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1. Introduction. The present paper is within
the framework of Alfsen and Shultz non-commutative spectral
theory. This theory deals with a couple of ordered normed spaces,
an order-unit space A and a base-norm space V , which are as-
sumed to be in separating order and norm duality. The main atten-
tion in C2] and [3] was concentrated on the conditions which im-
ply the existence and uniqueness of integral representation of
the elements of A similar to the spectral representation of
self-adjoint operators in a Hilbert space. In this note we show
that if A and V are in ‘'projective® duality and V has a
faithful trace then the elements of V possess a unique '"spect-
ral" representation with respect to the trace. The main idea of
the proof is the dualization of Alfsen and Shultz approach. Thus,
we replace the order unit from A by the trace from V ,the set
of projective units by the set of "projective traces" and so on.
Such spectral representation with respect to the trace may be
considered as the approach to generalization of Segal non-commu-
tative integration theory that differs from [41].

For more detailed presentation see [5]1,[6&1.

2. Preliminardies . Throuthout this note we will
assume that ((V,K) is a complete base-norm s pace,
that is, V is a positively generated ordeggd Banach space, K
is a distinguished base for the positive cone V* and the unit
ball in V is equal to conv(KV -K) [1]. The dual of (V,K) is
an order-unit s pace (A,e2) , that is, A is a
positively generated ordered Banach space, the positive cone At
is the dual of VY, the order unit e for A is a linear func-
tional on V +that is equal to 1 on K , the unit ball in A is
equal to {(a€A | -e § a ¢ e» [11.

The central concept 4in Alfsen and Shultz non-commutative
spectral theory is the notion of P-projection [2] which may be
introduced as follows:

DEFINITION. Positive w*-continuous projection P on A of
norm at most 1 is called P=prodecition if there
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exists a positive w*-continuous projection Pr on A of norm
at most 1 such that

kertP = im*P’s , im*P = ker*Pr ,

kertP* = im*Pr¥* , imtP* = kertpr* |
where PBP?"® and PF¥ are the dual projections on v, kertP=
Atlker P , 4im*PF=A*Nim PFf and so on.

For every P-projection P the projection P/ with the pro-
perties stated in the previous definition is unique and it is
also a P-projection.

In the important special case where A is the self-adjoint
part of a von Neumann algebra, V is its predual and K is the
set of normal states on A, then the P-projections are precisely
the maps ass pap with p a self-adjoint projection in A .

The set of all P-projections is denoted by R . This set is
endowed with a partial ordering:

P4@ if im Pgim @ .

Two P-projections P and @ are said to be orthogonal,

in symbols Pl@ , if P4{@ , and they are said to be com-
patible if PE=@P
A face F of K is said to be norm-exposed

if F={pek | <a,p>=0) for sone aeAT and F is said to be

projectdive if it is of this form with a=sPe for some

Pefd.
DEFINITION. We will say that EV D and CA,e) are in
pro djeoctadv e dualdity if every norm-exposed face

of K is projective.

THEOREM 1 C31. IF (V,KD and CA,e) are in projective
duality then .73 endowed with the partial ordering "4 " and the
operation of complementation P& PF is a complete orthomodular
lattice.

B.Suppmrt‘prajectimns and Ccomp as
tability . In the sequel we will assume that (V,K> and
(A,e) are in projective duality. Under this assumption for ever-y"
LPeVF the set (Pe 7P| P*JO = 0} has the smallest element ( see
[3] ) which will be called the support proJjeecss
tion of p and denoted by E, . Two elements 0,dée V' will
be said to be orthogonal, in symbols pl ¢, if lf’pJ. a,.

By (3, prop. 1.3] every Jer admits the unique decomposition
of the farm p = p*-0° where p*, 0" e V¥ and Mpi=lp*l +/p7-
Tt is easy to varify that up"'J_JO" and, moreover, the conditions
p=p*t-p" and ptlp~” determine po* and p° . _

DEFINITION. A P-projection P and an element 0 of V are
said to be compatible if pr+Pf*‘jO=dO. They are said
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to be bicompatdible if P is compatible wi'thu.p
and with all P-projections compatible with 0 .

This definition is the dual version of the notion of compata-
bility and bicompatability of a P-projection and an element of A
[2]. Proceeding as in [2] we obtain the following theorem that
is essencial in the treatment of the spectral theorem.

THEOREM 2. For every p eV there exists the unique compatible
with o P-projection F,such that <a,p>)0 for aeimtF \{0}
and <a, p>{0 for acim"’Paf . Moreover, this P-projection F,
is equal to }30.,. and it is bicompatible with o .

DEFINITION. An element Te¢K is called a trace if it
is compatible with any Pe$ [3]1. Similar to von Neumann algebra
case we will say that € is faithdful if <a,T>290
for any a € AT\{0}

4. Pro ject ive traces. In the sequel we will
assume a faithful trace € being dis‘tinguished. Similar to the
notion of projective units [2], the elements P¥*T  with PeP
will be called projectdiwve traces , the set of
all projective traces will be denoted by L

THEOREM 3. The set ¥
lativized from V and the operation of complementation P¥*z -

endowed with the partial ordering re-

T -P*z is a complete orthomodular lattice isomorphic to ,‘/-) by
means of the map P~ P*¢. Furthermore, within the previous nota-
tion, P*r L@*c 4iff PLQ@ , and P is compatible with @Q™*¢ 4iff
P is compatible with & ((P,8 e ), It {'P:‘Z"} is an ingreasing
net of projective traces then it converges to (Vv Pd. W , and L1f
{P:'Z'} is a decreasing net then it converges to (AR, o

5. Vt-valued measures and integra-
t ion . For aset function Y={Y(E)) ' defined on a class 4
of sets of % . with values in V and an element a €A we will
denote by <a, ¥> the corresponding réal—valued set function,
that is, <a, ¥Y>(E)=<a,Y(E)> for any Ee€/f.

DEFINITION. An additive set function X defined on a ¢ -alge-
bra A of sets of §2 with values in yr is said to be
Vt-valued measure if it satisfies the following
equivalent conditions.

(i) X is ¢ -additive with respect to the norm,
(ii) X is & -additive with respect to the weak topology,

(iiid <e, X > is 4 -additive.

Note that if Vt-valued measure 7 ={T(E)} is actually 9 -
valued then the eguality TCEY=PCEY*T correctly defines the set
function @ =(P(E)} on A with values in 7 .

PROPOSITION 1. Let N:iR = V be a bounded, monotone non-
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decreasing, right continuous function and N(A) = 0 as A— -0,
Then there exists +the unique V*-valued measure X on the Borel
6-algebra BC(R)> such that X((-o0, A1)=NCA) for any A €K
Moreover, ; i

a) 4if P-projection P is compatible with N(A) for any
AeR then P is compatible with "X(E) for any EE€ BR> ;

b) if NCAY belongs to 9 for any aAelR then the measure
X is 9-—valued:

c) 4if, under the hypothesis of point b)), NC(A )=Q;‘1' with
QAE Q’ ,p denotes the f’—valued set function corresponding to X
and Qq is compatible with p eV for any Aef , then PCE) is
compatible with Jo for any EE€ B> .

PROPOSITION 2. Let X be a Vf-valued measure on a measurable
space 2 N < R ¢ be a measurable real-valued function on (9] :
then the following are equivalent:

(i) ¢ dis integrable with respect to X

(1i) ¢ is integrable with respect to <a,/\\‘> for any a€aA,

(iii) ¢ is integrable with respect to <e,x > Y

PROPOSITION 3. Let X be a V*-valued measure on a measurable
space (Q,ﬂ) y 59 be an integrable real-valued function and
L= [paX. If XE) is compatible with Pe P for any Ee/

A%
then L is compatible with P

6. S pectral theorem. Now we can state the
main theorem and sketch the proof.

THEOREM 4. For every peV there exists the unique ¥ -valued
measure TP =(T®)E>) on the Borel ¢&-algebra 8B (MR)> such that
TP R>=T and ‘p=J'a' d T®) where ;(Jl)=.2 for all A¢ R . More-

over, TPE) is bicompatible with o for any EeBR>
Proof. For aelR let PJ denotes the support projec-

tion of (P~ ALt . By theorem 2 P, is bicompatible with 0

and <a,pP > )a<a,T> for aéim"‘Pa\{O} , <a,p> ¢ <a,T> for

a eim*'P{ - Proceeding as in [2] we prove that P, = V P, for all

MDA
A ¢/R . Furthermore, V I-:A =I and /\ P.;\ =0
A€R AER
The function NCA )=P‘{ ¥ on MR is monotone non-decreasing,
right continuos, NC(A) =0 as A — - 00 and NCA)—< as

A 2+ . Let ‘r(ﬁ) be the ?—valuec[ measure corresponding to
NC(A) by proposition 1. Then the customary integration arguments

are applicable to prove that p= frd T(P} By propositions 1 and
R
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3 T®(E) is bicompatible with L for any Ee BcR)>

The uniqueness of T P/ follows from proposition 3 and theo-
rem 2.

To show the usefulness of the theorem we adduce some state-
ments whose proofs are based on it.

PROPOSITION 4. For every p¢V?' there exists a non-decreasing
sequence {von } from vt converging to 0 and such that
S, §nT . Therefore, {(peV|TaeR (-AT£P<AT)I) is dense in V.

PROPOSITION S. Let (A,e) be a factor, that is, the compata-
bility of Pé€% with all P-projections implies P is either 0
or I, and let T be a trace from V . Then there are no other

traces in V .

PROPOSITION 6. Let 1 ¢ p < oo . Then the set {(peV|
j'[a} P dee,TW>s ( oo endowed with the norm e "p B
R _

EJ!AiFd<E,W{~P)>]I/p is a Banach space.
R
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