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Three main ideas underlying the results presented in this talk

1. Deep analogy between the “internal” characterisation of the properties of an Orlicz space
(Lo (X, 1), |le.s) by the properties of an Orlicz/Young function ® and the “external”
characterisation of the properties of a Banach space (X, |-|x) by the properties of an Asplund

W, function.

2. The latter properties provide sufficient conditions to determine the properties of nonlinear
projections generated by the Vainberg—Brégman information wa

Orlicz space

Banach space

S(u) = [o dep(t)
sup{ulv| — ®(u) : u >0}

®Y(v) =
*e... = |los€---

characterisation of norm geometry

(u) + O¥(v) — uv > 0

= Rogers—Hdlder inequality

Ve () = fo X dee(t)
WZ(}’) = sup{[[x, ylx xx — Vo(x) : x € X}
Vo e = x €.

characterisation of norm geometry

W () = WE () — [ ¥l o = 0

< wa(x,y) >0
[ ——

VKB information

3. The bijective relationship between the geometric properties of norms of commutative and

noncommutative rearrangement invariant spaces, (E(X, 1), [-lg(x, ) <£> (EWV,7), Iler,m))
allows to extend the above analogy (and results that follow) to the noncommutative setting.
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|. Spaces
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Orlicz spaces with p-Amemiya norms:

o (X, u) := a countably finite, complete measure space.
o we will denote: type(X, 1) = 155 (resp., 1l1; )
:= (X, p) is atomic and infinite (resp., nonatomic and finite; nonatomic and infinite).
®: R — [0,00] is Young := ®(0) =0,  # 0, Ju > 0 (u) < co, ¥ is convex on
the domain of its finiteness, and left continuous on ]0, co[. Zaanen'49

®(x)

e ® € N := & is Young, finite, ®(x) =0 iff x =0, lim o0 _ 0, lim —~* =00

—t0 X X—0oo X

R 3y ®Y(y) = sup{x|y| — ®(x) : x > 0} € [0,00]. Young'191226, Birnbaum-Orlicz'31

a modular := lo(f) :== [, u(x)®(f(x)).
@ an Orlicz space := Lo (X, ) := {x € Lo(X, ) : A > 0 lo(Ax) < o0}

o |x|S = sup{[ plxy| : y € Lov (X, ), lov(y) < 1}. orlicz's2
o HX"(D = |nf{)\ >0: I¢(§) < 1} Morse—Transue'50, Nakano'50

S| i 1/p _ .-
° |xle, = ’:r;%{;sp(lq)(kx))}, Soo(t) 1= pIer;o(l + tP)YP = max{1,t}, = oo Orlicz'61

SPE[I,OO[(t) = (1 + tp)]'/P. p = 1: Amemiya'54; p €]1, oo[: Hudzik—Maligranda'00
H"¢ = ”"‘D,oo Orlicz'61

\|||g = || ;- Shragin'67, Hudzik-Maligranda'00
,
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Orlicz—Lorentz spaces and rearrangement invariant Banach spaces:

@ chrz := the characteristic function of the set Z.

@ a rearrangement =
Lo(X,/J,) S5Ff— f”‘(t) = inf{s >0: f,uchr{,(ex: [F(x)|>s} < t} € [0, OO][O’OO[.
Hardy—Littlewood'30.

e a Banach space (E(X, 1), || g(x ) With E(X, ) C Lo(X, 1) is rearrangement
invariant := (f € E(X, 1), g € Lo(X, p), |g|"(t) < [f|*(t) Vt € [0,00]) =
(g € E(X, 1), 18l g,y < Il puy)- (Lorentz'51,..) Semznov'6s, Krein—Petunin-Seménov'78

let w : N = R" nonincreasing, w Z 0

_|sf.
° pe(,p) =1 = { fou () 1= 5%, wid (" ().
o type(X, ) € {ll1,llc} =
let w : [0, u(X)[— RT nonincreasing, locally integrable w.r.t. (R",dt), w % 0
{ lo,w(x) := f[o wopdt w(t)d(x"(t)).
o x|, =inf{A>0: low(X) <1}
o (Low(X, 1), [ lo,w): Nakamura'70: @ € N, type(X, 1) = ll; Maligranda'8s: ® finite nondegenerate,
type(X, 1) € {111l }; Yao-Chéng-Song'92: Young ® € AZ, type(X, u) = 15:F;
for & = (-)P: Lorentz'50: Ly 4; Lorentz'51, Halperin'53: Lp w

HXHQW == infr=o{l + lo,w(kx)}. Wi-Ren'99

o examples of r.i.B.s.: (Lo(X, 1), Ilo ) (Low (X, 1), Ilo0): (Low (X, 1), |o,)-
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Noncommutative integration:

e N := a von Neumann algebra on a Hilbert space H := von Neumann'29, Sakai's6
> a (noncommutative) algebra over C with unit I,
> with * operation s.t. (xy)* = y*x*, (x + y)* = x* + y*, (x*)* = x, (Ax)* = A\*x*,
> that is also a Banach space,
> with -, 4, * continuous in the norm topology (implied by the condition |x*x| = |x|?).
> s.t. there exists a Banach space N, satisfying the Banach space duality: (NVy)* 2 N
o 7: Nt —[0,00] := a faithful, normal, semifinite trace on N von Neumann'20
7(0) =0, T1(x+y) =7(x) + 7(¥), A > 0= 7(Ax) = A7 (x),
Vx e NTINT\{0} 5y <x 7(y) < +o0,
7(sup F) = sup,c 7 7(x) V directed filters 7 C N'T,
T(x*x) = 0= x =0Vx € N,
T(u*xu) = 7(x) V unitary u € N.
o type(N,7) = 15F 1 = N = B(H), H is separable, and dim(H)
type(NV,7) = 1l; : <= 7(I) < oo and N' C B(H);
type(/\/, T) = ”00 R A T(H) = and N g %(H) Murray—von Neumann'36
o Let VCH. x:Y — His called (N, 7)-measurable iff
0) x is closed, densely defined, linear;
1) ux € N, EMI(X) € N WA € RY, where: x = uy|x|, [x] = [p, EFI(A)[A]
(i.e. a unique polar decomposition & a unique spectral decomposition);
2) El)\ 2 0 T(H — Elx‘(A)) < OO. Nelson'74, Yeadon'75

o M (N,T) := aset of all (N, 7)-measurable operators on H.

vyvYyVvYyy

00;
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Noncommutative rearrangement invariant Banach spaces:

@ a noncommutative rearrangement :=
MN,T) D x = x7(t) == inf{s >0 : 7(1 — EXI(s)) < t} € [0, 00]0>L.
Grothendieck'55, Ovchinnikov'70, Yeadon'75

e a noncommutative r.i.B.s. := a Banach space (E(N,7),[|g(,,)) with
EWN,7)CA#N,1)st. (f € EN,7), g€ #N,T),
2" (8) < 17 (1) Ve € [0,00]) = (g € EV, 7). Ielen < IFlegn.ny)
Ovchinnikov'70, Yeadon'80, Medzhitov'87

@ Theorem: Yeadon'8o, Sukochev'86, Dodds—Dodds—de Pagter'89, Chilin-Sukochev'00, Kalton—Sukuchev'08
If type(V, 7) = type(&’ ),
(E(X, 1), || g puy) s r-i-Bs.,
EWN,7):={x€ HMN,T) : x™ € E(X,u)},
e =107l ).
then: (E(N, 7), [-lg ) is n.ri.Bs.
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Noncommutative Orlicz and Orlicz-Lorentz spaces (l):

_ X e(7() s type(N,T) = 15F
o lo(x) = 7(®()) = {f[oﬁ(ﬂ)[dt O(x7(8)) : type(N,7) € {ll, I}
Vx € M (N,T).
o Lo(N,7):={x e A(N,7) : IX > 0lp(Ax) < oo}
o |x|g :=inf{A >0 : lo(5) < 1}. 155 Rao'71, lly: Tadzhibacv'ss
° ||x||g =sup{|T(xy)| : y € A(N,7), 7(®Y(ly])) < 1}. 1hi: Muratov'7s
o |x|y = sup{|T(xy)| & Lev(N,7), lylew < 1}. 1 Muratovs
o |x|y = sup{r(|xy]) : y € AN, 7), 7(®¥(ly])) < 1}. i, t1c: Kunze'oo

° ”X”‘b’P = infk>0{%5p(l¢(kx))}. RPK'23
° (L‘D,W(N? T)7 ||.”¢,W): Han'13

(Lp,q: I;‘f'): Triebel'67, (Lp,q; {ll1,/lc }): Peetre=Sparr'75, Kosaki'81, Ly w: Ovchinnikov'71, Lp w: Ciach’'83

o (Low(N, 7). [, ) rewcas
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Noncommutative Orlicz and Orlicz—Lorentz spaces (I1):

o Let:
®(2u)
) € A = Ilmu_>+0 ¢(u) < OQ; Birnbaum-Orlicz'31
» O S Ac2>o = ||m SUP, oo 4;)((2:/)) < OQ; Birnbaum—-Orlicz’30

\{

® € Ny = sUp,ug Gag < 00 (= B € AINAF); suiras
o e AFPNT) =
® € AJ (resp., ASS; A2) if type(N,7) = 15 (resp., ll1; 115).
o Theorem: rpk'23
1) (&, € A, type(N,7) = ll;, N has a commutative von Neumann
subalgebra) = (|lg = [lo. (Lo(V7), |-lo) = (Lo(N, 7). [-3)-
2) & € AT = (Lo(W,7), [lo)* 2 (Lov (N, 7). [lgv)-
3) &,0Y € ATPWT) o (Lo(W,7), [l0)* 22 (Lov (V7). [-lov)-
a) &Y € AFPWD o 1S = [ ;.
5) (¢ € AYPVT) o finite, ® not linear on [0,00[, v €]0,1[) =
(Lo ) o1 /40" = (Lov (N T), I lov 1 /1 —)-

v
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[I. Geometry of spaces
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Geometric properties of Banach spaces (X, || x):

o (X,|-]x) ER:= X3 xm[x, ]y x« € X" is an isometric isomorphism. Hahn'27
o (X,|Ix) € SC :=Vx,y € S(X, [Ix)
X # y = ”X +y||X < 2. Krefn'38; equiv.: Fréchet’'25, Clarkson’36
o (X, |'lx) € LUC := Ver > 0 Vx € S(X, |-|x) Je2 > 0 Vy € S(X, |l )
|x — YHX >e1 = |x +YHX < 2(1 —€2). Lovaglia'ss
o (X,|']x) € UC :=Ve1 > 0Ve2 >0Vx,y € S(X,||x)
HX - yHX >e1 = "X +.y”)( < 2(1 — 52). Clarkson’36
o (X,|'lx) € RRS := V¥{x, € X : n€ N} (x, is convergent to x € X in weak
topology, limn—oc [Xn[x = [X]x) = limnoe |xn — X[ x = 0.
Ip: Radon’1913, Lp(X, p): Riesz'29, (X, ||| x): Shmul'yan'39
o (X,|'lx) € G :=||x is Gateaux differentiable on S(X, || ). Mazur'33
o (X,|'lx) € F:=||x is Fréchet differentiable on S(X, ||y ). Mazur'33
o (X,|'lx) € UF :=Ve1 >0 3e2 Vx,y € S(X, |]x)
”X — y”X S g1 = "X +-y”X 2 2(1 — €2||X — -y"X) Day'44; equiv.: Shmul'yan’40, Nakano'51
o (X,|'lx) € UC 2,00 :=3IA>0Vx,y € X
= r
Ix + ylx + Ix = yl5% = 2(Ix1% + A7 y[[5)-
Assouad'75; equiv.: Woyczynski’'75, r=2: Lindenstrauss'63

o (X, [-lx) € UFrcp o) :=3A>0Vx,y € X |x +yli +Ix — ylk < 2(Ix[x + 1Ay l)-

Assouad'75; equiv.: Hoffmann-Jgrgensen'74, p = 2: Lindenstrauss’'63
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Characterisation of geometry of ||, , by the properties of ®:

Each property has a priori 3 x 3 = 9 different cases of (type(X, u), p):

o ||s, € SC: (15F,1): cur-Hudzik-Nowak-Ptuciennik'oo; (13:F 11, 00[): Li-cur22;
(155, 00): kaminska's1; (111,00, [1,00]): Cu-Duan-Hudzik-Wista'os.

(] ”."d’,P S LUC (I;‘f', 1) Cur~Hudzik—Nowak—Ptuciennik'99, (I;'of', ]].7 OO[)
Chéng-Duan-Zus'15 [® € NJ; ({lgg',lll,lloo},oo): Kaminska's4; (111,1): chen'se [® € NJ;
(11, 11, 00[): puan-zus-cur1a [® € N, (oo, 1): Ning'10 [® € NJ; (oo, |1, 00[): [221.

o ||.||¢,P S RRS (Ig'of', 1) Cur—Hudzik—Nowak—Ptuciennik'99; (I;<';f:'7 ]1,00[) Zhao—Cur'21,
(155, 00): Hudzik-pPallaschke'or; (11, 1)1 curzhao22; (I, |1, 00[): 270; (111, 00):
Medzhitov—Sukochev’'92, Wang—Cui'98, (”oov [].7 OO[) ; (”007 OO): Wang—Cui-Zhang'98.

o [lo, € UC: (15F,1): Taose [0 € NJ; (155, 11, 00]): (220 ({155,111, 11e0 }, 00):
Kaminska'82, (”17”00}71) Milnes'57, ({Il]_,”oo}, ]1,00[) Kaczmarek'18.

° [, €G: (1551): Cur-Hudzik-Nowak—Ptuciennik'9o U Li-cu-wista'23; (15, 11, 00[):
i-cur-wista'23; ({135 111, 1oo }, 00): Greaglewica—Hudziko2; ({l1,llo0 }, 1): Vigelis'11;
(M1, 11, 00[): vicuwista21; (oo, J1, 00[): [221.

o ”."(D,P €R & ".Hd),p € 0C: ({l;'of',”]_,”oo}, {1,00}) Luxemburg'55;
({15511, 3, 11, 00[): follows from equivalence of |-|,, , and |-[4-
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Known results on UC, and UF, of |-|4:

o O finite, nondegenerate, ®(1) = 1, u > d(u'/?) convex, ® € A, (resp., A9)
to’ (t to’ (t

and % = SUPyug ﬁt()) (resp., sUp¢cjo ) ﬁt())) for type(X, p) € {ll,ll}
(resp., 15F)
=l (L¢(X7M)7 "”d)) € Ucl/'y- Hudzik'91

o ® is an inverse of u s (0 (u))1 27w, v €]0,1], &g € N, || € {|-|o, ||}
=1 (Lo (X, 1), [-]) € UCq/y NUFy (1), Renor

o ® finite, nondegenerate, ®(1)=1,1<r<2<s< oo, U+ ¢(u1/r) convex,
u s ®(u'/) concave, type(X, 1) € {Ily,ll}
=1 (Lq;(X, ,Ll/)7 ||||¢) S UCS N UF,« Hao—Kaminska—Tomczak-Jaegermann’06

e no characterisation results (so far).

@ no results for || ,e 11,00 (SO far).
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Charact. of geometry of {|-[, ,,, HH;‘;W} by the properties of {®, w}:

o ||'||¢7W € SC: |C§J': Cerda—Hudzik—Kaminska—Mastyto'98; {“1,“00} Kaminska'90.

||||$W € SC: |§J‘: Ning'10 [® € NJ; Il1: wa-ren'90 [® € N|; 15 chenoo [® € NI.

°

° ||-||¢,W € RRS: 15F: Hudsik-Kowalewski-Lewickios; {111,100 }: [771].

° ”'"2,\” € RRS: 15F: ci-Foralewski-Hudzik-Kaczmarek'21; {111,100 }: [271].

° s, €LUC 151 Cerda-Hudzik-Kaminska-Mastyto'98; 111 Hudzik-Kamiriska-Mastyto'07,
Wia-Ren'97; |log: Hudzik—Kaminska—Mastyto'97.

o |l3,, € LUC: 15t msws [0 € N Iy (7715 oo wing'ao [® € N

° ||~||q,’W € UC: I(;f': Cerda-Hudzik-Kaminska-Mastyto'08; {I11,Ilo0 }: Kaminskao1.

o |3, € UC: I5F: ning10 @ €N H1: chen'oo [0 €N ! wang—Chen'12 [& € N,

°[]e., €R: 151 vao-cheng-song'02; {ll1,llo0}: Lin-sanos.

°[e, €0C: 151 Vao-Chéeng-song'o2.

o |l € OC: {ll,lloc}: Forstewshi-konezakas.

o the rest of R and OC cases follows from the equivalence of ||, , with ||||§;W

Ryshard-Pavel Kostecki (12.VI11.2024) Geometry of n.c. Orlicz spaces + metric & VKB projections 14 / 40



Transfer of geometric properties between r.i.B.s. and n.r.i.B.s.:

o Let type(N, 1) = type(X, 1), (E,|'|)x.n) = (E(X, 1), |-l g(x ,,)) be riBus.,
(E, Dy = {x e AN, 7) + x7 € E(X, 1)} () g, p0))-

o (E7 "")(X,,u) S SC — (E, ”")(_/\/‘YT) € SC. Arazy'81, Chilin—Krygin—Sukochev'92,
Czerwinska—Kaminska'17

° (E7 "")(X,,u) € RRS <— (E7 "”)(N,‘r) € RRS. Arazy'81, Chilin—-Dodds—Sukochev'97

o (E,|-I)x,u) € LUC <= (E,|-|)n,r) € LUC. Krygin-Sukochev~Chilin'o1,
Chilin—Krygin—Sukochev'92

o (E,|'I)x,u) € UC <= (E,|-|)w,r) € UC. Krygin-Sukochev—Chilin'o1,
Chilin—Krygin—Sukochev'92

o (type(W,7) = 1%, (E, ||}, € OC)
= ((E> ||||)(X,;L) €G = (E7 "”)(N,‘r) S G), Arazy’'81
(type(N;7) € {lilloc}, (E, [[)(x,m) € OC, lime—soo x*() = 0 Vx € (E(X, 1))
= ((E, "")(?C',,u.) €6 — (E7 "”)(N’.,—) € G) Czerwinska—Kaminska—Kubiak'12

o (type(N,7) = 15, (E, 1)) € R) =1 (E, |-Dwv,r) € R Arazy'en
type(N,7) = I = ((E, | p) € R <= (E. [-)x.r) € R); Sukochev'sr
(type(N, 7) = lloo, (E, [)(x.0) € OC) =
((E7 "")(X,,u) R — (E " ”) w,r) € R) Dodds-Dodds’95

(] (E, ||||)(X,/J) S ch =1 (E, "”)(N",-) S ch Tomczak-Jaegermann'84, Xu'89

° (E, "")(X,,u) € UFq =] (E, ”")(_/\/',-,-) € UFq Tomczak-Jaegermann’84, Xu'89

Ryshard-Pavel Kostecki (12.VI11.2024) Geometry of n.c. Orlicz spaces + metric & VKB projections 15 / 40



‘ €

e p:RT — RT is called a gauge := ¢ is strictly increasing, continuous,
()0(0) = 0, ||mt_>oo gD(t) = OO. Matuszewska'60 (without strictly increasing),
Beurling—Livingston’'62

e For any Banach space (X, || x). a duality map :=
Jo : X2 x={y e X* 1 I ylxoxs = IxIxlylx Iylxe = ellxlx)} € X*.
Beurling—Livingston'62

e a subdifferential :=
oV(x):={ye X" : VU(z) —V(x) > [z — X,y xyxx+ VZ € X}. Rockafellar'63,
Moreau'63, Minty'64

e if U is Gateaux differentiable at x, then OW(x) = {DSW(x)},
where DGW(x) := a Gateaux derivative of ¥ at x.

o X3 x> V,(x):= fOHX"X dt p(t) € RT. Asplund's7
o Theorem: Asplund’67

J:(p(x) =0V, (x) Vx € X\ {0},

Jo(0) =0.
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Charact. of geometry of Banach spaces by the geometry of V:

o (X,|-]x) € SC <= WV, is strictly convex on X. zslinescu's3
o (X,||x) € LUC <= WV, is uniformly convex at each x € X. zslinescu's3
o (X,|-|x) € UC <= W, is uniformly convex on bounded subsets of X.

Z3linescu’83
o (X,|-lx) € G < W, is Gateaux differentiable on X. Zzslinescu's3
o (X,|lx) € F <= W, is Fréchet differentiable on X. zilinescu'o2
o (X,||x) € UF <= W, is uniformly Fréchet diff. on bounded subsets of X.

Z3linescu'02
o (X,]]x) € UC, < W, with p(t) = rt""! is uniformly convex on X. xa'o1
o (X,]]x) € UF, <= W, with (t) = rt""! is uniformly Fréchet diff. on X.
Shioji'94

o (X,|-|x) € R < 0V, is is surjective on X. de Figueiredo'67
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Characterisation of the geometry of (Lo(N,7), |4 ,) (1):

Theorem: RPK'21-'23
If
type(X, i) = type(N,7) € {155 111,11},
® is semi-Young (:= Young without left-semicontinuity on ]0, cof),
 is a gauge,
V. : Lo(N,7) = R,
as :=sup{u >0 : &(u) =0},
be :=sup{u >0 : ®(u) < oo},
®V(t) :=sup{u>0: &(u) < t},
@', (resp., &' ) := right (resp., left) derivative of ®,
® € C*(I) := @/, is continuous on | C R,
® e SC(I) == (u# v = (%) < 3(P(u) + ®(v))) Yu,v € I CR,
® € UC(l) :=Va€]0,1[ 3(a) €]0,1[Vue I CR
® (2322) < 1(1 = 8(2))(®(u) + S(aw)),
UC := UC(R),
UC™ := UC([uo, oo[) for some up > 0,
wo(N) == sup{t >0 : dY (P (t)) < A},
@ p(N) i=sup{t > 0 : 2P(®(t))P7 1Y (d (L)) < A},
p = 1° := {either |-|$ is used instead of Il or oY ¢ A;ype(N’T)}.
then:
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Characterisation of the geometry of (Lo(N,7), [ ]e ) (11):

1) if p € {1°}U]1, <], and the following conditions are jointly satisfied:
a) ® is Young if not ((type(N,7) = 15 and p = 1°) or
(type(N,7) € {ll1,llo} and p = o0));
b) (P is Young or limy_ ﬂxﬁ = 00) if (type(WNV,7) € {ll1,llo} and
p = 0);
then:

W, is strictly convex <=
(Lo(N,7), [0 5) € SC <=
(L¢(X7,u)a |H|d>,p) €SC «—

® € SC([0, we(1)]), a6 =0, Ju >0 dY(P, (u)) > 1  :type(W,7) =15, p=1°
® e AJNSC(0,9V(2)]), u>0d(u) =1 : type(W,7) = 15F, p=o0

NS SC([07 w®,p(1)])7 ap = 0: Ju>0 ¢Y(¢;(u)) > % : type(N7 T) = I;éfﬁ P 6]1,00[
® € SC([0, b [), limu—oo ®Y (P, (u)) = oo,

sup{u >0 : ®Y (¥, (v))u(X) < 1} < bo : type(N,7) € {ll, o}, p=1°
& e A NSC([0, b ) : type(N, 1) =1l1, p= o0
& € SC([0, bo[) : type(W, 7) € {ll1,llx}, p €]1,00]
d € A NSC(R) : type(WN, 7) = llos, p = o0;
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Characterisation of the geometry of (Lo (N, 7), || ,) (111):

2) if p € [1,00] and the following conditions are jointly satisfied:
a) @ e Nif (p =1 and type(N,7) € {ll1, ll}) or (p €]1, 00 and
type(N, 7) € {15F, 111});
b) by = oo if p= o0;
c) (type(NV,7) =l and p €]1,o0[) does not hold;
then:
W, is uniformly convex at each x € Lo(N,7) <=
(L¢(N7T)a ”'”d),p) € LUC =
(Lo(X, 1), [lo,5) € LUC <=

® € AJNSC([0, s (1)]), Y € AY,
Ju >0 Y (P (u) >3 : type(NV,7) =15F, p=1
® € A9 and either € SC([0,$V(1)])
or (¢ € SC([0,V(3)]) and &Y € AY) : type(N,7) =15, p=o0
¢ € AINSC([0, s p(1)]), PY € AS : type(WV,7) = 15F pe]l, o0
® € AP NSC(R), &Y € A : type(N,7) = Iy, p € [1,00]
® € A NSC(R) : type(N, 1) =11, p=o0
® € Ny NSC(R), &Y € A, : type(N,7) =1, p=1
® € A, NSC(R) : type(N, 7) = lls, p= 00
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Characterisation of the geometry of (Lo(N,7), | |e ) (IV):

3) if p € [1,00] and the following conditions are jointly satisfied:
a) ® € N if (type(N,7) = 15 and p=1);
b) by = oo if (type(N,7) € {I5F, 111} and p = o0);
c) ® is Young if (type(N,7) € {ll1, lloo} and p € [1, o0]);
d) (type(W,7) = 15 and p €]1, 00[) does not hold;

then:

V,, is uniformly convex on bounded subsets of (Lo(N, 7),[|s ,) <=

(Lo(N,7), | ]lo,p) € UC <=

(Lo (X, 1), [l ) € UC <=
® € A3 NUC([0, wo(1)])
& € 28N UC(0,6"(3))
® € AP NUC™ NSC(R)
b e A>NUC

Ryshard-Pavel Kostecki (12.VI11.2024)

type(N, 1) =13, p=
type(N,7) = 15F p=c
type(N,7) = ll1, p € [1,00]

: type(NV, 7) = ll, p € [1,00];
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Characterisation of the geometry of (Lo(N,7), [ |e ) (V):

4) if p € {1°}U]1, 00] and the following conditions are jointly satisfied:
a) (be = oo and lim, o ¢El”) = 00) if either (type(N,7) € {ISF, 11} and
p €]1,00[) or (type(N,7) = ll; and p = 1°);

b) (@ is Young, ap = 0, Ju > 0 &(u) = 1) if (type(N,7) = 15Fand p = 0);
c) ® € Nif (type(N,7) = ll; and p = o0);

) bo = o0 if (type(N,7) = llo and p € {1°,00});

e) (type(NV,7) = ll and p €]1,00[) does not hold;
then:

(Lo(N;7), |0 5) € RRS =
(Lo (X, 1), | H¢p) €RRS —

{ ®e A : type(N, 7) =155, p e {1°}U]1, o]

o

(OIS ASO NSC(R) : type(N,7) =1ll1, p € {1°}U]1, ]
® € AaNSC(R) = type(N,7) = llw, p € {1°,00};
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Characterisation of the geometry of (Lo(N, 7), [ |e ) (V1)

5) if p € {19}U]1, 00] for type(N,7) = I$F, or p € [1, 0] for type(N, 7)

€ {lly, lloo }, and the following conditions are jointly satisfied:
a) (be < 00, D(be) < 00) = &' (be) < ¢ if (type(N,7) = 15F, p = 00);
b) ®Y € AS® (resp., A\p) if type(N, 1) = Ily (resp., lls);
c) ® is lower semicontinuous if (type(N,7) € {ll1, llo} and p = 1°) and it

is Young in all other cases;

d) (type(N,7) = Il and p €]1, 00[) does not hold;

then:

W, is Gateaux differentiable on Lo(N,7) <>
o) €6 = (Lo(X.p). 1y ,) €6

Pe AN Cl([O wo(3))), limeso ¢£) = : type(N,7) = 15f, p=1°

¢ € AINCH[0, e p(1)]), lim+o ¢(t) =0 : type(N,T)—ISf, p €]l 00]
® € AZNCH[0, ®Y(1)]), P(bo) =1 : type(N, 7) = I5f, p= o0

¢ € AL NCYR) : type(W,7) =111, p € {1,000}
® € AP NCYR), limeo XD =0 : type(NV, 7) = Iy, p €]1,00]
® € Ay N CHR) : type(W,7) = lls, p € {1,00}.

We have also the analogous sets of results for (Lo, w (N, 7), |l ) and (Lo w(N,7), \|-||$’W).
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[11. Nonlinear projections
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Metric projections in Banach and Orlicz spaces

@ Let (X, |-|x) be a Banach space, @ # C C X.
@ metric projection := ‘ﬁ?"”x (x) :=arginf . {|x - y[x} € X.
o a set C is Chebyshév := ‘Iicg"”x is a function on X <=
Vx e X ‘Bi-”'”x (x) = {*}. Efimov-Stechkin'ss
° ide is closed and convex, then:
P % is a function on X <= (X, ||x) € RNSC. Kiee's1
o if C is closed and convex, and (X, |-|5x) € RNSCNRRS,

dy. . .
then ‘J3C” IX is norm-to-norm continuous. Fan-Glicksberg'ss

@ Theorem: Wang—Chén’sé
if (X, u) is nonatomic, ® € N, C is closed and convex, then equivalent are:

1) (Le(X, 1) |-le) € RNSC; 2) (Lo(X, 1), 1§) € RNSC;

die - . 119 . .
3) ‘DCH e is norm-to-norm continuous; 4) P ® is norm-to-norm continuous.

o if (X, ) is nonatomic, @ is finite, then:
(Lo(X, 1), [lo) € SC <= (Lo(X, 1), [-|) € LUC. Kamis'ss
o if (X, ) is nonatomic, ® is finite and nondegenerate, then:
(Low (X, 1), [lo,w) € SC = (Low(X, 1), |-o,) € LUC.

Hudzik—Kaminska—Mastyto'97
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. dy. .
Charact. of norm continuity of /" on Orlicz spaces (I)

Theorem: rrk23

Let type(X, u) = type(N, 1) € {15F 111,1l.}, p € [1, o],

with an exclusion of (ll, |1, 00[) case.

Let ¢ be a gauge, Wy, @ (Lo(N, 7), |]o,) = R.

Let @ # M C Lo(X,p) and @ # K C Lo(N, 7) be convex and closed in
the topology of respective ||, ,-

ap =0, Ju>0d(v)=1 : type(V, 1) =15F, p=o0
be = 0o, limy_oo @ =00 s type(WN,7) = 15, p €]1, o0]

lime 0 Y (91,(£)) = oo,

Let sup{u>0: &Y(, (u))u(X) <1} < bs : type(N,7) € {lI},ll}, p=1
beN 1 type(N,7) =1, p=o0
by = oo, |imuﬁw¥ =00 : type(WV, 1) =111, p €]1,00]
by = o0 : type(N, 7) = lloo, p = 00.
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- dj. .
Charact. of norm continuity of /" on Orlicz spaces (I1)

Consider the statements:

1) (Lo(X, 1) |-lo ) € RNSC; 2) (Le(N;7), I ll0 ) € RNSC;
3) (Lo(X,p),|le ) € RNSCNRRS; 4) (Lo(NV,7), ]l ,) € RNSCNRRS;
5) M is Chebyshév; 6) K is Chebyshév;
7) B ” '.F i norm-to-norm continuous on (Lo (X, 12), |- lo.p)i
8) B ” '.F i norm-to-norm continuous on (Lo 1), [-]lo )
9) \Ilw is strictly convex and ran(®°W,) = Lo (N, 7).
Then:

(i) if type(N, 7) € {ll1,lloc} and (® € Az if type(N, 7) = ll), then: 1) iff ... iff 9)

i 10) 1= ® € A NSC(R), ®Y € A : type(N,7) = lI1, p € [1, ]
T | ®€SC(R), dY € A, : type(NV,7) = lloo, p € {1,00};
(ii) if type(N) = I5F then:
8) <—4) 5) 1) 2) 6)
7) <= 2) <> 10°) 9)
® € A3 NSC([0, wo(1)]), as =0, Ju>0dY (P, (u) > 1, oY € A tp=1
10°) { o € AINSC([0,eY(2)]), &Y € A tp=o0
® € A2 NSC([0, @s,p(1)]), a0 =0, Ju >0 Y (P (u)) > 1, &Y € A :pell,oof.
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- dj. .
Charact. of norm continuity of B! on Orlicz-Lorentz spaces (I)

Theorem: RrRPK'23

Let type(X, 1) = type(N,7) € {15511l }, p € [1,00], ] € {I]o,m- |16 }-
Let ¢ be a gauge, W, : (Lo,w (N, 7),]-]) = R.

Let @ # M C Lo w(X, 1) and @ # K C Lo,w(N,T) be convex and closed in the
topology of respective |-|.

Consider the statements:

1) (Low(X, 1), |]) € RNSC; 2) (Lo,wWV,7), I-) € RNSC;

3) (Low(X,p),|]) € RNSCNRRS; 4) (Lo,w(N,7),]-]) € RNSCNRRS;
5) M is Chebyshév; 6) K is Chebyshév;

7) ‘,]3:,',"” is norm-to-norm continuous on (Lo,w (X, 1), |-|);

8) ‘,]3;1”'” is norm-to-norm continuous on (Lo, w (N, 1), |-]);

9) W, is strictly convex and ran(®°W,) = Lo, (N, 7).
Then:
(i) if type(N,7) € {ll,llc} and |-] =[], @ is finite and nondegenerate,

Jodtw(t) =1, and ((® € Az and [;° dt w(t) = 00) if type(N, T) = llx),
then 1) iff ... iff 9) iff
{ ® € A NSC(R), &Y € A, w(t) >0Vt e [0,7(I)] : type(N,7)=Il

® € SC(R), ®Y € Np, w(t) >0Vt e RT : type(N, 7) = lloo;
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- dj. .
Charact. of norm continuity of B! on Orlicz-Lorentz spaces (I1)

(ii) if type(N,7) = I, -] = |l @ is finite and nondegenerate, w(t) >0
VieN, Y2 w(i) =00, w(l) =1, ® € AJ, then:
8) —=4) 5) 1) 2) 6)
7) <= 2) < 10°) 9)
where 100) =0 S SC[O,(D* (W)] CD S on
(iii) if type(NV,7) = oo, || = ||-||¢’W, deN, fo dtw(t) =1, ¢ € Ay, and

Jo© dtw(t) = oo, then 1), 2), 5), 6), 9) are equivalent with

10') := ® € SC(R), Y € A.,.

If, additionally, 3k > 1 3xp > 0Vx > xo J*dtw(t) > k [ dtw(t),
then 10') is also equivalent with 3), 4), 7), 8);

(iv) i type(N. ) = 13, || = |13, © €N, w(i) > 0 Vi € N, 532, wi(i) = o0,

w(l) =1, ® € A9, then the above diagram of |mp||cat|ons holds,
under replacement of 10°) by: ¢ € SCJ0, w( o)l Y € AS.
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.. dy.
Charact. of norm continuity of ‘13(_-” on Ly & Le . spaces: proof

Components of the proof:

1) Characterisations of the geometry of
A
(Lo (X, 1) I lo pert,oo)): (Low(Xs 1), [-ow) (Low(X, 1), | l6.w)-
2) Theorems on transfer of geometric properties between r.i.B.s. and n.r.i.B.s.

3) Theorem: Viasov's1
For any Banach space (X, [-] ).

2]32”'”’( is norm-to-norm continuous <= (X, |-|x) € RNSCNRRS.
Note:

.. . dpy - .
The above characterisation of the norm-to-norm continuity of 3" is new also in
the commutative case, beyond the original range of the Wang—Chén theorem.
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The Vainberg—Brégman information:

o Let (X,|-|x) € R, let W: X —]—o00,00] be
convex, lower semicontinuous, Gateaux differentiable on int(efd(V)) # &,
efd(V) := {x € X : V(x) # oo}.
e Vainberg—Brégman information := Dy(y, x) :=
{\Il(y) —V(x) = [y =, DV(X)] 4, x. : (¥,X) € X x int(efd(V))
00 1y € X, x & int(efd(V)).

Vainberg'65, Kachurovskil'66, Brégman'66, Al'ber—Butnariu'97

o Dy(x,y) >0Vx,y € X.
o (Dy(x,y) =0iff x=y) <= W is strictly convex. Butnariu-lusem'00

Y Y| Dy0.%

/
7 80) T
™.

A rE VIee

X y X
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Cosine theorem:
Pythagorean theorem: ¢

2 = 2% + b? is a special case of the cosine theorem:

@ Eudkleidos'™~-300
AB® = AC® + CB” +2(AC)(CD),
@ Al Kashi'1427

AB® = AC*+CB"~2(AC)(CB) cos .,

o In cartesian (R") and Hilbert () spaces:
8] = || + e8] -2 (c. c8),
Iz = x13 = |z = yl5 + Iy = x5 —2(z =y, x = y)y.

o W(x) = 3|5 = Du(x.y) = 3lx =yl
o Dy provides a direct generalisation of the cosine theorem: chen-Teboulie'os

Dy(z,x) = Dy(z,y) + Dy(y,x) = [z — y, DV (x) = DW(y)]] 5, x- -

o What is the corresponding generalisation of the pythagorean theorem?
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The Vainberg—Brégman projection (1):

o Llet o # CC X.
o left VKB projection := glg"’(x) = arginf,cc {Dy(z,x)}. Bregmans
e right VKB projection := %g"’(x) = arginf,cc {Dy(x,2)}.

Amari—Nagaoka'93, Bauschke—Noll'02
dy.
o if (X, ||x) is a Hilbert space, then 5 2v = spilx — §5v.
) X* 9 y — \UF(y) = Supxex{IIX, y]]XXX* - \U(X)} Mandelbrojt'39, Fenchel'49,

Moreau’62

o W : X —]—00,00] is Euler-Legendre :=
V is convex, lower semicontinuous, Gateaux differentiable on
int(efd(V)) # &,
WF is Gateaux differentiable on int(efd(WF)) # o,
OV (x) # @ iff x € int(efd(V)) Vx € efd(V¥),
OVF(x) # @ iff x € int(efd(WF)) Vx € efd(WF).

Bauschke—Borwein—Combettes'01; R”: Rockafellar'63
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The Vainberg—Brégman projection (I1):

] Theorem: Brégman'66, Bauschke—Borwein—Combettes'03
if U is Euler-Legendre, @ # Q C int(efd(V¥)) is convex and closed, then:

(i) %gw is a function on int(efd(V));
(i) Duly.x) = Duly, 2) + Du(z,x) ¥(y,x) € Q x int(efd(¥))
= z= g‘”(x);
(i) '>" turns into '="if Q is affine.
o Theorem: Martin-Marquez—Reich-Sabach'12, RPK'21
V is Euler-Legendre, @ # K C int(efd(V)), DEW(K) is convex and closed =
0 ?Q“’ is a function on X;
(i) Dy(x,y) > Dy(x,z) + Dy(z,y) V(x,¥) e X x K <— z= ag‘”(x);
(i) ‘>' turns into ‘=" if DCW(K) is affine.
N

Dy ( y,PDw(x))
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Pythagoreanity, and continuity, of ?B‘,ﬂw and i?‘,';*’ OF

o Theorem: rrk21
Let (X, |-|x) be any Banach space.
Then W, : X — R is Euler-Legendre iff (X,]|5x) € SCNG.
@ Theorem: RPK'21-'23, with an exception of 3).(i) by Schuster—Kaltenbach-Hofmann—Kazimierski'12
1) For any gauge ¢, @ # K C X, if (X,]-]|x) € RNSCNG, then:
(i) if K is convex and closed, then %i% is a function on X, and
Vx € XDsz eK
z="P, 7 (x) <= Dy,(y,2) + Dy, (z,x) < Dy,(y,x) Vy € K;
(i) if DGV, (K) is convex and closed, then 32‘"‘*’ is a function on X,
and ‘v’xD% XVzeK
z=P,?(x) <= Dy, (x,2) + Dy, (z,y) < Dy, (x,y) Vy € K.
2) For any gauge ¢, @ # K C X, if (X, |-|x) € RNSCNFNRRS, then:
(i) if K is convex and closed, then %?"" is norm-to-norm continuous on
X.

v , Dy, .
(i) if DSV, (K) is convex and closed, then ?K‘U“’ is norm-to-norm
continuous on X.
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Pythagoreanity, and continuity, of E‘,ﬂ@ and i?‘,ﬁ@ (n:

3) If B€]0,1[, r €]1,2], p1.4(t) := t¥/P71, @ # K C X, then:
(i) if B€10,3], (X,[-]x) € UC1/5 NUF, K is convex and closed, then

D
%KW"B is uniformly continuous on bounded subsets of X;
(i) if B€]0,2], (X,]-|x) € UCy/5 N UF,, K is convex, closed, and bounded,

D
then %K%"ﬁ is B(r — 1)-Lipschitz—H&lder continuous on bounded

subsets of X;
(i) if B€[3,1, (X,|]x) € UCNUFy /5, DSV, , is convex and closed,

D
then %K%"ﬁ is uniformly continuous on bounded subsets of X;
(iv) if 8¢ [%, 1[, (X7 ”"X) S UC,/(,,l) N UFl/[g, @wal)B(K) is convex,

D 2
closed, and bounded, then BK%”* is %(r — 1)2-Lipschitz—Holder
continuous on bounded and convex subsets of X.
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Pythagoreanity & continuity of %%*’ & @ﬁ” on (Lo(N,7), [ lep) (1):

Theorem: rpk21-23

Let type(N, 7) € {I5F111,ll} and p € [1,00], let ¢ be a gauge,

let @ # K C Lo(N,7) be convex and closed in the topology of || .

let & # C C Lo(N,7), let DEW,,(C) be convex and closed in the topology of

Ilov p(p—1)- Then:

(i) if
® € AJNSC([0,we(1)]), @Y € AN SC([0, (®Y)V(3)],
Ju>00Y(u) =1,3u>0 Y (P, (u) > 3 : type(W,7) =18F p=1
® € AJNSC([0,071(3)]), ®Y € AFNSC([0, wev (1)]),
Ju > 0 d((@Y), (v)) > % : type(WV,7) = 15F p = o0
® € AJNCH[0, wo p(1)]),
oY € AZNCH[0, @y py(p—1)(DD) : type(N,7) = 15F, p €]1, 00
o, dY € A NSC(R) : type(N, 7) = ll1, p € [1, 00]
o, 0Y € A NSC(R) : type(N, 7) = lloo, p € [1,00]

then:
1) Dy, (x,y) =0 <= x=yVx,y € Lo(N,7);

2) %g‘u“’ and %Igw“’ are functions on Lo(N, 7);
3) Dy, satisfies left and right generalised pythagorean theorem on Lo (N, 7);
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Pythagoreanity & continuity of %%“’ & aﬁ“’ on (Lo(N,7), [-le,) (11):

(ii) under the same conditions as above, with an additional assumption of
limy oo ﬂuﬁ =00 : type(N,7) =155, p €]1, 0]
® € AaNUC,dY € UC : type(N,7) = llo, p €]1, 00],
%g‘"“& and B?w“’ are norm-to-norm continuous on (Lo(N,7), ||e ,);
(iii) if p = 00, p(t) = p14(t) := tY/77 1 with v €]0, 1],
and one of the following (inequivalent) conditions holds:
a) 1 <r<2<s< o0, ¢is finite and nondegenerate, (1) =1,
u s &(ul/") is convex, u — d(ul/?) is concave;
b) ® is an inverse of u > (¢g'(u))2Pu’, B €]0,1], Po N, s:=

1 .
ey

1
ﬂ!
ri=

then:
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Pythagoreanity & continuity of §%¢ & @X” on (Lo(N,7), [ le,) (1N1):

1) ‘43;1”'”“’ is uniformly continuous on bounded subsets of (Lo(N,7),||s), and
:-Lipschitz—Holder continuous on bounded neighbourhoods of K;

D
2) %KW"”' is uniformly continuous on bounded subsets of (Lo(N,7), | ]s);
D
3) ﬁcw%"/’ is uniformly continuous on bounded subsets of (Lo(N,7), | |4);

D
4) if K bounded, then %K‘vvl’l/’ is 1(r — 1)-Lipschitz—Hélder continuous on
bounded subsets of (Lo(N,7), [|4);

D
5) if DSW,, . (C) is bounded, then %C%"”’ is
(r 1)) min{ -2+, —1-}-Lipschitz—Holder continuous on bounded and convex

r(s—1 r—17s—1
subsets of (Lo (N, 7), |-|4)-
Proof:

Follows from the results presented earlier, except of (iii).1), that uses additionally
a theorem of Adzhievoo.
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Summary of results
1) Banach space duality for (Lo(N,7), |-|o), (Lo(N,7),[-|$). as well as
(Lo(N,7), Il ), and establishing their relationship with Muratov's variants.
2) Characterisation of geometric properties of (Lo(N,7), [l ), (Lo,w(N;7), |6 ),
(Lo,w(N,T), ||H$W) using geometry transfer theorems for r.i.B.s.

3) Characterisation of norm-to-norm continuity of metric projection &Bcg"” on
(Lo 7), Ilop): (Lo, 7)o ) (Low(N, 7). ]g,,) by RNSC. (This result
is new also in the commutative cases, beyond the range of the Wang—Chén theorem.)
4) Characterisation of Euler-Legendre W, on any Banach space (X, |-|5) by SCNG.
5) Sufficient conditions for left and right pythagorean theorems for Dy,,, and for
D D
{norm-to-norm, uniform, Lipschitz—Hélder} continuity of %KW“’ and ng“’, on
(X, ]-lx) in terms of geometric properties of (X, || ).
6) Sufficient conditions for left and right pythagorean theorems for Dy,,, and for
D D
{norm-to-norm, uniform, Lipschitz—Hélder} continuity of %K\V“" and aKW"’, on
(Lo(N,7), Il ) in terms of the properties of ®. (This result is new also in the
commutative case.)
Open problems (which would improve generality of the above results):
@ Missing (or limited to ® € N) characterisations of a few geometric properties of

(Lo(X, 1), || ) in some particular cases of (type(X, i), p).

o Missing equivalences in n.r.i.B.s. transfer of R for type 155, and of UC, for any type.
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