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Definition 1. The set R of elements @, 9, ... is called a normed
ring, if: a) it is a complete normed space with multiplication by com-
plex numbers; b) together with the elements x and y oxists their product
xy possessing the wusual algebraical properties and continuous atb least
with respect to one of its factors; c¢) it contains a unit elewment e.

1t may be shown that in B exists a norm equivalent to a given one
and possessing the following properties:

fzyli<lizl -yl fell=1i.

In what follows we consider only commutative rings.

Definition 2. A set of elements z, y, ... R is called an ideal I,
if it possesses the following properties: a) if z€ 1, y€ I, then wx 4By el,
where o and f§ are arbitrary complex numbers; b) if z€7 and z is an
arbitrary element of the ring R, then zz¢ /. ‘

The whole ring and the nul ideal, i.e. the ideal consisting of only
one element O, are trivial ideals. Every ideal different from these two -
we shall call non-trivial. ‘

Definition 3. A non-trivial ideal not contained in any other non-
trivial ideal we call a maximal ideal.

Theorem 1. Every maximal ideal is closed (i.e. the set of elements -
contained in this ideal is closed in R):

Theorem 2. Every non-trivial ideal is contained in a maximal ideal.

'The ring of residues E/I, where I iz a closed ideal, may be again
made a normed ring. As is known, the elements of B/I are classes X, Y,

.., congisting of such elements 2/, z’/,... that 2’ —az’"€I. The norm
of the class X is defined in the following way: || X | =inf]z|, where
z€ X. It may be shown that in the ring of residues all axioms of a nor-
med ring are satisfied. '

Theorem 3. The ring of residues to a maximal ideal is the corpus
of complex numbers.

Thus, to every element € R and every maximal ideal M there cor- -
- responds a complex number z (M), namely the number, which is corre-
lated te = by the homomorphism B ~ R/M. Hence follows '

Theorem 4. To every element x€R there corresponds a fanction
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x (M) defined on the set SR of all maximal ideals. To the sum of ele-
ments corresponds the sum of functions, to the product of elemenis— the
product of funciions.

The function z (M) is bounded. In fact, |z(M}|<<{z|. It may be

shown that sup |z (M) -11m ]/ ||z"||. Hence we obtain

Theorem b. If in the ring R there are no elements different ;‘rom
zero, for which ]/ fa?||—=0, then our ring is isomorphic to the ring of

functions defined on the set of maximal ideals.

We shall show that these functions z (M) are continuous. To this end
we must topologize the set YR of maximal ideals. We shall define the
topology by a system of neighbourhoods.

Definition 4. A set K of elements of the ring R is called a set
of generators of the ring R, if the smallest closed ring containing K is -
the whole ring R,

Definition 5. By the neighbhourhood of the maximal ideal M, we
shall mean the set of maximal ideals satisfying the inequalities

ixi(M)_xt(M0”<57 (iﬂlazv---ﬂ@):

where & and » are arbitrary and 2, ..., z, are arbitrary elements of the
set K of generators of the ring I.

The o0 obtained topology in )t does not depend on the choice of K.
The set ¥ of maximal ideals in this topology proves to be a bicom-
pact Hausdorff space and the functions x(M) are continuous on it. As.
the result we obtain the following fundamental

Theorem 6. Every abstract normed ring R may be homomorphically
mapped tn the ring of continuous functions defined on the Housdorff bicom-
pact space of mazimal ideals of the ring R. For the isomorphism it is
necessary and sufficient that the conditions of Theorem 5 should be
salisfied.

In some cases the topelogical properties of the set §t may be stated
more precisely, namely:

1. If the ring B is separable, then the set it is metrisable,

2, If the ring B is generated by a system of n generators, then the
set YN s homeomorphm to a compact subspace of the »-dimensiounal
complex space.

Theorem 7. If in the ring R for each element x there is a complex-

conjugated element, i, e. such an element y that y(M )_m(M) whatever be
M from §R, then each function continuvous on the set N is the limit of a
uniformly convergent sequence of functions corresponding to the elements
of the ring R*.

Hence it follows that if in the ring R a norm is introduced in such
a way that from the uniform convergence of the functions z, (M ) follows
the convergence of the norms of the elements zn {for which it is, for
instance, sufficient to demand that ||#?|=| z[*), then the ring B con-
sists of all functions continuous on ¢ (we agsume that the conditions of
theorem 7 are satisfied in the ring R).
- Thus, in many cases the aggregate of functlons z (M) uniquely deter-
mines the ring. This follows from :

* This theorem was proved by the author together with G. Silov. The proof will
be given in their common paper.
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Theorem 8. Let there be given two normed rings Ry and R,. Lei
the intersection of all mazimal ideals in each of them be the nul ideal.
Then from the algebraic isomorphism of the rings R, and R, foliows their
conlinuous isomorphism. o

The applications of the above results will be given elsewhere. A de-
tailed exposition will be published in the «Recueil Mathématique de
Moscous. :
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