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ON INTEGRATION THEORY FOR SPACES IN SPECTRAL DUALITY
Oleg Tihonov

In this notes some aspects of non-commutative integration
are generalized onto the spaces in spectral duality which
have been introduced by Alfsen and Shultz [2],

Henceforth we shall assume that (V,K) is a base-norm
space and (A,e) 4is the dual order-unit space (see [1}).
Let _x_={xE} be an A'-valued measure on a measurable space
(,4) which is ¢-additive in w”*-topology and x _=e ,
Let f: ) —~ /R be a bounded measurable function. Then we can
define the element I(x,f) ¢ A by the equality

<I(x,f) ,P) = jt d(x,ﬂ) (pGK).

The central place in Al:fsen and Shultz non-commutative
spectral theory belongs to the P«projection notion 1_2]. We
shall not give the exact definition. of P-projection here
and only remark that if A is a self-ad joint part of von
Neumann algebra M , then every P-projection P on A is
of the form Pa=pap for a projection peM . We denote the
set of P-projections on A by % and Z(-{Pe- Pe J] As~-
sume next that the spaces (V,K) and (A,e) are in spect-
ral duality [2]. Then % is an orthomodular lattice and
for every a €A there exists the unique <&/ -valued measure
p_a (spectral measure) on the Borel 4 -algebra on 6(a) =
spectrum of a ~ such that pb(a)-e and a-I(g ,)/) where
y ()= for .e€c(a), Moreover, the map s w(a)=I(p%, »)
for the bounded Borel functions (s ‘on 6 (a) satisfies the
usual properties of the functional calculus,

Next we concider some inequalities for a faithfull trace
Z (i.e. the element of K such that (P +P')T =7 for any
PeP and (a,7)>0 for aeA* , a#0 ) and convex conti-
nuous function ¢: [4,s8]—~R (4,8€R ).

Theorem 1. If a function f 2[4, 8] is measurable, then

(W(I(xyf))’ (I(xy $”"f) T) o (=)
The crucial point in the proof of this theorem is the

following fact which has been proved in von Neumann algebra
case by Sherstnev ( [3], prop. 12).
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Lemma 2, For ae€A
|a,,c) = inf {(a,1+a2,‘2) :a,, a2€A - azaj-aZ/ .

From this result it is easy to show that the equality ()
is fulfiled for any convex piecewise linear function w and
then for any convex function.,

Proposition 3. If aei , o(afjc[a, 3], then
(w(a),T) =inf 2 ¢ (ay) (x;,CT) ,
where inf 1is taken over all representations of a asg a fi-
nite sum a= 2 A.x. with xiéA*,' in=e and A é[ok,-_B'].

i*d
Theorem 4. Let (W,Kw) and (B,eb) be a base-norm space

and an order-unit space in spectral duality, f,’l. B—A Dbe
positive linear maps, b; €B, ¢4 (b;)<[+,8] (i=4, 2) and
either a) J7,(e )f.//g(eb)ze or b) J/I(eb)+w2(eb)z e,

Oela, 3] , w(0)<0 is held. Then _
T, N+ IT,(p(6,)),T) 2 (p(7, (b M+ 5iy(0)), 0 .
Corollary 5. Let P& 7, O0€[48] , w(0)<0, aca
and o(a) < [4,8] . Then
(® ¢(a),T) > (p(Pa), T) .
Corollary 6. Let a; €A, &(ay)c[a, 8| (i=7,2)
0 < ) ﬁj « Then
(¢sea, +(1-20)a,),T) < se{p(a,),T)+(1 - ) (¢(ay),<
Corollary 7. For 7 s p<w the function |
e (P YR [[la® a¢pr, Ty ] Y

is the normon A .

Our next aim is to give the representation of the completi-
onslof A in the introduced norms ( we shall denote these
completions by Lp(‘:) ).

We define J = [P€eV: § 220 (=A< psAT )} ,

K‘c‘ =dz N K and introduce norms on Jot
”JO”p = inf {[Z ’,i(i'p <ea,/oi.)] “/» (7< p<eceo),
where inf is taken over all representations of P as a fi-
nite sum v”=)—_/“iv-oi with o ev?®, Z_piz’f » Ac; €K and
I Ol oo = inf{/l-: 0: = AT = < J'L‘]
Theorem 8. For /<p<oo and a €4
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lall, = sup [ [{a,02]: pedz s ypiy <1f
where p~ ¢ +q'[=1 for p>/ and q=¢» for p=1.
in the proof of this theorem we essentially use the follo-
wing lemma;
Lemma 9. 1f P, ,..., P are mutually orthogonal P-pro-
jections, then (2, V...VP J&= (B, +...+2 )7 .
Corollary /0. Let

’é(/v) = lim (an, JJ)

7 --» :
for H.ﬂp-fundamental sequence {an} in A . Then this for-
mula defines correctly the injection of Lp( ¢) 1into the

space of linear functions on J4 . Moreover,

lim llagly, = sup { |B(2): peds, foyg <2},

N -0

Thus Lp('f) can be represented as a space of linear func-
tions on Jr « As Ji is linearly generated by Ks 5 then

LD(Z') can be represented also as a space of affine func-

tions on K.

Next we shall observe some order properties of the intro-
duced spaces considering the order in Lp( C) induced by
the last representation.

Theorexn /7. a) J; is w*-dence subcone of V' and hence
it is dense in norm topology.

b) Ib( )"  is the closed generating cone of L _(7T) ,
ltﬁ'C)an=A* and the closure of A" in L,(T) 1is equal
to Ll( 2 M

The following example shows that the properties of consi-
dered spaces may be quite different from those in von Neumann
algebra case. ' :

sxample. Let A be an ordinary Lr-space (1<rcm), [
be its unit ball, V=R&L , K=/, Y=L, (r %s™=7),
A=ReY , AT={( u,y): wuzllyh} , e=(1,0) . Then (V,K) and
(A,e) are base-norm space and order-unit space in spectral
iuality [2] and A=V* The element '¢=(/,0) in XK is a fai-
thful trace, the space L (7 ) (/<p<w>) is ReY provided
with the norm "(.“’y)”p=[%fvu“#HYN/p+~%l}i-ﬂyﬂlp] /v ang
the dual space L (T)* is /K @&A provided with the norm

{l,x)ﬂq=[%l}-+“xu/q4»k]:x-”xnlqu/q for [ <p<w , p- 7,4
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q"l=1 and Iy x)ll oy =/ 2) +)|x) for p=7. It is easy to
show here that in contrast to von Neumann algebra case
L,(7) 1is not isometrically isomorphic to V and LQC?) is
not hilbertian if 7r#2 .
The proof of the most of adduced results can be found in
4], 5] |
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