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Summary. on-commutative integration theory was initiated by Segal [6]. Here, we give 
the concept of a "subadditive measure" on projectors of a von eumann algebra, which 
generalizes the regular gage in the sense of [6], and simple proofs of some theorems on 
the completeness of the non-commutative Lebesgue spaces and of the non-commutative Lorentz 
ones. The proofs of the e theorems are based on the "subadditivity" of the gage, with its 
"additivity" disregarded. Theorems 2.3 and 2.4 are well known in the commutative case. 

1. Preliminaries. Throughout, S2I stands for a von Neumann algebra 
acting in a complex Hilbert space .Yf. The centre of the algebra d is 
denoted by !!l'. As is well known, there exist a locally compact Hausdorff 
space Q, a Radon measure v (unique up to equivalence of measures), 
a *-isomorphism <P: !!l' ~ ff 00 (Q, v) and a dim ensi on function d ( · ) (unique 
up to multiplication by a positive real measurable function) mapping the 
projectors from .Sll into v-measurable non-negative extended real-valued 
functions defined on Q and satisfying conditions 1-9 of ([6], definition 1.4). 
The set of all orthogonal projections from sd is denoted by Proj. (d). 

DEFI mo 1.1. A subadditive measure on projections of a von eumann 
algebra .Sll is a function m:Proj. (s#) ~ [O, oo] such that 

(i) m (O) = O, m (p) =O~ p = O; 

(ii) p <, q~ m (p) <_; m (ą), p, qEProj. (w); 

(iii) p,...., q ~ m (p) = m (q), p, q E Proj . (.ci); 

(iv) m(p+ą) ·, m(p)+m(ą), p,ąEProj. (.w), p1-q; 

(v) Pnip~m(pn)im(p), P,PnEProj. (.w). 

Note that 

m (p v ą) ·, m (p)+ m (q), p, q E Proj. (#) . 
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