It follows that for any n ~ 1, Rv (an Xe;,,)= l/2n < 1 and 

R, ( (1+ :, ) u„ x,;") > 2" R, \a, YG") = I, hence, by the definition of 11 · 11.v,, 

lla„X<,,1" 1 ?1 (1++)-
Denote c = /1,- -

1 
( 1 'mes E), c, = ,v - 1 

'( 1 -
2

:, /mes E) and r,. (r) = c,x, (t) + 

+an xl. (t), hen Cni ,rl' R, (c xd = implies I r·x,. ·1,,1 = 1 and 

T 1 J 
R (l'11 ) = · (c 11 ) mes f + N (.1 11 ) nK:'1 (',. -= 1- 211 + fn =-- 1 

Recall thJt tE ,' 1 )*=1Lt1. II i!H) 19] and CX1c, a11 xc.,,,EE\', therc exist 
Yo, X,,f.=Lf, \. i1h li. ·o I u= 11 ·11 il ,1 = 1 and \.o (t) = Xo (t) XI. (t), x

11 
(t) = x„ (t) X0Jt) 

such tha 

1 =- 11 c;t1d ('.) = J <Xdt) ·0 (L) dt = J c-x0 (t) dt 
G E 

(1+~)' ,'a„x,;J,, ~ f a,X<,"U\x,(t)dt= f a,x.(t)dt 

' , Gn 

{n= 1, 2, .). Now. observing RN (v 11 ) = l and XEE EN c (L\)*. we have 

: ., 0 + x, 11" :;, J (x 0 (t)+ x, (tł) r, (t) dt = c, J,0 (ł) dt-t a, r , (t) dt :;, 

:;, c,Jc + 1 / ( 1 +-¾-)- 2 

and 

IE (xo-Xn) = J (xo (t)-xn (t)} f.L (t) dt = J x0 (r) dt = 1/c > O 
G E 

also contradicting (ii). 
(iii).::::> (i) Suppose (iii) holds. For g1ven x 0 , x 11 € L't \ ith li x 0 il \f = 

= llxn!IM=== 1 (n= 1,2, .. ) and atisfying llx11 +x1 1I-+2, we nave to ,how 
I Xn-Xo IIM-+ O which reduces to that {.·n) c ntam.' a ub~eąuence convergent 

to x0 in norm, since above x 0 and xn are arbitr?rily given. 
For cach n= O, l, 2, ... , choose k11 1 uc.:h th- 1 = li Xn IIM = 
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1 = r(l + RM (kn Xn)). By Lemma 7, ~kn} IS bounded, therefore, from 
n 

Lemma 5, k" x" (t) 4 k0 x 0 (t). lf we are a ble to show that { kn} contains 
a subsequence {knJ convergent to k0 , then by the choice of {kn}, 
RM (knj Xn) = k"i - 1 -+ k0 - 1 = R-..1 (k 0 x 0 ), it immediately follows by Lemma 4 
that li k"i Xnj- k0 x 0 li M-+ O therefore {xnJ converges to x 0 in norm, completing 
the proof. 

For any e > O, since ME V 2 , by Lemma 3, there exist a> O and 
F.

1 > O such that RN (v) < a implies li v ll<N> < B, and that RN (v) ~ 1-a 
implies li v li 1 ''> < 1 - 28'. Moreover, sin ce ME L1 2 , by [9], t here exists c5 > O 
such that li x 0 XF IIM < min {e', Bkn/k0 } for all n~ l whenever F c G with 
mes F < ó. 

Without loss of generality, we may assume k" Xn (t) "~ko x 0 (t), (since 

a sequence convergent in measure contains an a.e. convergent subsequence), 
therefore, there exists a subset G0 of G such that mes G0 < [) and 
that {kn Xn (t)} uniformly converges to k 0 x 0 (t) on G\ G0 . 

Since li Xn + x 0 IIM-+ 2, we can select Vn in L~ with RN (vn) ~ 1 (n= 1, 2, ... ) 
such that 

J [xn (t)+xo (t)] Vn (t) dt-+ 2. 
G 

It immediately follows that 

J Xn (t) Vn (t) dt-+ 1, J Xo (t) Vn (t) dt-+ 1 (n-+ oo) . 
G G 

Thus, there exists N> Osuch that J x 0 (t) v" (t) dt > 1-8' (n> N). Furthermore, 
G 

by Holder's inequality, when n> N, we have 

1- 8
1 < J Xo (t) Vn (t) dt = J x 0 (t) Vn (t) dt + J Xo (t) Vn (t) dt ~ 

G G\Go Go 

~ li Xo li M li Vn XG\G0 li (N)+ li Xo XG 0 li M < li Vn XG\G0 li (N)+ e' 

Recalling the choice of a and e', for all n > N, we ha ve R ( v" XG,c;0 ) > 1-a, 
therefore 

R (vn XG
0

) = RN (vn)-RN (vn XG\G
0

) < 1-(1-a) = a 

which implies li Vn XG
0 

ll<N> < 8. Hence, for all n> N, 

I Jx, (1) v, (1) dt-11 = I r [x. (1)- :: Xo (1)}, (1) dt + 
G\Jo 

+ J :: x0 (t)v.(t)dt-l+Jf x.(t)- kko, x0 (t) 1,.()dt !? 
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~ I I [ x, (t)- ~: Xo (t)}, (t) dt + ~: Jxo (t) v, (t) dt-11-
G\ o 

Let n _. oo , we o btain lim I k0/kn - 11- 28 = O t herefore kn ~ k0 since 8 is 
n-+ oo 

arbitrary. 

3. Weak uniform rotundity. It is shown in [3] that Lt is UR if and 
only if the following two conditions are satisfied: 

(I) M E L1 2 and M (u) is strictly convex, 
(II) M (u) is uniformly convex for large u, i.e., for any 8 > O, there 

exist u0 > O and b > O such that p ((1 + 8) u) ~ (1 + b) p (u) for all u ~ u0 . 

For WUR, we present 

THEOREM 2. Lt is weakly uniformly rotund iff it is uniformly rotund. 

Proof. By Theorem 1 and [3], conditions (I) and (Il) ~ UR ~wuR ~ 
=> WLUR => (I) and ME v2 . It only remains to verify the necessity of 
condition (Il). 

Select a > O and A c G with mes A < mes G such that N (p (a)) mes A = 
1 

2 . lf (11) does not hold, then there exist 8 > O and Un > O such that 

p ( ( 1+,) u,) < ( 1 + ! ) p (u,), 
1 

N (p (un)} mes (G\ A) ~ 2 , 

(n = 1, 2, ... ). Hence, for each n= 1, 2, ... , we may choose Gn c G\ A such 
1 

that N (p (un)} mes Gn = 2 . Denote 

and definc 

kn = (1 +8) Un p ((1 +8) un} mes Gn+ap (a) mes A 

hn = Un p (un) mes Gn + ap (a) mes A 

1 1 
Xn (t) = k (1 +8) Un XGn (t)+ k axA (t), 

n n 

1 
n = 1, 2, .. . . We estimate the norm of Xn, Yn and 2 (xn+ }n). Since 
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J N (p (k, x, (t))) dt;, J N (p (h, y, (t))) dt = N (p (u,I) mes G,+ 

1 l 
+ N (p (a)) mes A = 2 + 2 = l 

by Lemma 1, the definition of kn, hn and Young's inequality, 

\\ y, IIM = I y, (t) p (h, y, (t)) dt = ';;, p (u,) mes G,+ :. p (a) mes A = I 

G 

and 

1 
llxn \1 ~ k (l+R\t (knX11)) '::::: 

li 

kl \ J N ( p ( k 11 • • n (t))) d t + r- M ( k II X II I t) t I --
11 I J 

, c; 

= kl, I k, x, (t) p (k, <, t)) dt = 

G 

1 1 
= r(l +c:) Un p ((1 +r-) ul!) mes Gn +-rap (a) m s .4 = 1. 

n n 

n= 1, 2, .... Since MEV 2 , there exists k > 2 such that N (2r) ~ kN (r) 
for all v ~ p (ui) >O. Combine the convexity of N (v). we have 

'> N (P ((1 +c) u,)) < N ( ( 1 +-¾} (u,)J s, 1-~) N (p (u,))+ 

+ N (2p (u
11

)) < N (p (u11)) + N (p (uu))= I + N (p (11 11 )) I k \
1 

k) 
n 11 n . 

theretorc 

I Ht~~: x,(t):y,(t)))dt= 

G 

= N H k\¼h, (17.' + h~) u,)) mes G,+ 

+ (p ( rth. ( :. + :. ) ) ) me A < 

<(1+ ~) [N(p(u,))mesG,+ 
k 

(p (a)) mes A] = 1 +11 
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It follo\\ s that 

J ( 
1 ( 2kn hn Xn (t) + Yn (t) )) dt ~ l 

N k P kn+hn 2 ~ 
1+-

hence. ty the definition of kn, hn and li · li M 

li x,~Yt;, I x. (t)~Yn (t) \ P ( t::: 
G l+-

l 

k 
ł+­

n 

n 

Xn (t) +
2 

Yn (t) ) 

593 

dt ~ 

(l~~) {[ 1:.' u.p(u.)mesG.+ :. p(a)mesA ]+ 

+I+ u" p (un) mes Gn+ -: p (a) mes A]}·~ 
L n n 

+-( a~mesA]+ 
1

1 }= 1 

1+7,/• 1+7, (1+ ~) (1+-{;-). 

This shows that li ; (x.+ y.) 11 ... --+ 1 as n--+ oo. 

X I (t) E Finally, observe - E c (Lt,)* and 
a-mes A 

I XA (t) 1 1 
[Yn (t)-xn (t)] A dt = -h - -k 

a . mes n n 

G 

to show that {Yn - xn} doe not weakly converge to zero finishing the 

proof, it is sufficient to verify that +- / does not converge to zero. We 
n n 

may reduce thi to showing that {kn} is bounded ince 

kh-hn = [(1 +r,) Un P ((l +t) un}-un p (un)l me Gn ~ 
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n = 1, 2, .... From the inequalities in [9], for every n= 1, 2, ... , 

u" p (u") mes G" ~ ą (p (un)) p (u") mes G" ~ N (2p (un)) mes G11 ~ 

hence 

k. ,; (I +e) (I+~) u, p (u.) mes G.+ap (a) mes A ,; (l +e) k + 

+ap (a) mes A 

completing the proof. 

4. Uniform rotundity in every direction. 

THEOREM 3. ff' M FL'.1 2 and M (u) is strictly convex, then L't is uniformly 

rotund in every direction. 

Proof. Suppose that MEL'.1 2 and that M (u) is strictly convex. For 

given z, x" in Lt, with li x" IIM = 1, 11 Xn+z IIM ~ 1 (n= 1, 2, ... ) and I lx,,+ 
11 

+ ~ z \IM ->l, we need to show z= O. 

Assume z i= O . 

First, we show that {x"} contains a subsequence convergent to az 
in measure for orne real a. If ~x"} or :x"+z} contains a subsequence 
convergent to zero in measure, then the statement is true while we take 
a= O or -1. If not, then {kn, h"} is bounded where {kn, h"} satisfies 

1 
1 ~ li Xn+zllM = 11 (1 +R,,1 (hn (.X'n+z))} 

. n 

(n= 1, 2, ... ), therefore, by Lemma 5, k"x"(t)-h"(x"(t)+z(t))40 . Without 

los of generality, we may assume that k"--+ k0 and that h"--+ h0 . Hence, 

ho 
x" (t) 14 k I z (t) (z i= O implies k0 i= h0 ). 

o- lo 
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Sec:>ndly, we may assume Xn (t) 14 az (t) i= O (otherwise, we consider 
x,,+z instead of Xn below), therefore, RM (az) > O. It follows by ME'1 2 

that t 1ere exist /3 > O and b > O such that J M (az (t)) dt > f3 and 
(i (' 

li azx.e I "1 < ~ for all e c G satisfying mes e < b. Since a sequence conver­

gent ir measure contains an a.e. convergent subsequence, we may assume 
, 11 (t )'

1..:..+ a: (I), therefore, there exists a subset G0 ··of G with mes G0 < ci 

such oat {xn (t)} uniformly converges to az (t) on G\G0 and that az (t) 
is bou. ded on G\G0 . Knowing that kn > 1, we see 

I = li x. 11" = kl. 11 \JM (k. x. (t)) dt+ JM (k. x. (t)) dt I? 

), li x..xc, ll.11 + k: G I, M (k. x. (t)) dt ), li ,,. )'..;, li 11 + G I, M (,,. (t)) dt, 

(n= 1, 2, .. . ). Let n_. ex> , we get Lim il Xn Xr; t
1 
li.,, ...::; l - J M (az (t)) dt < 1 -/3. 

11 --+a_ G <,
0 

Fimll. , since li x.+{ z t--+ I, there exists v. in Lt with RN (v,),:; 1 

(n = I , 2, .. ) such that f I x,. (t)+ ½ z (t)_J v, (t) dt--+ I. This immediately im-
<, 

plies that J Xn (t) Vn (t) dt _. 1 and that J [x„ (l) + z (t)] vn (t) dt _. l therefore 
( ; <, 

J z (t) 111 (t) dt _.O. Since 
<, 

J Xn (t) Vn (t) dt ~ J Xn (t) Vn (t) dt + li Xn XG
0 

IIM 
G G G0 

and 

Lim II X11Xc 0 II M < 1-/3 and xn(t)u~az (t) on G\G0 , let n_. oo, we obtain 

Lim J a z (t)rn(t)dt=Lim J x„(t)zn(t)dt> 1-(1-/n=/3 , 11 -+ ~ (, G
O 

n oc Ci G 
0 

Therefore 

o= Lim Jz (t) l 'n (t) dt ~ Lim i z (t) ln (t) dt -11 =XGo li \f > ~ - 2/J 
tr -+x n -+x ':J. (1, 

, 0 ' o 

Thi s contradiction completes the proof. 

Qu no . In the proof of Theorem 3. M ~ 2 i once used to indicate 
Lim li -:.xi.11 u = O. Since URED • R. it i. nece ary in Theo rem 3 that 

mc,c ,() 
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M (u) is strictly convex. The question here is w het her or not the a~ sertion 

m Theorem 3 still holds withouw condition M FL'.1 2 which is not necessary 
as far as I know. 
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4ett lllyTao, HeKOTOpble 0KpyrJI0CTH npocrpaunea OpJIH'ła c uopMoH Opmt'ła 

HacT0511UaSł pa6oTa n0CBSłlUeHa xapaKTep1na1urn .110Ka:IbHO paBHO\,!CpHOH , cna6o 'lOK,Ulbll0 
paBHOMepH0H, cna6o paBHOSłepHOH H paBHOMepHOH B npou1B0.Jbll0M m111pas.1eH11H OKpy­
r ocTHM npoMepaHc rn Op,rnt1a c uopMofl Op;rnt1a . ,aoKa1brnaeTCS1 , <110 10 Ka;1b110 paB110Mep11aS1 
11 CJia6o Jl0KaJibH0 paBH0MeptiaSł 0Kpyrnoc rn C0Bfla).J.aKH c rcM, l( ro npocrpaucrno SłBJJSłeTCSł 

peqrneKCHBHbJM H '"' KPYfJlblM, H cna6o paBII0Mepmrn 0KpyrnoCTb coarra lHel C p..tBHOl\1CpHOH 
0KpyrJI0CTbłO . HaK0Ht:U, JiaHbl HeK0T0pble 0CTaT0'-IHb!e yc. l0BHSł Jl., !Sł paBHOMCpHOH 0Kpy, JIOCTH 
B npOH3B0,1bH0M HanpaBneH!HI. 
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