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G. Birkhoff and J. von Neumann [1}, give the following definition of the quan-
tum logic:

The quantum logic is a system W = {M; v, m, >, where M is a set of pro-
positions which is a modular ortocomplementary lattice [2] with respect to the
binary operations U and m which are called the alternative and conjuntion respecti-
vely, and the unary operation " which is called the negation. Thus every model
of quantum logic is a modular ortocomplementary lattice. The most important
model of quantvm logic is the ortocomplementary lattice of linear subspaces of
a linear space. A formula of I is called a tautology of guantum logic, if an arbitrary
substitution, for variables in that formula, of elements from an arbitrary model
gives 1 of this model. An arbitrary formula with »# variables may be identified with
a term of modular ortocomplementary lattice generated by » elements. The problem

’

of deciding whether a formula is a tautology of quantum logic is much more simple
if there is given a decomposition of modular ortocomplementary lattice onto the
direct product of sublattices.

The aim of this note is to prove that every modular ortocomplementary finite-
generated lattice M may be decomposed outo the direct sum of two sublattices
MO and M*. In this decomposition M* is a distributive lattice.

Let M [g, i] be a modular ortocomplementary lattice generated by g and A
We shall use the following notations:

gr=gn(gvinn(gwh),
hh=hn{guh)n(g'uh),
g2 =g Nig1 Vi),

hy = hy (g v i)
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The following two lemmas are casy consequences of the above definitions:

Levma 1. Either equalities hold L =h=

82=1hy =0 or the elements 0, g/,
his 82, fy g1 Wy constitute a sublattice M0 [g, ] of M (g, h] which has the Sfollowing
diagram:

N g1 Uy

g

LEMMA 2. For every ac Mg ] we have the Jollowing unique representation:

Aa=sUh VLUK U,
where se MO (g, h], h=0 or ty=gnh 1,=0 o Lh=gnk,
L=g'Nh ty =0 or t; = g'nhk,
As a consequence we obtain that Mg,
Note the following equalities which
plementary lattice:
De=g1v@Enhugn),
i) h=h u(gn g’ n o,
() if (g nhy v (g youE'nh o nny = I, th
We shall use the following notation

13 =40 or

h] has at most 96 elements.
arc true in an arbitrary modular ortocom-

en gy = Iy = 0.

I(x, ) = (x NPV I IV (x'm ).
LeMMA 3. If q, b, e are arbitrary elements of a modular ortocor
lattice and |(a, b) = &, ¢) = (e, a) = 1, then the triple a, b, ¢ is distributive.

Proof. Observe that it is sufficient to prove the equality @ m (5 U ¢) == {anbyu
V(@nc). Since |(a,b)= (b, )= (e, @y =1

nplementary

, we have the following equalities:

a=(anb)viand, a:(aﬁc)u(anc’),

bz(amb)u(a’nb), b:(bmc)u(bmc’),

c={(anc)uane), c=(bnc)updno.
Thus,

aﬂ(bUc):(aﬁb)U[(a’ﬁb')r‘\(amc)],

@nbyvi@nc)=(@nb)u [(a'v b M ((a b v (a o).
Henge,

am(buc)c(amb)ub)u(amc).
The inverse inclusion ig trivial,
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CorouLARY 1. Let A be a modular ortocomplementary lattice. If for every pai
a,bed |(a,b) =1, then A is a distributive lattice.

Let M = Mpi,pa, .... pu] be a modular ortocomplementary lattice generated
bY P P2 ooy P
Put q;’ =P @G =psi=1,2 .., 0
Let f, s,

. ta be an arbitrary sequence such that ¢ — 0, 1. We shall use the
following notations:

¢ t ta
Bty by oty — 410 VG OV Mgy

%
b =\ Hag . onititlatottn =1}  i=0,..,1%,
k . . .
by = \Uau, by ey it b = i, 1 = 0},

i=0,.,n—1, k=12,..,n,

n—1

pr='Jb k=12 ..n
=0

Pr=pe (PR, k=1,2,.,n,
k4
1* - U bio
=1
10 = (1%,

LemMma 4. There are the following equalities
() Pk = pi 0 19,

w
(i) U pe = 19,
k=1
(i) (pp)" 1= = 1%,
(iv) (pfy'n 10 = 10,

For an arbitrary elements x e M let us put
(x)g = x'm 19, (x); =x'm 1%,

Let M® and M* be subsets consisting of all clements of M which may be ob-
tained from pf, 3, ..., p5 and p{, pi, ..., p% by use of U, A, o and U, N, , respecti-

vely. It is easy to see that M0 and M* are modular ortocomplementary lattices
with respect to v, N, and v, N, ; respectively.

Levma 5. M*® is a distributive lattice.

Levmia 6. M* is equal fo D, where D = D [py, pa, ..., Pr] 15 a distributive com-
plementary latiice generated by pi, P2y e, Pue

THEOREM., M is the direct sum of MO and M*.

*) Here | )4 =

Ted
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Proof. Since pf e MV and p; € M*, then it is sufficient to prove that:
(i) pe = pi v pi,
(i) if @ =a Vay and a; € MO, gy e M*, then o'— (a)y v (a3},
where (ay), € MO, (a3), € M*,
(11[) if a = agVa, b= bl sz and ag, by e MO, a, szM*
then a) a b = (aq Ub) U (g, U by),
b) anb= (ﬂ] M b]_) o (02 ﬂ'ng,
where @y v by, a; N by e MO, g, L by, @y M by s MF,
(1) is obvious. The proof of (ii) is as follows:
a=(ayVa)=a na,~a n(10u 1%) mag = ({a; n 10) U ")y nay =
= (g N 1Y U gy n1¥) = (@)oY (a2
Part a) of (iii) is obvious, the proof of b) is as follows:
anb=(a'vb) = (((a)y v (b)) v (@) v (B2)2)) = ((ar)o v (B1)g)o v
V(@i Y (b2)y), = (@ N by) U (ay A by).
CorOLLARY. M is distributive if and only if

=0y ==p) =0
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