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THE FIRST ORDER PREDICATE CALCULUS BASED
ON THE LOGIC OF QUANTUM MECHANICS

The fundamentals of the logic of quantum mechanics were discovered by
Birkhoff and von Neumann [1]. But the definitive formulation of this logic can
be obtained only after reconstrueting the whole quantum mechanics on grounds
of this logic. In spite of many successes {2], [3], [4], such a reconstruction has
not been so far fulfilled. We are also compelled to take into account that the
difference between the logical and the nonlogical iz not distinctive. Under
the cireumstances it is reasonable to elaborate a logical caleulus which is in
line with the usual canons adopted for logical caleulus, on the one hand, and
which contains the largest possible part of the quantum mechanical laws on
the other hand. Calculus @ deseribed below ig proposed as a solution to the
gquestion we have put.

The alphabet of a quantum logic containg the signs 7,v,—, 3 (negation,
alternative, implication, existential quantifier), a set V = {z,y, 2, ...} of indi-
vidual variables, a set P of predicate symbols and parentheses. Formulao
are formed in the usual way and constitute the algebra F = {F°, 7],v,—>.
We agree that we may omit parentheses, keeping in mind that 7 and 3 bind
stronger then v and — binds weaker then v. o

The rules of transformation contains thirteen axioms and three rules’ of
inference:

A1, XvY¥—>YvX,

A2, XV(¥VZ)»(XvY)VZ,
A3, X—"]7X,

Ad, Ay X,

Ab. X—=>Xv¥,

AB. Xv (T &XvY) X,
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AT, —1(X—>Y)V(_1(Y—>Z)V(X—->-Z)),
AB, WX T)WW(EZVvX—-ZVTY),

A9. (X—+Y)->HXVvY)IVY,

Al0, (X VIWY—(A-=Y),

All. X1 UXVY)VI)VY,

Al12. T(X-T)v(1XVvY),

A13.,  JXy—JdxXa,

B1. X, 1AvYR Y,

B2. XY 1¥Y—>"14,

B3. Xy—¥ i JzXz—>Y.

Here X, Y, Z ¢ F°; z,y ¢ V. Xy means a formula X with marked variable y
and Xz means the result of substitution of » instead of all free occurrences
of y in this formula. The eonclusion in the rule B3 does not contain ¥ freely.
The sign - means the derivability (in one step here). We denote the deseribed
formal system by .

Let I'C F°. We shall speak, X is derivable from I" and read I' |— X if there
iy such a finite sequence of formulac ended by X, that any formula of this
gequence satisfies one of the following conditions:

1. it belongs to I7
2. it is one of the axioms Al—A13;
3. it is obtained with the help of the rules of inference B1—B3 from pre-

Cursors.

A,B,..— X will mean {4,B,..}— X; -X means @ X; I'y X means
o {X}
There are few examples:
Pi. FXvX—X,
P2. —(XvYWEZ-XV(TVZ),
P3. XXy THUTIEVY),
P4, XY ZvX—>ZVY,
P5. X>Y-XvZ->YVZ,
Ps. XY (Y- 2)>{X+Z),
Pi. XY, YV X+ {Z-X)>(Z-7),
P8 - 1 1X-X,
P9. FXvY—1(THXVE)IVY)IVY,
P10. (A VY) VY)YV,
P, —Xv(¥v¥)—»Yv Y,
Pz, Xv 1 X-Y-Y.
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The proofs are below; the reasons are indicated to the right of lines.

)y L Xv (TIAvY) X (AS)
2, 17XV W TTIX VYY), (1, B2)
3. (XX I(IXV ) v

(v XXy (XY (T IXY ), (AB)
4. Xv X=XV (X v (11X v YD), (2, 3, B1)
5 Xv(TXv (11X VY)- X, (A6)
6. XV XXy (XY (T EV D))y
(ME@V (T ATV T) > D)y (XY TTIE - X)), (A7)
7@ T TIX Y TV Y) = X)v(X Y T X - X)), (4, 6, B1)
8 Xv XX, (5, 7, B1)
9, XX, (A3)
10, (X1 X)X vE XV 1), (AB)
11. XyX—+Xv 17X, (9, 10, B1)
12, YLV XXy ITX) v (X v T X - X)v(X v - X)), (A7)
13. HXV ITIX > X)V( Xy X-»X), (11, 12, B1)
14, XvX—>X. (8, 13, B1)
i) (XvY)VZ—>Zv(XVY), (A1)
XVvY—>YVX, (A1)
ZV(XVY)>Zv(¥VX), (A8, B1)
ZVYVvX)>(ZVvY)VX, (AZ)
(ZvY)WWX->Xv(ZvY), (A1)
INY—>YVZ, (A1)
XV(ZVY)—~X V(Y VZ), (A8, B1)
(XvY)WWVZ-XV(YvZ). (A7, B1)

iii} is baged on A3
iv) is based on A8 and B1

v) X7, (a8s.)
ZvX—=ZVY, (P4)
XvZ+ZvX, (A1)
ZyY—>TYVvZ, (A1)
XvESTYVvEZ. (A7, B1)

vi) X 7Y, (ass.)
XVvZ-+YvZ, (P5)

NTVE)—=UXVE), (B2)



vii)

viil)

ix)

Xi)

xii)

TWYVEWZ>WAVZ)VE,
NYVEWZ— (X —Z),
(Y Z)—>(X—= 7).

X%,

Y—-X,

ZyY—-ZviX,
WZVX)—>"HZVY),
WEVX)w X~ (ZvY)vE,
WEVY)WWX T ZvYE)WWDE,
L)X+ THZVY)IVY,
(s X)) (Z-+X).

Xy XX,

TX - Y I X v 1D,

XY X)) =Xy (71X v 1A,
Xv Xy X)X,

X=X,

XU XVTWVI)VY,

VY (X VYV TV T,

XvY—"1 UXvY)vY)v(YVY),

HUXV DIV VY) =1 v VTV,
IvY -1 XvY)vVY)VY.

HEVY)» X vY)VY,
UXVY)VE) T THE VY,
HHXVY)VY)= X VY,

U NXVYIWVE WY (X VY)VE,
(UXVIIVE)V YK VY.

Yv 1 Y—=Zvy(Yv 1Y),

KY v IY)v(ZV(YV Y,

Zv(Yv 1Y),

1 ((XV(YV TY)Yv(YV 71’)] V(YY)
Av(¥v 1Y)=»Yv Y.

Xy 7X—-Y%,

HX Y AWV Y,
Y,

(P5)
(A10, A7, B1)
(A9, A7, B1)

(ass.}

(as8.}

(P4)

(B2)

(P5)

(P4)

(A7, B1)

(A9, A10, AT, B1)

(P1)

(B2)

(A3, A1, A7, B1)
(AB)

(A7, B1)

(A11)

(P5)

(P2, A7, B1)
(P1, A8, A7, B1)
(A7, B1)

(A5)

(B2)

(P8, AT, B1)
(P53, AT, B1)
(P2, A7, P1, B1)

(A5, Al, A7, B1)
(A12, B1)

(A4, B1)
(subst.)
(A10, A12, B1)
(as8.)

(A12, B1)
(B1)
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The gystem ¢} gives a new definition of a quantum logic. The old algebraic
definition of it [5] is based on lattices. By the orthomodular lattice we mean
an algebra L* = (I*, | ,u, ~n), such that the following conditions are ful-
filled for any a, 8,y ¢ L*™:

L1. aw f=fua,

Le. (awlvy=aw(fuwy)

L3. att = q,
1.4, aw (fuw pt) = pw pt,
Lb. aw{amf)=aqa,

L6. avf=(avp)npt)up,
1.7, anf=(atovpht.

One may also regard L™ as an algebra with only two operation L and v,
Then L7 will be an abbreviative definition of ~. On the other hand, against
the opinion of some investigatiors (see as an example [5], page 441), the impli-
cation may by considered with the help of an abbreviative definition

D1. aaﬁi(auﬂﬂ‘uﬁ.

In that way we get an algebra L — (I°, +, v, D>, which we call the quantum
lattice. By the way, the operation « may by eliminated from by means of
definition.

D2 auf=(adf)DP

Indeed, in consequence of D1 («DB)Df = (((a vt u ) ﬁ)L v B, and
the last is equal to o+ § in consequence of L6. At last, if we introduce a new
constant 0, then we may eliminate the operation - also, taking an abbreviative
definition
D3, al = a2 0.

at

It is well known, a partial order in any lattice can by defined with the
help of
D4, aéﬁiauﬁ:ﬁ.

0 and 1 are the zero and the unit elements of L.

Lemma 1. The conditions o << f and a2 § = 1 are equivalent in any quantum
lattice.

Indeed, let @D # = 1. Then we have (e v )t v f = 1 in consequence of DI,
or (av B) ~ pt = 0. Therefore ((a v )~ pLY) v = p and this is equivalent
to e f=§ on account of LG. Conversely, let ¢ < f. This means auw =7
and then ¢D f= (awfB)tuf=pruvf=1
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Let € Dbe _any scb of individuals. Any mapping i: V & C gives rise to
a morphism 7: F o F°, from the algebra of formulae # into the algebra of
“guasiformulae” 7, Hme i(X) is the result of substitution of i{2) in a formula X
instead of all free occurrences of any variable a.

Definition 1. We call the triplet A= (0, L, h> a model of a set of formulae I,
if Cis a non-empty set, L is a quantum laitice, h: F° L is a morphism of the
algebra of quasiformulae F° into L, preserving the operations 1, v, — (turning
into +, v, D), and the following conditions T and G are fulfilled:

H. h(Qz Qx) = | k(Qa),

aeC

where AxQw is any quasiformula, beginning with 3 and |_) denotes the infinite join.
G RE(X) =1
for any i and X < F°,

Definition 2. We call a formule X < F° true in model £ if for any i, h(f (X)) =1

Theorem 1 (comsistency). If I'- X then X is frue in any model of T

This theorem follows from lemmas 2 and 3 below.

Lemma 2. Any awiom A1—A13 is true in any model t.

Let us put e=i(@), b=i(y), a=7nEX), B=Hi(Y), v = k(7).
In all cases we may replace the proof of «D p = 1 by the proof of a < § in
congequence of lemama 1. We verify:

1)—v) The verification for A1—A5 is casy.
vi) aw (et v )t < e is true in consequence of L7, 1.3 and L5.

vii) (@D Bt v (B p)t v (@D p) = (D1)
=(avw )y ((Buy)nyt)ulauy)tuy = . (L6)
=(avp)npluBuyoleuy)t= (L6)
=(aupuyulau )t = (L)
=fuflevy)uiauy)t=1

viii) (@D )t vy uadyuf) = (D1)
={lavpfrpolyvavyofitoyoup= (L6, T4)

= (avw flu(yvavfituy=1
ix), x) are true in consequence of DI.

) a<<{avptupop
o= aw ff . (Li6)
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xii) (@2 pf)tvetup = ' (D1)
=((avp)np)upoat = (1.6)
=avfuat=1

xiil) a(b) < |_Ja(a) is true according to the definition of the infinite join.

ael’

Lemma 3. The set of formulae, true in a model A is closed under the rules of
mnference B1—B3.
We verify:
iy X a=1 and o' v =1, then = 1. This is evident.
i} If e<< B, then f* < ol. This is true in consequence of T.1—IL7.
iii) If for any b ¢ € a(b) < B, then | ) a(a) < f. This is evident in consequence
ael
of the definition of the infinite join.

Passing to the establishment of the completencss of ) we define the re-
lation = in the set of formulae F°:

E. X :Y:(;(I‘}—.X%Y and I'-Y-» X).

Lemma 4. = is a relation of congruence in the algebra F,

Indeed, this relation is symmetric and, in consequence of A7 and Bl1, it
is transitive. Hence, it is a relation of equivalence. This relation is also con-
sistent with operations of F' in consequence of B2, P4 and P5, P6 and PT.

Lemma 5. The Lindenbawm-Tarski’s algebra [6] F| =~ is a quantum lattice.
This means, L1—L6 and D1 are true for 7| =, v/ = and —|~ in the capacity
of 4+, v and D.

The proof is received by referring to Al, A2 and P2, A3 and P8, A5 and P11,
Ab and A6, P9 and P10, A9 and A10.

The natural morphism f: F+s ¥/~ possess some important properties.

Lemma 6. If I'— X-> ¥, then f(X)< f(Y).

Indeed, if I''X— Y, then I'- XvY—7Y, and, certainly, I'— ¥ >Xv Y.
Therefore XvY =~ ¥. This means f(X) v f{Y)= f(¥) or f(X) = f(Y).

Lemma 7. § = (V, Ff/ =, f> is o model of I

In consequence of lemma 5 it is enough to verify the conditions H and .
G is evident.

For proving H it is enough to show for any X, ¥ ¢ F°: for any yeV
JXy) < f(3z Xz), and if for any y « V f(Xy) < § then fAzX2) < f. In conse-
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quence of lemmsa 6 it is enough to show: for any y « V I't—~ Xy — Jx Xw, and
if for any yeV I'~Xy-+ 7Y, then I'- do Xo— T, But A13 and B13 express
just the last.

Lemma 8. If f(X)=1, then I'—-X.

On account of P11 f(Yv 71¥) = 1, therefore,if f(X) = 1,then X = ¥Yv T7Y.
It means I'=Yv 1¥—X and in consequence of A13, A7 and Bl, I'-X.

Theorem 2 (completeness). If a formula X is true in any model of T, then I't— X.

Indeed, so far as & is & model of I', we have f(X)=1 in & and, in conse-
quence of lemms &, I''— X.

Figure 1

Note 1. Piron [5] proposed the fullest list of axioms for a set of sentences
of the quantum theory. Our calculus @ corresponds roughly to the axioms
‘of the Pivons groups O, T, ¢ and P, but does not reflect the axioms of the
Pirons group A. The last group contains two axioms (see [5], page 448):

A, If s a # 0, then there exists an atom o such that o < a.

A,. Tor any atom o and any a,fel f a<f<<avww then f=a or

f=auv o,
{(Atoms are the minimal elements of L— {0}).

In our opinion, there is no simple logical caleulus of the first order, which
corresponds to the axioms of Pirons group A too, because these axioms there
are of typical “second order” character.

Note 2. The deduction theorem, taken in the form “If I'y X |- Y then
I'—~ 1X v Y” is not true. Indeed, to obtain & contradiction let us agsume that the
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deduction theorem is true. We have evidently 12vX, 11Zv 1XvY,Z Y. Then
we conclude from the deduction theorem that 7ZvX, 7Zv 1Xv ¥ Zv Y.
In consequence of theorem 1 this means y' w f =1 for any quantum lattice
in which yt v a=1 and y*velw f=1. But it isn’t true for the twelve
element lattice given in Figure 1 above.

Of course, the stronger deduction theorem “If I', X ¥ then I'- XY
is also false.

References

[1] Birkhoff G., von Neumann J.: The logic of quantum mechanies. Annals of mathematies,
vol. 37, p. 823—843, (1936).

[2] Jauch J.: Poundations of quantum mechenics. Mass., 1968.

[3] Gudder 3., Piron C.: Observables and the field in quantum mechanics., Journal of mathe.
matical physies, vol. 12, No. 8, p. 1583—1588, {1971).

[4] Maczynski M. J.: Hilbert space formalism of quantum mechanios without the Hilbert space
axiom. Reports on mathematical physies, vol. 3, No. 3, p. 209—219, (1972).

[5] Piron C.: Awiomatique quantigue. Helvetica physica acta, vol. 37, p. 430—468, (1964).

[6] Rasiowa H., Bikorski R.: The mathematics of mefameathemutics, Warszawa, 1963,

2 - Reports on Mathematical Logic, vol. 3



