Problem Set 14 — Microhydrodynamics & fluctuations

Problem 1: Time-dependent correlation functions

Let A(t) = A(X(t)) and B(t) = B(X(t')) be two time-dependent observables with ¢ > ¢’
that depend on the general phase space trajectory X(¢). In this exercise we are interested in
the time-dependent correlation function

Canltt) = (AWBW)) = [ dXo Ao AXE)BX(E), t> 1.

given that X(t = 0) = Xy. The angular brackets denote a general ensemble average (not
necessarily an equilibrium one!) and Py(Xg) denotes the phase space probability distribution at
t =0, ie Py(X)=P(X,t=0), where P(X,t) evolves according to

0
5 F(X.t) = DP(X.1),

for a general linear operator D.
(a) Explain why we have to specify the condition ¢ > t'.

(b) Show that
Cap(t,t') = /dX/dX’P(X,t;X’,t’)A(X)B(X’), t>t,

with P(X,t; X’,t') the joint probability distribution function for finding the system at
phase-space point X at time ¢t and at phase-space point X' at time t'. Give an explicit
expression for this quantity in terms of Fy.

(¢) By expressing P(X,¢;X,t') = P(X,t|X/,t')P(X',t'), where P(X,t|X',t') is the conditio-
nal probability distribution of finding a phase-space point X at time ¢ given that at time
t’ the system is in X', show that

Cap(t,t') = / dX P(X,t)B(X)e“ = AX), t> ¢,

and write down an expression for £ in terms of D.

(d) Show that in equilibrium Cap(t,t') = Cap(t—t') and explain the physical rationale behind
it.

Problem 2: Self-diffusion of a hard-sphere suspension

We will now apply the results from Problem 1 to self-diffusion of spheres in three spatial
dimensions. We focus only on the translational sector, i.e. X(t) = {Ry(¢),..., Ry(t)}. We
choose for our our probe particle the Brownian trajectory Rq(t). The spheres interact via direct
forces governed by the interaction potential ®(RY) = Y, < ¢(IR; — R;|) and hydrodynamic
interactions via the many-body mobility tensors uf;(X)

(a) Write down an expression for D and from it derive an expression for L.

(b) The normalised mean-squared displacement is
1
W(t) = Z{[Ra(t) - Ra(0)%),
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where now angular brackets denote an equilibrium ensemble average. Define the time-
dependent self-diffusion coefficient as Dg(t) = 9;W (t). Show that the long-time self-
diffusion coefficient D! = lim;_,, Ds(t) is given by

Dy = D;+(Uy-L7'Uy),
with Dg = limy_y Ds(t) and U; = LR;.
(c) Derive an expression for Df in terms of p;;(X). Give a physical interpretation for DS.

(d) Explain why U; is sometimes called the Smoluchowski velocity and why it is only well-
defined in the probabilistic sense.

For dilute suspensions, it can be shown that DL = Dg[1 + (A\s + \1)¢], with ¢ the total volume
fraction of spheres. We can express the coefficients Ay and Aj in terms of the pair hydrodynamic
functions

it (R1,Ro) = poll + Api (r)it + Bua (r)(I - £8)],  pi5(Ra, Ra) = po[Ar2(r)it + Bua(r)(I - 1)),
with up = 1/(6mna) and Dy = kgT'po. Furthermore, r = R — Ry.

(e) Show that for a system with general pair potential ¢(r) where ¢(r) = oo for r < 2a that
As = 8/ dz x2g(x)[A11 (z) + 2By (2)],
1

with = r/(2a). Furthermore, g(r) = exp[—8¢(r)] is the radial distribution function for
a dilute system.

(f) Derive the long-time correction

o0 1 _do
w=i [ dea falgle) W) - J050 G
where
G(Q?) =1+ AH(.%') — Am(&?), H(.%') =1+ Bu(.%') — Bm(ﬂ}),
and
W(x) = G(x);H(:E) + %%G(az)

Show that the function f follows from the two-body Smoluchowski equation and is deter-
mined by the differential equation for x > 1

s [P0 )| - 66w 1) - 2

do(z)
22 dzx dx v %f(x) a2

dzx

dx

fz) = 4W(z) =28 G(x),

with boundary conditions

[G(m)di f(a:)L:1 =0, lim f(z)=0.

T—r00

(g) Consider now a hard-sphere system. Show that in the absence of hydrodynamic interacti-
ons that DL = Dg(1 — 2¢). What is the expression for D3?

(h) Suppose we treat the hydrodynamic interactions within the Rotne-Prager-Yamakawa ap-
proximation. Will the result for D! change? What about D3? Explain your answer.



