Problem Set 13 — Microhydrodynamics & fluctuations

Problem 1: Time-dependent density-density correlations

Consider a fixed configuration {Ry, ..., Ry} of N spherical particles suspended in an isotro-
pic, incompressible Newtonian fluid. The time-dependent density operator is given by p(r,t) =
Zf\i 1 0(r — R;(t)). We consider the correlation function

C(r—r',t —t") = (6p(r,t)dp(r', 1)),
where (...) denotes an equilibrium ensemble average and d5(r,t) = p(r,t) — (p(r,t)).

(a) Explain why C depends only on r —r’ and ¢t — t. Give a physical interpretation of
C(r—r',t —t') by considering how an out-of-equilibrium density profile p(r,t) = p(r,t)
relaxes in time within the linear-response regime. Here, the overline represents an out-of-
equilibrium ensemble average.

(b) Introduce the Fourier transform C(k,t) = [ dk C(r,t)e” T and define the collective dy-
namical structure factor as C(k,t) = pS (k,t) w1th p = N/V. Show that

Selle 1) = o S (exp{ik [Ra() ~ Ry(0)])).

1,J
What happens to the k = 0 mode?

(c) Within the framework of linear irreversible thermodynamics, we may presume that p(r,t)
is governed by the generalised diffusion equation

t
%p(r, t)=-V-jr,t), jr,t)= —/dr’/o At D(r —1'st—t') Vo', t).

Here, ®(r —r’;t —t') is the collective diffusion kernel. Derive the differential equation for
Sc(k,t) and explain how it is an example of the Onsager regression hypothesis.

Problem 2: Gradient diffusion
The many-body Smoluchowski equation for N identical spherical particles of radius a is given
by
QP RV, t) Z RY). 0 PRN t) + BP(RY, t)iyRN)
ot 8R 8R OR;
where the interaction potentials are pair-wise additive ®(RY) = 3, _ ;#(IR; — R;[) and D;;
denote diffusion tensors. Furthermore, 8 = (kgT)~!

(a) Consider the marginal probability distributions
Py(r,t) = /ng.../dRN P(r,Ro,...Ry, 1),
Py(r,v' t) = /ng.../dRNP(r,r’,Rg,...,RN,t),
Psy(r,v’ " t) = /dR4.../dRN P(r,r’",v" Ry,....Rpn,t).
Argue that the average number density is given by p(r,t) = NP;(r,t). Derive the differen-
tial equation that governs the behaviour of p(r,¢) and show that there is a term coming

from the self-diffusion tensor D;; (no Einstein convention!) denoted by I; and a term
coming from the cross-diffusion tensor D;; with i # j denoted by I5.



(b) For sufficiently dilute systems we may assume that the D;; consist only of one-body and
two-body terms. We may parametrize them as follows

N
Dii = Do { 1+ ) [As(Rij)RyjRij + Bs(Rij) (I — RijRyj)] o,
i AD(R;)
D;; = Do[Ac(Rij)RijRij + Be(Rij) (1 — Ry Ryj)], i # j.

What is Dg? Give an explicit expression.

(c) We first analyse I;. Show that
I =(N-1)pV - /dr’ [Dol + AD(r — ©')| Py(r, v, t) - Vo(|r — 1'|)
+ (N —-1)(N —-2)8V - /dr’/dr”AD(r —1)Ps(r, ', 1", t) - Vo(r —1"]). (1)

Find a similar expression for I5.

(d) We approximate P(r,r',t) =~ (1/N?)p(r,t)p(r’,t)g(|r — r'|) with g(r) the (equilibrium)
radial distribution function. Argue that for dilute suspensions g(r) ~ exp|—LB¢(r)].

(e) Furthermore, we assume that the inhomogeneities in density are small and expand p(r,t) =
p+Ap(r,t) with p = N/V. Moreover, we may expand Ap(r’) = Ap(r)+(r'—r)-VAp(r,t).
Argue why to linear order in the volume fraction ¢ = (4/3)7ap, the term containing P3
does not contribute.

(f) Show that

gtf’(r’ t) = Do(1 + ave)V2p(r, t),
with
_ > dV (az) o0
av =8 sl T2 + [ dnalliloo) + 2B falleo
—/0 dx 23 [f(ax)g(ax) +Ac(ax)dgc(lzm) ’
where
flaz) = ﬁ% |:Ac((l$)$_2Bc(a$):| N 4Ac(a:c) ; Bc(ax) N dB;ECam).

(g) Evaluate ay for hard sphere interactions, i.e. ¢(r) =0 for r > a and ¢(r) = oo for r < a.
You may use the approximate mobility functions

15 11 17
Ag(az) = —Zaf‘l + ?LU76 +0(z™®), Bs(ax) = —Exffi +0(z78),

75

2o T4 O6), Bolar) = a7+ L3 L 0.

Aclax) = %wil —z3+

You should find ay = 1.559....



