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The first examples of incomplete modal logics were constructed by Tho-
mason ['] and Fine [?]. These examples are very complicated and the ques-
fion is to construct simple ones. We show that in the case of modal logics
which are based on a part of the classical logic, such simple examples of in-
complete logics can easily be obtained.

1. Distributive Modal Logics. The language of distributive modal logics con-
fains an infinite set V' of propositional variables, parentheses and the follow-
ing logical symbols: 7 (truth), F (falsity), A (conjunction), \/ (disjunction)
and [] (necessity). The notion of formula is the usual one. If A and B are
formulas, then the expression A B is called sequent. The minimal system bas-
ed on this language is denoted by K.

Axioms and rules for K—: A A, A B, B C, FI- A, A-T,

A C

AANB- A, ANB- B, C A, C~B
CHAAB
A=AV B, B AVB, A~ C, B—-C, CA(AVB)~(CAA)V(CAB),
AVB—C

d=8 , OAAOBFO(AAB), TQOT
OA-0OB

A sequent A B is provable in K™ if there exists a finite sequence A,
B,..., A~ By, such that A,=A, B,=B and A} B; is, for any i (1=i=n),
gither an axiom or is obtained from previous ones by means of some of the

fules,
Other systems: T-=K—+ A+ 4
T +04F0O0A4

I

S4~
Li=K +FF+ A~ A

| L,=S4"+ J(AVB} Ay B

. 2. Classical Modal Semantics. A classical modal frame (for short a frame)
8 a pair K=(K, R), where K& ¢ and R=KXK. The frame (K, R) is cailed
feilexive (transitive), if R is a reflexive (transitive) relation in K. A model is
d triple (K, R, v), where v: V — P(K) is a valuation. The relation x=A (the
lormula A is true in x (x¢K) at the valuation o) is defined inductively as in
lhe usual Kripke definition as follows: x=p iff xco(p), pcV. Xi==T, x|%F,

E

HSAAB it xj5rA and xiB, xFAVB it xiA of Xi5B, x5 04 it

T
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(VV)NxRy — y|5-A). The sequent A B is true in the model (K, R4
(vxeK)(x|5"A — x|=B); A B is true in the frame (K. R) (or (K, Ry
frame for Ak B) if A B is true in any model (K, R, v); a set of Sequepf
is true in a frame (K, R) (or (K, R) is a frame for 2) if any member g}
is true in (K, R); a set of sequents X is true in a class of frames J” if 3
true in any member of /". A class of frames /" is called adequate for g gj
logic L if for any two formulas A, B: A B is provable in I iff A~ B is fn
in I'. A logic L is called (classically) complete if it has an adequate clage
frames. Otherwise L is called incomplete. 4
Theorem 1. (i) The class of all frames is adequate for K.
(i) The class of all reflexive frames is adequate for T~
(iify The class of all reflexive and transitive frames is adequy
for S4~. F
The proof, by using Henkin models, is similar to that of the ordinary
dal logics, except that prime theories can be used instead of maximal the
ries. (A subset x of formulas is a theory in a given logic L if: 1) Tgy, 9
Agx and Ab-B is provable in L then Btx, 3) if A¢x and Btx, then
x is called prime theory if for any A and B: if A\/Bix then Atx or
Corollary. K—; T~, and S4— are complete logics. "
The main purpose of this paper is the following
Theorem 2. (i) L, is incomplete.
(i) Ly is incomplete.
The proof follows from the following lemmas.
Lemma 3. Any frame for L, is a frame for [pkp.

Proof. Suppose the contrary. Then there exists a mode! (K, R, v) for |
and x€/ such that x|—(p but x|-p. So we have xRx. Since K is a mof
for OFF F and x|+£F, then X|#[1F. So there exists y¢K such that xRy g

T T

Yi#F. Define w(p)={ziK/xRz}. We have xtw(p), yfw(p), so x| -p 4
v -4
Y|#p, which by xRy implies x|+ Cip. By axiom p [p and x| [p we bl
w w w !
X p —a contradiction.

Lemma 4. M)ptp is not provable in L,.
The proof will be given in the next section.
Lemma 5. Any frame for L, is a frame for p [p. s
Proof. Suppose the contrary. Then there exists a model (K, R, v) for Ly
and x¢K, such that x|=p but x|¢[)p. Then there exists y€K such that xR
[ .

and y sp. Define a valuation w as follows: w(p)={stK /s x}, "12%_:?"7-?*_.
sy} We have X7p, y|7g and by xRy x|+, so x|#p\/ Clg. Theny
axiom [(pV gk pw\/ E.quwe have x|s£ []( p\,?q). So the?e exists K, ibr
that xR%, t_!?:p and fZ,éq’ i e f=x and t=y, so x=y and x!?fp—a co

diction.
Lemma 6. p-— [1p is not provable in L,. M
The proof will be given in the next section. Note that in [*] Lewis profs
ed that any (ordinary) modal logic without axioms with iterated j__!if:i-ig'
is complete. Theorem 2 (i) shows that this is not true in the case of distte
butive modal logic.
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3. [ntuitionistic Modal Semantics. Now we shall give another semantics for
 and its extensions in which all discussed logics are complete.
K An intuitionistic modal frame (/-frame) is a triple (K, =, R), where K+ ¢,
5 4 reflexive and transitive relation in K and R is a binary relation in K
g the following condition: if xRy and s=x and y={, then sRf. Let
e the set of all increasing subsets of K (A is mcreasmg if (wxy) (x€A
—y implies y¢A)). An [-model is a quadruple (K, =, R, ©), where v is a
ation from V into /(K). The definition of the relation x|=-A is the same
i the previous section.
‘ EIaIII ple 1. (Proof of lemma 4) Let K={0, 1} with the usuval ordering =
40R,1 and 1R;1. Then it is easy to see that (K, =, Ry) is an /[-frame for
- but ‘ot for | Cpk p. Indeed, define o(p)={l}, then we have 0=p but

This shows that [TJpkp is not true in the model (K, =, R, w)

xample 2. (Proof of the lemma 6). Let K={0, 1} with the usual ordering

d for any x, y¢K we have xR,y. Then (K, =,R,) is an /-frame for L,

ot for p Jp. Deiine o(p)={1} we see that l/—p, 1R0 and 0/s4p, so
v

p. So pk=Clp is not true in the model (K, =, R, v).

‘Theorem 7. (i) The class of all /-irames is adequate for K.

' (ii) The class of all reflexive /-frames is adequate for T—.

(iii) The class of all reflexive and transitive /-frames is adequate
for S4.

(iv) The class of all /-frames satisiying the conditions (\yx)
(Ay)xRy and xRy — x=y is adequate for L,.

(v) The class of all reflexive and transitive /-frames satisfying
the condition xRy — (g2)xRz and z=x and z=y is ade-
quate for L..

ihe proof is similar to that of theorem 1. In the canonical Henkin model

lation = is the set-inclusion beiween prime theories. The condition for

B)= AV B in the logic L, presents some difficulties. To prove that

inonica] model satisfies this condition, one has to apply the Zorn Lemma.

Corollary. The logics K=, T, S4—, L, and L, are complete with respect

o the intuitionistic modal semantics.

- Problem. Are there extensions of K~ which are incomplete with respect

o the intuitionistic modal semantics?
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