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Throughout this paper, we denote by m, a regular gage in the sense
of [6] and by m, a subadditive measure defined as follows

me (p) = inf {0 < a << co:v[d(p)>a] < a}.

We say that a densely defined closed operator a affiliated with & is
m-measurable if (see [3], [1])

m(EeH)—-0 as A- oo,
where |a| = j Jde, is the spectral resolution of |al. & ()= ¥, stands
0

for a *-algebra of m-measurable operators.
The rearrangement a(x) of an operator ae¥, () is a function
a (2):(0, o0) = [0, o) defined by (see [9], [1])

a(o)=inf {0 < A < co:m(eh) < af,

where |a| = [ Ade,.
0 .
.. (o) is a Frechet space with the metric (see [1])
o(a, b)=inf {¢ > 0:m (eL) < &} = inf {& > 0:(a—Db) (e) < &},

where
la—b|= | Ade;,a,beZ , ().
0
We say that a sequence of m-measurable operators {a,} converges in
measure m to an m-measurable operator a(a,™a) if a, converges to a
in the metric o (-, -) (see [7], [3], [1]).

ProposiTioN 1.1. ([1], proposition 2.7). If a, ™ a (a, a,€ Z;,) then a, (o) — a (&)
at each point of continuity of the function a ().

A support of an operator an</ is the smallest projection pe.o/ such
that pa=a.

2. Completeness of spaces ¥ % (of), L3 (/) of m-measurable operators.

Dernition 2.1, (cf. [9], [2], [5], [1]). For each ae ¥, (/) we set
© 1/6
(1 Ha||a=%§ a"(a)da% ,0<d< 0;
0

2 llall,=sup {a(@:a>0};
(3 llallo=m(supp|al);

o ~ ”—%ij ) 1o
4) Ilallw=§§[a a"(a)da} ilfeidie o)< 0.< @O,

0
(5) llallso =sup {a'?a(®):a>0},0<d < 0.
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Note that
lallss = lals, 0<d< o0.

DeriniTION 2.2. We define the spaces ¥ (/) (non-commutative Lebesgue
space) and Z% (o/) (non-commutative Lorentz space) of m-measurable
operators a by the conditions

LLA)=Li={acZ, Nals< 0,05 0} ;
LW ) =25 = (aeZ,:|als < o}

Observe that || - |l5,, 0<d <00, 0<0 <00, is a quasi-norm (norm in
special cases) in the space £%. Onviously, £ (<) is a vector space and
[ - o is a O-homogeneous norm. In other words &% is a normed Abelian
group in the sense of [4].

PROPOSITION 2.1. %9 (o) is complete (with respect to the metric defined by
the 0-homogeneous norm | - |,).

Proof. Suppose |a;,—a,|o—0 as k,n— oo, where deXall), 2
It is immediate that the sequence {a,} is fundamental in measure and, hence,
there exists an operator ae %, a, ™ a. Moreover, for n > 1, ay—a,» a—a,
and meas. {supp [(a,—a,) (@)1} = m (supp | & —a,|) = || a—a, [y — 0 as k, n—
— 0. In consequence, |[a—a, |, = m(supp |a—a,|) = meas. {supp[(a—a,) (®)]} -0
since (a,—a,) () ¢ (@a—a,) (@) at each point of continuity of the function
(@a—a,) (o), qed.

THEOREM 2.1. For 6 > 0, 4% (/) is a complete quasi-normed space.
Proof. It is not difficult to observe that

a(@=inf {la=bl,:Iblo < o}, a2,
Using theorem 5.10 of [4], it now follows that
Eopbe gt il B
where 6 = 6/(6+1), o = Oy.

To finish the proof, it suffices to use theorem 54 in [4] and propo-
sition 2.1, g.ed.

RemMARk 2.1. Fix a non-negative countably additive measure u defined
on the og-algebra of all Borel sets of the half-line (0, c0) with the

properties: 0 < u[(0,f)] < o0, 0<f< o0, ul0,0)] =00, [ a@?)du -
o 0
.const. | a(x)du. We define the space %% (/) by the condition
0

!Ialla=’}oa"(a)du}”", 0<d< .
0

&% . is a quasi-Banach space for each 0 < < oo (Banach space in special
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cases). Indeed, let || a,—a,|s;—0 as k,n— o and a,™ae ¥, (). Then
lim
la=aplls = lla=a,l’ 11 < 10 == Il&—a, |’ 13 -0,

as n— oo since |a,—a,|°™|a—a,|® as k—»oo (see [1], corollary 5.1).

Completeness of weighted <}, (<) spaces. Fix a non-negative m- -measurable
(or gross m-measurable in the sense of [1]) operator t. Let ¢~ ' exist and
let t~'e ¥, that is, m(e}) >0 as Z—oo and m(e;) >0 as A—0. Let
0 < & < oo. We define the space £2 , (/) = ¢}, , (non-commutative weighted
&% space) of measurable operators a by the condition

lalsme=llals.= 12 at"??]; < oo.

Obviously, Z2 ,(</) is a vector space and | - ||, is a quasi-norm (norm

in special cases). ‘
THEOREM 2.2. For an arbitrary 0 < 8 < 00, %3, (/) is a quasi-Banach space.
Proof. Let {a,} = 2 , be a Cauchy sequence Hence, by theorem 2.1.

(see also [1], proposition 32) (g POEVE g = l20 120 g o 1/29) 41120
Z {128 12 @ (of), that is, a,™a€ ¥, and t"* (a,—a,)t'*° D 2% (a—
—a,)t as k— . So, in virtue of Proposition 1.1,
i lim
la—aylls, = 11t"2° (@—an) t2° |5 < o 18222 (ay—a,) t172° ||, =
lim

=-k_“ak aylls,,—0 as n— o0,

which ends the proof of Theorem 22, g.ed.

REMARK 2.2. Let </ be a finite and o-finite von Neumann algebra and
¥ a faithful normal state on /(¥ (1)=1). As is well known [6], there
exists a regular gage on Proj. (), at =0, t€ 9’,:,1, besides, there exists
a unique linear functional m, (-) on the space i/’,},l that extends m,; and

Y (a) = m, (at) = m, (ta), ae .

It is clear that t~! exists and t~ '€ ¥, . We define (see [8]) the space
2} (o) (non-commutative 4% space associated with a faithful normal state y)
of ml-measurable operators a by the condition

lallsy=1alsm..=1t"*°at"??];,m <.

This definition does not depend on the regular gage m, (see [8]).
More generally, let / be a semifinite von Neumann algebra and Y
a falthful normal semifinite weight on the posmve cone .o, of o

Y (a) = sup m, (t7 aﬂ) acd,,

n
where t = j e, t, = [ Ade;, t,t ‘€%, (or t,t”'-gross m;-measurable in

the sense of [1]). We deﬁne Lo L .
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Using theorems 6.2 and 64 of [1] we have

THEOREM 2.3. Let </ be a finite and o-finite von Neumann algebra. Suppose
that </ contains no minimal non-zero projections. Then i/’;‘,,‘_,, has the trivial
dual for 0<é6</y_;, i=0,1.

To finish, let us notice the verity of the following theorem [1].

DEerFINITION 23, A set A = #2 (/) is said to be uniformly m-integrable
of order 4 if it satisfies the following conditions:

()  For any ¢ > 0, there exists some ¢ > 0 such that, for any pe Proj. (¢/),
m(p) . o and any aec A

lapl; = Ialpls - .

(i) For any &> 0, there exists some g€ Proj. (¢/), m(q) < o0, such that,
for any ae A

laghlls=lllal g- 15 - e.

THEOREM 24. ([1], theorem 3.2). 4 sequence 'a,} of operators from
L5 () converges in 2 (/) to an operator ae ¥} (/) if and only if
a, ™ a and {a,} is uniformly m-integrable of order 5, 0 < & < 0.

CoroLtary 2.1 If |a—a, ||; > 0 (a, a,e L3 (7)), then |a,|® - |a| in L ()
Jorio: =ik
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J1. 1. Lluax, JIuneiiHO-TONOIOrHYECKHe NPOCTPAHCTBA ONEPATOPOB, MPHCOCIHMHEHHBIX K aiaredpe
¢on Heiimana

HexOMMyTaTHBHasi TEOpHs MHTETPHPOBaHHS Oblia BNEPBBIE NMOCTPOCHA WU. E. Curanom B [6].
B 5Toli 3aMeTKe BBOAMTCS MOHATHE ,,Cy0a/UIMTHBHOH Mepbl” Ha MPOEKTOpax anredpsl HoH
Hejimana, KOTOpoe oboramaer MOHSTHE HEKOMMYTATHBHOH MephI Curana. 3aech e TpPHBO-
AATCS TpSMbIE J0KA3aTelbCTBA TEOPEM O MOJHOTE HEKOMMYTATHBHBIX MPOCTPAHCTB Jle6era
u Jlopentna. Jloka3aTenbcTBa 3THX TEOPEM ONMPAIOTCS TOJLKO HA cy6aUIMTHBHOCTb MEpBI
6e3 WCIONB30BAHMA ee alaMTHBHOCTH. Teopembl 2.3 u 2.4 XOpOIIO H3BECTHBI B KOMMYyTa-
THBHOM CJIy4ae.
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