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MATHEMATICS

ON SOME GEOMETRICAL PROPERTIES OF THE SPHERE IN A SPACE
OF THE TYPE (B)

By V. SMULIAN
(Communicated by A. N. Kolmogoroff, Member of the Academy, 30.V1.1939)

Let E denote throughout the following a Banach space (!). A func-
tion || z]| is said to be weakly differentiable (?) at the point
z,, if there exists

lim I} 2p+R-z j|—il 2, ] Z E 1

i ] (z € E) (1)

S. Mazur has shown (2) that weak differentiability of the norm | z| at

the point z,is equivalent to the existence of a single supporting hyper-

plane to the sphere |z{|<<1 at the point z,. If the convergence to the

|| Zo+h || — lizol]
h

limit of the difference ratio is uniform in the whole

unit sphere ||z || <1, then ||z] is said to be strongly differen
tiable (%) at the point z,.

Let Q be an arbitrary set. Then by FE(Q) we denote an arbitrary
linear normed space of bounded functions defined in Q, where |l z||=sup
z(q))- ¢t
l The sequence of points {g,} C Q is called extremal for the function
z,(q) € E(Q), if there exists

elim 2,(¢x)

and A ) :
Zoll =] Lﬂxo(qn)
Lemma. Let 2,€ E(Q), ||z,]|=1, and let {g.} CQ be an arbitrary

extremal sequence of the function Z(q)-
Then for every element z€E(Q), |z||<1, and for any number

0 =+ ]h:<2— there exists such a sequence {qﬁ’”x)} C A=l 254 )¢ ihAR

| g4-h-zlt — 1 2o 1l . . .
I 0 h 0 —Lim z(g,) sign lim xo(Qn) =
ey N—»00 (Z)
< | Lim z(¢,) sign lim zy(¢,) —lim 2(q M) sign lim zo(g45Y)
e n->co n—»co n—»00
Moreaver,

|

lim z,(g?) |1 l< 2 k. (3)

n—rco
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introduced by S. Banach (1)].
Proof. If z€E(Q), ||z| <1 and 0= | k]| <—1—, then there exists such
a sequence {¢%*”} Q that
| Zo+ Rz =[711112 2o(g95 )+ holim 2(gh5?) | .

Then 1
0 <|[lim 2(ga) |—|lim 2o(gs*?) | < | Lim [2(ga) +R-2(gn)] |+
+ [k | Lim #(gn) | -] Lim z4(gz*) [ <

<[ Lim 2(g"?) + h-lim 2(gf*) | 42|+ bl —| Lim 2(¢2%7) | <

<IF-lel + 2] [lim 2(gi5)| < 2: [k |-z ]| < -2- |Al.

The inequality (3) is thus proved. We proceed now to prove the in-
equality (2). We have

1o +k-a|— ||zl > | Lim 24(gn) +h-Lim a(gm)| —1=
=[1+ hlﬂg z(qys)-sign lnim Zo(gn)] —1= h-nljfom Z(qn)-signlim z4(gn)-
On the other hand, o 3 it

| @0+ ke =l 2 || =] lim 24(ga"?) +h-lim 2(gn'*")] —1 =

=[] lim z,(¢%%| + k-lim z(g®)-sign lim z4(g?) ] -1 <

< h-lim 2(g45?) . sign lim z4(g4"™)
n—>00

n~—>0

For the proof of inequality (2) it remains only to compare the last
two inequalities.

Theorem 1. Let z,€E(Q), || z,||=1. Then for the strong differen-
tiability of the norm ||z| in E(Q) at the point x, it is sufficient that
the following condition should be satisfied.

For every extremal sequence {g,} C_ Q of the function x,(q) and every
2(q)€(Q) (=] <1) the sequence

{z(qn) - 2o(qn)}

converges uniformly in the unit sphere (|z||<1) to a limit not depend-
ing on the choice of the extremal sequence {qn}.
Prqof. From -the condition of the theorem follows that the right-
hand side of the inequality (2) may be represented in the form
| im [2 (gn) - 2o(gn)] — lim z(g45) -sign lim z,(¢5"?) | . (3)
n—»oo n-—»0co n—oo
In order to prove the theorem it is sufficient to show that the ex-
pression (3) tends to zero for ~—0 uniformly with respect to ||z | <1-
Asssume, on the contrary, that there exists such an s, > 0 that for every

0< by} < ———2p1+1 (p=1,2,...) there may be found an x,€E(Q),
|zl <1, for which

,,}irg[xp(qn)‘xo(qn)] —lim z,(¢#)).sign lim 2,(g#*) | = ¢, >0. (4)

n—>00
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Take such a sequence {n,}—> co that

i Zo( gy — Lim a,y(¢0'7)| < —:r @ r1:20.)5 (5)
n—>co
xp( g;’;ﬁxp) —1lim xp(qflhp;xp)) < % (p=152,.. % (6)

. : (hps .
Evidently, 1}-}){2 |zo(¢4*?| =1. We may suppose that h—l’)I:Oxo(qu;xz;))

exists and that, consequently, the sequence {¢{'#*?} is extremal :
the function z,(¢). From the relations (4), (5) a7r11pd (6) it follows thaior
lm[2,(gn)-2o(gn)] —2,(guf"™P) - zo(g™) | = 2, (7)
if p is sufficiently large. Since {g,} and {g,(l;lf”'xp)} are two extremal se-
quences for the function x,(¢), from the condition of the theorem im-

mediately follows the impossibility of the inequality (7) f itra-
rily large p. The theorem is thus proved. L yHIAT axhia

CGorollary 1. If E is an arbitrary Banach space, then for strong

differentiability of |'f|| in E at the point f,, |If,!|=1, it is sufficient

that the following condition should be satisfgedli fofi'om ,fo(x,f)—»j:u]{fél!a:elfi

lzn | =1 (n=1,2,3,...) follows that g
|Zn—2Zm|—0  for n, m—oo.

Corollary 2. If E is"an arbitrary Banach s F
' 11a; . ) . space, then for stron
deferentzabzht_y' of liz|| in E at the point z,, || z,| =1, it is su/ficiengt
that the following condition should be satisfied: from fo(zg)—>! 2yl =1,
[ fnll =1 (n=1,2,3,...) follows that ' 0 T e
| fa—fm!—0 for n,m—co.

Ogs)erve that Theorem 1 is a complement to my following theo-
rem (7).

; Theorem 2. Let. o€ E(Q); ||%o]|=1. Then for weak differentiabi-
lity of the norm I]xlj in E(Q) at the point =z, it is necessary and suffi-
cient that the following condition should be satisfied: for every extremal
sequence {qn} C Q of.the function z,(q) and any z(q)€ E(Q) the sequence

{2(qn) - 24(gn)}
con{aer}ges to a limit not depending on the choice of the extremal sequen-
ce {qn}.

' -Corollary__l. If E is a Banach space, then for weak differentia-
bility of ||f|| in E at the point fo, ||foll=1, it is necessary and suffi-
ctent that the following condition should be satisfied: if fo(Za)—1,
izn|l=1 (n=1,2,...), then the sequence {x;} converges weakly.

. 'Coro llar_y 2. If E is a Banach space, then for weak differentia-
bility of ||| in E at the point zy, ||zy||=1, it is necessary and suffi-
ﬁ;‘eni't tihathtke following condition should be satisfied: if fn(2)—>1,
nli=1, then

lim f,(2) exists for all z€E.

We_ shall say that the Banach space E is semi-uniformly con-
vex, if from the relations :

| @, =1, lim ‘
Nn-»00

cunc s MRS ®)

(the convergence being uniform in k=1,2,...) follows that
| Zn— T ||—0 for n, m—oo.
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Every uniformly convex (*) space is semi-uniformly convex.

We shall say that the space E is weakly semi-uniformly
convex, if from the relations (8) it follows that the sequence {z,} con-
verges weakly to a certain element z' € £. Every semi-uniformly convex
space is weakly semi-uniformly convex.

Theorem 3. If the space E is semi-uniformly convex, then ||f
is everywhere in E strongly differentiable.

Proof. Let || fo|i=1, fo€E. Suppose that fo(z,)—1, |[z.||=1. We
have to show that in this case ||z, — Zpn||— 0 for n,m— co. In fact,

20 [ B ] = 2.2 Fo @) 3 Foli i) Fom = Filom+ Tugn) +
ton < | Zut 2nin [ 420 < flon | Zngn [+ o,

where lim s, =0. Therefore the sequence {z,} salisfies the relations (8)

n—>00
and in virtue of the semi-uniform convexity of E the sequence {z,} con-
verges. The theorem is proved.
Similarly we may prove the following proposition.
Theorem 4. If the space E is weakly semi-uniformly convex, then
'l is everywhere in E weakly differentiable.
We have also the following

Theorem 5. If the space E is uniformly convex, then from a) z,
converges weakly to x, and b) || zn||—| x4l follows || zn— x4 — 0.

D. Milman (%) has recently shown that a uniformly convex space
is regular. From one result obtained by D. Milman in common with
the author follows that a weakly semi-uniformly convex space is also
regular.

S. Mazur (5) has proved the following proposition. Let: a) the unit
sphere of E be weakly compact, b) the norm ||z || be everywhere strongly
differentiable. Then: '

1) For any bounded convex and closed set K and an arbitrary point
z, € E lying outside K there exists always a closed sphere such that it
contains the set K and does not contain the point z,. ‘

2) A sequence {z,} converges weakly to z, then and only then when
it is bounded and every closed sphere containing infinitely many ele-
ments of {z,} contains also the point z;, i. e.

3) A sequence {zn} converges weakly to z, then and only then when
it is bounded and

lim [[zn—2|| =z, —2] (z€E).
Nn—>co

If the unit sphere of E is weakly {compact and if the norm '[|z|| is
everywhere in E weakly differentiable, then the space E is regular (7).
Since, moreover, the unit sphere of a regular space is weakly compact (°),
the spaces E possessing the praperties a) and b) of S. Mazur’s theorem
referred to above coincide with regular spaces with strongly differenti-
able norm ||z ||.

From the preceding propositions easily follows that if the space E

(E) is semi-uniformly convex, then the space E (E) possesses the pro-
perties a) and b) of S. Mazur’s theorem.

Theorem 6. Let the space E satisfy the conditions a) and b) of
S. Mazur's theorem and let {z,}€E, |z.||=1, (n=1, 2,...). Then, in
order that the point z, should possess the property:

Lim f(zn) < H(2y) < lim f(zn) (J€E),

n—->00
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it is necessary and sufficient that every closed sphere containing almosy
all {x,} should contain also the point z,, i. e. that v

i || zn—2 ]| > [[5—2| (2€E).
Theorem 7. Let E and E be both uniformly convexz. Then, in or-

der that ||z, —2,||— 0, it is necessary and sufficient that the following
conditions should be satisfied:

oy lim|lzn—2|| = ey—2]  (2€E),
n—co

b) for some z=2'€E
lim || 2, — 2" || = |2y — 2" ||.
n—»co

Odessa State University. Received
2. VII. 193s_
REFERENCES ;

1 8. Banach, Théorie des opérations linéaires (1982). *S. Mazur, Studia
Math., IV, 70 (1933). ® J. A. Clarksomn, Trans. Amer. Math. Soc., 40, 396 (1936).
+D. Milman, C R.Acad. Sci. URSS, XX, No. & (1938). 5S. Mazur, loc.
cit, 128. ¢V. Gantmakher a. V. Smulian, C. R. Acad. Sci. URSS,
XVII, No. 3 (1937). 7 V. Smulian, Rec. Math., 6 (48), 4 (1939). 3

652



