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Abstract

The approximation of Euclidean QCD vertex functidhby a double sequend?*! is con-
sidered, where is a perturbative order ip?, andr the order of a rational approximation in
the QCD scale\?, non-analytic ing?. Self-consistency of ") in the Dyson-Schwinger equa-
tions comes about by a distinctive mathematical mechanism, which limits the self-consistency
problem rigorously to the seven superficially divergent vertices.

1. The Extended Approximating Sequence

In a renormalizable but not superrenormalizable field theory, the sequence of partial sums
rrert(p = 0,1,2,...) of the perturbative expansion in the gauge couplirigr an Euclidean
proper verteX'y (k; g), k = {k1... kx| X k; = 0}, is known to be fundamentally incomplete.

Its semi-convergence, combined with the violent non-analytiafyl's aroundg = 0, leaves
room for a remainder term exponentially smallgas- 0,

t.
1\{[i}n ’F(k‘; g) — F[P]pert(k‘;g)‘ X exp (_con2s ) : (1.1)
P 9

In asymptotically free theories, on the other hand, one knows from renormalization-group (RG)
analysis that one class of terms just allowed by this bound is positively there, namely terms
involving the RG-invariant mass scale (in a scheme R),

Bg’) ~ Bog*(v)

Here v is the arbitrary renormalization scale. For QCD, it therefore seems necessary to ac-
commodate such-dependent terms, which the perturbation expansion will miss even when
summed to all orders.

The present contribution briefly describes some propertiesofible approximating sequerfce
for Euclidean QCD vertices,

F[hp]<k;g)7 7”:0,1,2,..., p:O71’2""’ (13)

(A*)gr = V¥ exp{ —2 7) dg =12 exp{ (4 )" {1 + 0(92)} } . (1.2)

designed to account for the-dependent "missing terms™, while being
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e perturbatively renormalizable. It preserves perturbative power counting and permits re-
moval of divergences by the perturbative, local counterterms;

o still "perturbative” (polynomial ing?) in its "p" direction, but on the basis of a zeroth-
orderI'"Y differing from the Feynman-rule verticé&’**"t by nontrivial A dependence.
As compared td'P'rert | it is "capable of improving its own zeroth order"”;

e a systematic approximation to nonperturbativdependence in the "r" direction;

e capable of self-reproduction, up to terms of the next higher ordexr in the Dyson-
Schwinger (DS) equations of the theory via a distinctive mathematical mechanism.

Approximation in the "r" direction cannot simply consist of an expansion in powers of
sinceA is a mass, unlike the dimensionlegsthe A andk dependences are always intercon-
nected in what is essentially a dependencé®ih? (k? = set of independent Lorentz invariants
formed fromk). Now the dynamical equations fors (DS equations) feature loop integrations
ranging over alk space, including regions wheté >> k2. Approximation in the "r" direction
therefore must be of global nature.

The only known meeting point for the dual requirements of (i) globality of approximation
w.r.t. k?/A? and (i) preservation of perturbative power counting wk%is the use ofational
approximants They are restricted by the boundary conditions

TPl (A =0,g #0) =TPPert(p = 0,1,2...)  (?perturbative limit”) (1.4)

T (\E) — DOPert(AE), A — 0o ("naive asymptotic freedom”), (1.5)

the latter condition reflecting the asymptotic freedom of QCD and the expectation that logarith-
mic deviations from naive asymptotic freedom arise only from resummatipn-of terms.
As illustrative examples of such sequences we consider:

(@) The Euclidean two-point verteRky(k?), or negative-inverse propagator, of transverse glu-
ons, defined by the usual decomposition of the gluon propagator

Dy (k) = bap { [&w — k;’;] l_FT(le)] + k;{jy (ig)} (1.6)

Its rational approximants of zeroth perturbative orﬁépl, with r denoting by convention
thedenominatodegree, have the form

(kQ)r—H + Cr,lAQ(kQ)T + ..+ Cr,rJrl(A?)T—H
(k.Q)r + nr’lAQ(kQ)rfl + ...+ nr,r(A2)T

—I0(k?) = , (1.7)
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where the2r 4 1 dimensionless coefficients, ;; 7.;) are real, or alternatively the partial-
fraction decomposition

[7,0] (7.2 2 2 d Uy 25+1A4
—D7(K) = B +upa A2 4> = (1.8)
s=1

— k2 + UTQSAQ ’

where theu, ; for : > 1 can be either real or pairwise complex conjugate. The boundary
condition (1.5) fixes both the relative degrees and the leading relative coefficient of the
numerator and denominator, and implies (1.4). In so doing, it also preserves the pertur-
bative contribution of the propagator (1.6) to power counting in loops, which in this case
therefore imposes no extra restrictions.

Among the dynamical possibilities embodied in (1.7/1.8) we mention the two one expects
to dominate aphysical solutiongmost others are unphysical):

e "Particle sequence": all + 1 zeroes of (1.7/1.8) (= propagator poles) real and at
negative Euclidean (timelike Minkowskiah}, with m of them well separated, and
the remaining- + 1 — m interspersed with real poles (= propagator zeroes), in the
manner known in the context of rational approximants as approximating a branch
cut. This would describe a gauge field creatingtable gluon particles at different
masses ( Schwinger mechanism).

e "Quasiparticle Sequence': odd, with allr + 1 zeroes of (1.7/1.8) (= propaga-
tor poles) and all but one of the poles (= propagator zeroes) coming in complex-
conjugate pairs. In the simplest case, one would expect one well-separated pair of
complex propagator poles, the remaining ones settling (together with the propaga-
tor zeroes) into a two-complex-cuts pattern. The conceptual problems apparently
arising from the complex propagator structure are not unsurmountable, provided the
solution is used consistently. This subsequence is then of considerable interest for
QCD, since its propagators describe gluons ashiwet-lived elementary excitations
with lifetime ~ A~! that are "seen" at the origin of gluon jets.

(b) The Euclidean three-gluon vertex. Here it will be stated without elaboration that for the
vertices with more than one invariant momentum variable, DS self-consistency will re-
quire the use op = 0 approximants with a factorizing-denominator structure, so that e.g.
the 3-gluon verteX's, will admit partial-fraction decompositions of the form

r 4 A?
TG0 = By(k2, 13 12) + 3 B, ) <A2> | (L9)

2
s=1 kS + ur,?s
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2. The Self-Consistency Mechanism

The characteristic new problem of this extended approximation is the self-consistency of
I'"% in the DS equations. The latter take the general form

2
Ty = ToPert o (i};) ®x[Ta, .., Ty Tvers Tovial 2.1)

with the dressing functionalé consisting of loop integrals (generally divergent) over com-

binations ofl”s, and being preceded by at least two powers of the bare gauge coupling. Self-

consistency here means that

e when inserted collectively into thé,, and after renormalization, tHe"° should re-
produce themselvegp to corrections of ordep = 1, which are also generated in the
process;

o for a rational approximant with(r) parameters, matching between the input function
I'% and the output of ; can be achieved with respectii¢r) "comparison data" (func-
tion values, derivatives, residues). In all other data, a matching error remains that can
be improved only by going to higher

The problem with (2.1) is that the dressing terms must supply the nonperturbative parts
[0l T lleert with no ¢%(v) prefactor, in spite of the fact that they always come with at least one
gs prefactor. The mathematical mechanism making this possible is, in my opinion, nontrivial.
To explain it again on the example of the self-energy funcligt?) = —1/Dr(k?), consider
the corresponding DS equation at one loop,

Dp(k?) = — k2 + (g°>2 SRR SAa Ll (2.2)

dm M=A,B,C,D

Here &4 stand for the well-known four terms: 2-gluons loop, ghost-antighost loop, gluon

tadpole, and quark-antiquark loop, respectively. Wiifeis a constant, the other three involve
3-point verticed ;" T1"0) 19 ‘which all have partial-fraction decompositions w.kt.of the
general form (1.9). The structure of (2.2) therefore is

9\ (l=1)_(90)2 (7121 L N 7(r) (.2 A?
(4%) by = 4T Iy (k >+;IS (k%) k2 4 ;. 9 A2 ’ (2:3)

with quadratically divergent integralg, /; . . . I,.. The natural "comparison data", to be matched
to the input function (1.8), are the positions and residues of thaes in thek? plane, and the
value of the smooth remainder function, denol.éa(lﬁ), at some still arbitrary point? =
—U0A2:

Upos = U, (s=1...r); (2.4)

r,2s
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Up2si1A? = (Z—;)Q ]S(T)(—Ur,zs/\2) (s=1...7r);
UT71A2 = (@)2 Jg(—quQ) .

A7

(2.5)

Eqg. (2.4) expresses the explicit self-reproductionnadmentunstructure occurring in this
scheme: the 3-point approximants, by virtue of their factorizing denominators, "hand down"
their rational structure to a 2-point vertex. (One noteworthy consequence of this is that all poles
of the 3-point approximants reappearzesoesof the corresponding propagators.) The r. h.
sides of (2.5), dimensionally regularized/in= 4 — 2¢, come out as

IO (= 0,A?) = (%)76 {A(:U + (finite as € — 0) + 0(6)} ,

S 1/0

VO €

2\ —€ (I=1)
[OT)(_UOAQ) = (A—2) {AO + (finite as € — 0) + 0(5)} ) (2.6)

with A, the generalization of the scale (1.2)ter 0. The A,, Ay depend on the nonperturbative
constants of all the 2-point and 3-point vertices entering thel functional. Upon postulating
that perturbative coupling-constant renormalization remain valid,

g = Za(g* (), €)g* (V)1 (2.7)

one finds in (2.5) the divergent terms of (2.6) associated with a factor

I, () = { [“’Af;)rza@?(u),e)} {(A) 1} . 25)

The point now is that by using the exact integral representations ofhptmdA? in terms of
the RG beta function, one immediately sees fids in fact independent of*(v) and finite at
e = 0, and a few lines of algebra give its behavior near 0 as

T(e) — /310 [1+0(c, elne)] . (2.10)

This is a compact statement of the "eating” mechanism. Its properties, partly discussed already
in, are:

¢ It makes they = 0 nonperturbative terms of the input (1.8) reproduce themseinakyt-
ically upon imposition of the matching conditions.

1
Ups = B—Aglﬂ) (s=1...2r+1), (2.10)
0

thus enabling the sequence to establish self-consistently its own zeroth order.
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¢ |t establishes these terms without divergences-as0, so thatno nonlocal counterterms
are needed (as necessary for perturbative renormalizability), and even withou®figtije
corrections.

e It is closely tied to the divergence structure of the theory, as shown by the presence of
the termsA, in (2.10). It is not hard to demonstrate that, as a resultsétieconsistency
problem of thel'"% gets rigorously(i.e. without decoupling approximationsjstricted
to the small finite set of DS equations for the superficially divergent veic@<D.

e It leads to adecoupling of the perturbative (p) and loop (l) ordevdth thel-loop terms
arising in the iterative evaluation of the DS functional contributing to all terms of orders
p = 0,1,2,...1 of the sequence. In particular, the r. h. sides of the self-consistency
equations (2.10), dtloops, become I-th order polynomialsing,.

To complete the argument, one notes that the remainder of (2.3), the logarithmically di-
vergent function(go/47)2[J{"” (k%) — J” (—ugA?)], can be renormalized by theerturbative,
local one-loop counterterm if and only if, = 0, so that perturbative renormalizability fixes
this last undetermined parameter. In the framework of the "particle" subsequence, this implies
in particular that a gauge-boson mass term,\? in eq. (1.8), can in principle be established
self-consistentlyvhile using only the massless perturbative counterterm.

To establish the full system of self-consistency equations, even at the lowest nontrivial
(r = 1 andl = 1) level, by isolating the divergent parts of all relevant nonperturbative DS
loops for the seven vertices, represents a substantial research program. However, the partial
results (forr = 1 and! = 1) described in the second of Refs. 3 for the pure gluon theory, and
analogous unpublished results of Koenning for the two basic fermion vertices, while based on
crude truncations of that system, are encouraging, and would make the program seem worth-
while.
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