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Ordinary description of quantum mechanics

Tensor product of Hilbert spaces

L2(R2) =
(
L2(R)

)∗ ⊗ L2(R),

where

(ϕ⊗ ψ)(x , y) = ϕ∗(x)ψ(y),

〈ϕ1 ⊗ ψ1|ϕ2 ⊗ ψ2〉L2 = 〈ϕ2|ϕ1〉L2 〈ψ1|ψ2〉L2 ,

for ϕ,ϕ1, ϕ2 ∈
(
L2(R)

)∗ ∼= L2(R) and ψ,ψ1, ψ2 ∈ L2(R).
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Isomorphisms of L2(R2)

The Fourier transform Fy is an isomorphism of L2(R2). For
Ψ(x , y) ∈ L2(R2), the function

Ψ(x , p) = Fy (Ψ(x , y)) =
1√
2π~

∫
dy e−

i
~ py Ψ(x , y)

will be called an (x , p)-representation of Ψ(x , y) and it will be considered
as a function on the phase space M = R2 in the canonical coordinates of
position x and momentum p.

The map

TσΨ(x , y) := Ψ(x − σ̄y , x + σy), Ψ ∈ L2(R2)

is an isomorphism of L2(R2).
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(σ, α, β)-twisted tensor product of Hilbert spaces

H =
(
L2(R)

)∗ ⊗σ,α,β L2(R) := Sα,βFyTσ
((

L2(R)
)∗ ⊗ L2(R)

)
,

where

〈ϕ1 ⊗σ,α,β ψ1|ϕ2 ⊗σ,α,β ψ2〉H = 〈ϕ2|ϕ1〉L2 〈ψ1|ψ2〉L2 ,

for ϕ1, ϕ2 ∈
(
L2(R)

)∗ ∼= L2(R) and ψ1, ψ2 ∈ L2(R).
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Generators of H
The generators of H are of the form

Ψσ,α,β(x , p) = (ϕ⊗σ,α,β ψ)(x , p)

=
1

(2π~)3/2
√
αβ

∫∫∫
dx ′ dp′ dy ϕ∗(x ′ − σ̄y)ψ(x ′ + σy)

· e− 1
2~α (x−x′)2

e−
1

2~β (p−p′)2

e−
i
~ p′y ,

where ϕ,ψ ∈ L2(R).
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Basis in H
If {ϕi} is an orthonormal basis in L2(R), then {Ψij} = {ϕi ⊗σ,α,β ϕj} is
an orthonormal basis in H and for any Ψ = ϕ⊗σ,α,β ψ ∈ H where
ϕ,ψ ∈ L2(R):

ϕ =
∑

i

biϕi , ψ =
∑

j

cjϕj , for some bi , ci ∈ C,

Ψ =
∑
i,j

aijΨij , aij = b∗i cj .

The basis functions Ψij are idempotent:

Ψij ?σ,α,β Ψkl =
1√
2π~

δilΨkj .
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Theorem

Every pure state Ψpure ∈ H is of the form

Ψpure = ϕ⊗σ,α,β ϕ,

for some normalized function ϕ ∈ L2(R). Conversely, every function
Ψ ∈ H of the form ϕ⊗σ,α,β ϕ is a pure state.
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Observables A ∈ AQ can be considered as operators on H given by

A ?σ,α,β = Aσ,α,β(q̂σ,α, p̂σ,β).

States Ψ ∈ H can also be considered as operators on H given by

Ψ̂ =
√

2π~Ψ ?σ,α,β .

Note, that for Ψ =
∑

i,j cijϕi ⊗σ,α,β ϕj there holds

Ψ̂ = 1̂⊗σ,α,β ρ̂,

where ρ̂ =
∑

i,j cij |ϕj〉 〈ϕi |.

In particular, for Ψ = ϕ⊗σ,α,β ψ there holds

Ψ̂ = 1̂⊗σ,α,β ρ̂,

where ρ̂ = |ψ〉 〈ϕ|.
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If Ψpure = ϕ⊗σ,α,β ϕ is a pure state then Ψ̂pure = 1̂⊗σ,α,β ρ̂pure where
ρ̂pure = |ϕ〉 〈ϕ|. Moreover, operators ρ̂pure satisfy

1 ρ̂pure = ρ̂†pure (hermiticity),

2 ρ̂2
pure = ρ̂pure (idempotence),

3 tr ρ̂pure = 1 (normalization).

If Ψmix =
∑
λ pλΨ

(λ)
pure is a mixed state then Ψ̂mix = 1̂⊗σ,α,β ρ̂mix where

ρ̂mix =
∑
λ

pλρ̂
(λ)
pure.

Maciej B laszak, Ziemowit Domański Phase Space Quantum Mechanics Canonical Regime Part 2



Ordinary description of quantum mechanics
Examples

If Ψpure = ϕ⊗σ,α,β ϕ is a pure state then Ψ̂pure = 1̂⊗σ,α,β ρ̂pure where
ρ̂pure = |ϕ〉 〈ϕ|. Moreover, operators ρ̂pure satisfy

1 ρ̂pure = ρ̂†pure (hermiticity),

2 ρ̂2
pure = ρ̂pure (idempotence),

3 tr ρ̂pure = 1 (normalization).

If Ψmix =
∑
λ pλΨ

(λ)
pure is a mixed state then Ψ̂mix = 1̂⊗σ,α,β ρ̂mix where

ρ̂mix =
∑
λ

pλρ̂
(λ)
pure.
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Theorem

Let A ∈ AQ and Ψ ∈ H be such that Ψ = ϕ⊗σ,α,β ψ for ϕ,ψ ∈ L2(R),
then

AL ?σ,α,β Ψ = Aσ,α,β(q̂σ,α, p̂σ,β)Ψ = ϕ⊗σ,α,β Aσ,α,β(q̂, p̂)ψ,

AR ?σ,α,β Ψ = Aσ,α,β(q̂∗σ̄,α, p̂
∗
σ̄,β)Ψ = A†σ,α,β(q̂, p̂)ϕ⊗σ,α,β ψ,

if ψ ∈ D(Aσ,α,β(q̂, p̂)) and ϕ ∈ D(A†σ,α,β(q̂, p̂)), where q̂ = x,

p̂ = −i~∂x and D(Â) denotes a domain of an operator Â.
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From previous theorem it follows that operators A ?σ,α,β can be written
as

A ?σ,α,β = Aσ,α,β(q̂σ,α, p̂σ,β) = 1̂⊗σ,α,β Aσ,α,β(q̂, p̂).

Moreover, the action of observables Aσ,α,β(q̂σ,α, p̂σ,β) on states

Ψ̂ = 1̂⊗σ,α,β ρ̂ reads

Aσ,α,β(q̂σ,α, p̂σ,β)Ψ̂ = 1̂⊗σ,α,β Aσ,α,β(q̂, p̂)ρ̂,

Ψ̂Aσ,α,β(q̂σ,α, p̂σ,β) = 1̂⊗σ,α,β ρ̂Aσ,α,β(q̂, p̂).
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Theorem

Every solution of the ?σ,α,β-genvalue equation

A ?σ,α,β Ψ = aΨ

for A ∈ AQ and a ∈ C is of the form

Ψ =
∑

i

ϕi ⊗σ,α,β ψi ,

where ϕi ∈ L2(R) are arbitrary and ψi ∈ L2(R) are the eigenvectors of
the operator Aσ,α,β(q̂, p̂) corresponding to the eigenvalue a spanning the
subspace of all eigenvectors, i.e. ψi satisfy the eigenvalue equation

Aσ,α,β(q̂, p̂)ψi = aψi .
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Theorem

Every solution of the ?σ,α,β-genvalue equation

Ψ ?σ,α,β B = bΨ

for B ∈ AQ and b ∈ C is of the form

Ψ =
∑

i

ψi ⊗σ,α,β ϕi ,

where ϕi ∈ L2(R) are arbitrary and ψi ∈ L2(R) are the eigenvectors of

the operator B†σ,α,β(q̂, p̂) corresponding to the eigenvalue b∗ spanning
the subspace of all eigenvectors, i.e. ψi satisfy the eigenvalue equation

B†σ,α,β(q̂, p̂)ψi = b∗ψi .
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In the nondegenerate case the solution Ψ to the following pair of
?σ,α,β-genvalue equations

A ?σ,α,β Ψ = aΨ, Ψ ?σ,α,β B = bΨ,

is unique up to a multiplication constant and is of the form
Ψ = ϕ⊗σ,α,β ψ, where ϕ,ψ ∈ L2(R) satisfy the following eigenvalue
equations

Aσ,α,β(q̂, p̂)ψ = aψ, B†σ,α,β(q̂, p̂)ϕ = b∗ϕ.

In particular, a pair of ?σ,α,β-genvalue equations

AL ?σ,α,β Ψ = aΨ, (AR ?σ,α,β )†Ψ = a∗Ψ

have a solution Ψ in the form of a pure state Ψ = ϕ⊗σ,α,β ϕ, where
ϕ ∈ L2(R) is a solution to the eigenvalue equation

Aσ,α,β(q̂, p̂)ϕ = aϕ.
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Theorem

Let A ∈ AQ , Ψ =
∑
λ pλΨ

(λ)
pure =

∑
λ pλ(ϕ(λ) ⊗σ,α,β ϕ(λ)) ∈ H be some

mixed state and ρ̂ =
∑
λ pλ |ϕ(λ)〉 〈ϕ(λ)| the corresponding density

operator. Then there holds

〈A〉Ψ =
∑
λ

pλ 〈ϕ(λ)|Aσ,α,β(q̂, p̂)ϕ(λ)〉L2 = tr(ρ̂Aσ,α,β(q̂, p̂)).
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Time evolution of density operators

The time evolution of states represented as operators on the Hilbert
space L2(R) is governed by a Hermitian operator Hσ,α,β(q̂, p̂)
corresponding to the Hamiltonian H:

i~
∂ρ̂

∂t
− [Hσ,α,β(q̂, p̂), ρ̂] = 0.

Maciej B laszak, Ziemowit Domański Phase Space Quantum Mechanics Canonical Regime Part 2



Ordinary description of quantum mechanics
Examples

Simple harmonic oscillator

Stationary states of the harmonic oscillator

The Hamiltonian of the harmonic oscillator:

H(x , p) =
1

2

(
p2 + ω2x2

)
.

Note that H is a Hermitian function for every (σ, α, β)-ordering, i.e.
H ?σ,α,β = (H ?σ,α,β )†.

The stationary pure states of the harmonic oscillator are precisely the
solutions of the following pair of ?σ,α,β-genvalue equations

H ?σ,α,β Ψ = EΨ,

Ψ ?σ,α,β H = EΨ,

for E ∈ R.
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Simple harmonic oscillator

Lets introduce new coordinates called holomorphic coordinates

a(x , p) =
ωx + ip√

2~ω
, ā(x , p) =

ωx − ip√
2~ω

.

In this new coordinates the Hamiltonian H takes the form

H(a, ā) = ~ω
(
ā ?σ,α,β a + λ̄

)
= ~ω (a ?σ,α,β ā− λ) ,

where λ = 1
2 (1 + ωα + ω−1β) and λ̄ := 1− λ = 1

2 (1− ωα− ω−1β).

The ?σ,α,β-genvalues of H are equal

En = (n + λ̄)~ω.
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where λ = 1
2 (1 + ωα + ω−1β) and λ̄ := 1− λ = 1

2 (1− ωα− ω−1β).

The ?σ,α,β-genvalues of H are equal

En = (n + λ̄)~ω.

Maciej B laszak, Ziemowit Domański Phase Space Quantum Mechanics Canonical Regime Part 2



Ordinary description of quantum mechanics
Examples

Simple harmonic oscillator

Assume that σ = 1
2 and β = ω2α.

The stationary states of the harmonic oscillator take the form

Ψn =
1√

2π~λ
(−1)n

(
λ̄

λ

)n

Ln

(
H

~ωλλ̄

)
exp

(
− H

~ωλ

)
for λ 6= 0, 1,

Ψn =
1√

2π~n!

(
H

~ω

)n

exp

(
− H

~ω

)
for λ = 1.

Ψn converges to a classical pure state (x = 0, p = 0) in the limit ~→ 0+:

lim
~→0+

ρn(x , p) = δ(x)δ(p),

where ρn = 1√
2π~ Ψn.
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Simple harmonic oscillator

Coherent states of the harmonic oscillator

Coherent states of the harmonic oscillator are functions Ψz ∈ H which
satisfy the following ?σ,α,β-genvalue equations

aL ?σ,α,β Ψz = zΨz ,

āR ?σ,α,β Ψz = z∗Ψz ,

where z ∈ C.

Above system of equations for z = (ωx0 + ip0)/
√

2~ω is equivalent to the
following system of differential equations

(ω(x − x0) + i(p − p0))Ψz + ~((σ̄ + ωα)∂x + i(σω + β)∂p)Ψz = 0,

(ω(x − x0)− i(p − p0))Ψz + ~((σ + ωα)∂x − i(σ̄ω + β)∂p)Ψz = 0.
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Coherent states of the harmonic oscillator

Coherent states of the harmonic oscillator are functions Ψz ∈ H which
satisfy the following ?σ,α,β-genvalue equations

aL ?σ,α,β Ψz = zΨz ,

āR ?σ,α,β Ψz = z∗Ψz ,

where z ∈ C.

Above system of equations for z = (ωx0 + ip0)/
√
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The solution to the previous system of differential equations for
α = β = 0 reads

Ψz(x , p) =
1√

π~ω(σ̄2 + σ2)
exp

(
− ω2(x − x0)2

2~ω(σ̄2 + σ2)

)
exp

(
− (p − p0)2

2~ω(σ̄2 + σ2)

)
· exp

(
i
2(2σ − 1)ω(x − x0)(p − p0)

2~ω(σ̄2 + σ2)

)
.

A quantum distribution function induced by Ψz is then given by

ρ(x , p) =
1√
2π~

Ψz(x , p)

=
1

π~
√

2ω(σ̄2 + σ2)
exp

(
− ω2(x − x0)2

2~ω(σ̄2 + σ2)

)
exp

(
− (p − p0)2

2~ω(σ̄2 + σ2)

)
· exp

(
i
2(2σ − 1)ω(x − x0)(p − p0)

2~ω(σ̄2 + σ2)

)
.

Note, that the expectation values of position and momentum in a
coherent state Ψz are equal

〈x〉Ψz
= x0, 〈p〉Ψz

= p0.
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To find the time evolution of the coherent states it is necessary to solve
the time evolution equation

i~
∂ρ

∂t
− [H, ρ] = 0,

where H(x , p) = 1
2 (ω2x2 + p2).

Above equation is equivalent to the following equation

∂ρ

∂t
− ω2x

∂ρ

∂p
+ p

∂ρ

∂x
− i~ω2 1

2
(2σ − 1)

∂2ρ

∂p2
+ i~

1

2
(2σ − 1)

∂2ρ

∂x2
= 0.
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The solution of the previous equation initially in a coherent state reads

ρ(x , p, t) =
1

π~
√

2ω(σ̄2 + σ2)
exp

(
−ω

2(x − x̄(t))2

2~ω(σ̄2 + σ2)

)
exp

(
− (p − p̄(t))2

2~ω(σ̄2 + σ2)

)
· exp

(
i
2(2σ − 1)ω(x − x̄(t))(p − p̄(t))

2~ω(σ̄2 + σ2)

)
,

where

x̄(t) = x0 cosωt +
p0

ω
sinωt,

p̄(t) = −ωx0 sinωt + p0 cosωt,

are the expectation values of position and momentum.

Coherent states, in the limit ~→ 0+, converge to the classical pure
states of the harmonic oscillator (x̄(t), p̄(t))

lim
~→0+

ρ(x , p, t) = δ(x − x̄(t))δ(p − p̄(t)).
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The end
of

Part 2
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