Physica A 631 (2023) 127572

Contents lists available at ScienceDirect = -
Physica A
journal homepage: www.elsevier.com/locate/physa o

A short introduction to Generalized Hydrodynamics R)

. Check for
Fabian H.L. Essler uptes
The Rudolf Peierls Centre for Theoretical Physics, Oxford University, Oxford 0X1 3PU, UK
ARTICLE INFO ABSTRACT
Article history: These are notes based on lectures given at the 2021 summer school on Fundamental

Available online 20 May 2022 Problems in Statistical Physics XV. Their purpose is to give a very brief introduction to

Generalized Hydrodynamics, which provides a description of the large scale structure of

Keywords:

Inhomogeneous quantum quenches the Qynamics iq quantum iqtegrable models. The notes are not mear}t to be compre-
Hydrodynamics hensive or provide an overview of all relevant literature, but rather give an exposition
of the key ideas for non-experts, using a simple fermionic tight-binding model as the
main example.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).
Contents

1. INtroductionu......cceevereecerrereeereresseressenes
1.1.  Quantum quenches and EXPEIIMENLS.....ccccceeererererreerrrertererseseeessesesssessessssessesessesessssessessssessesessesessssessessssenes
1.2.  Homogeneous quantum quenches and local relaxation
1.2.1.  Local conservation laws...............
1.2.2.  ThermaliZatioN.......cccoveeeeervrrenrererreresreseeesseesnene
1.2.3.  Non-equilibrium steady states and generalized gibbs ensembles ................
1.2.4.  Approach to the steady state........cceeceveeerenne
1.3, SUIMIMIATY wetrteriterseerieesieesseeeseeseeseesstesseesseessesssesssesssssssessstesseesstesseesseessesssasssesssesssesssesssesssesssasssasssanse
2. Brief introduction to quantum mteglable models I: free theories
2.1.  Local conservation laws and associated currents..........
2.2, MACTO-SEALLS weeuerveuerreeereerireteeste e sietesets e es e et sae st e et s e e st e see e et et s et eneses e se e senesanasenesenncs
2.2.1.  COUNLING MICTO-STALES.ccveetererrererereerereeereeeseetessessassessessessessssesssssessessessassessassassessssssesssnsensessessassans
2.2.2.  Typical vs atypical States.......cceererreruerererenuene
2.3.  Expectation values of local operators in the thermodynamic 11m1t
2.4. “Excitations” over (finite entropy density) macro-states
3. Brief introduction to quantum integrable models II: interacting theories..
3.1.  Simultaneous eigenstates of Q™
320 MACTO-SEALES c.ouieerirrciiretiinitsictnscteestet et sestssessssesae st se st e sasassssesaesassestonesssnessene
3.2.1.  Expectation values of conserved charges in the thermodynamlc limit
3.3, Stable eXCitatiOnS OVET MACTO-SEATES...c.eccerertrerreereatrtrsereerteteseseetstsseseueeststssenentatssssesestatatesesenstateseseneestssesen
4.  Hydrodynamic description of non-equilibrium dyNamiCS.......ccecereeeerereereeeriereseresierertereereeeseseesesaeseseesesesessessssenes
4.1. “Derivation” of GHD in free theories using a local density approximation
4.2.  Dynamics for weakly inhomogeneous initial states in free theories
4.2.1.  Euler SCAliNG JIMIt ...ccceeeevereereesieestreeteresteseseseesessssseseessessssessesessssessesessensssesnesansesessens
4.2.2. Expectation values of local operators in free theories......
42.3.  Anomalous Green’s fUNCHION ....ccoviieceeinrsieeesintriereesestsseseeessssssesesesssssssssssssssssssessssssssssesesasssssseses
4.2.4. Application of GHD away from the scaling regime.........

E-mail address: fabian.essler@physics.ox.ac.uk.

https://doi.org/10.1016/j.physa.2022.127572

0378-4371/© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).


https://doi.org/10.1016/j.physa.2022.127572
https://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physa.2022.127572&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:fabian.essler@physics.ox.ac.uk
https://doi.org/10.1016/j.physa.2022.127572
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

F.H.L Essler Physica A 631 (2023) 127572

4.2.5.  COITECIONS 10 GHD ceeuiuiiririeiccieirieictttet ettt ettt et ettt sttt sttt et st st e et sasbe s atsssenant 17

4.3, EXQAMPIE: FTEE EXPANSION ..cureerirrerrerrereeiereriesereteseeesestessessessessesseesessssssessessessessessessessassassesssessensensensessensessessessessessassessensessessassans 18

5. GHD in interacting integrable MOMELS ........cceceueeeririeirieeeririrteeeet sttt ettt ettt e s sa s et se sttt bbb e besenesttnen 19
5.1.  Integrating the GHD @QUATIONS ....ccccereeeriereeierctesteesestesesesee e seesee s sseessessassessessessessesssesesssassessentensessensessessassessesseessensensessassanes 20

5.2 EXEENSIONS Of GHD ..uuiuiieiiieiiinieieeecrtnteeeetst sttt e ettt et s b e ettt b sttt b ettt e et st saesenenenes 20

6.  Applications of GHD t0 COId-atOM @XPETIIIMENLS. ....ccereerererrereerertereseesestesessesessessesesssassesestessssessesessssesssessassesessesensesessesessassssessesensssassase 21

Declaration of competing interest
Acknowledgements
References ......

1. Introduction

The notes are based on lectures given at the summer school on Fundamental Problems in Statistical Physics XV. Their
purpose is to give a very brief introduction to the exciting recent developments in Generalized Hydrodynamics [1,2]. They
are not meant to be comprehensive or provide an overview of all relevant literature. They are several recent reviews
and lecture notes [3-5] which provide much more detailed discussions and I strongly encourage the interested reader to
consult in particular the following

1. B. Doyon, Lecture notes on Generalized Hydrodynamics, SciPost Phys. Lect. Notes p. 18 (2020).

2. V. Alba, B. Bertini, M. Fagotti, L. Piroli and P. Ruggeria, Generalized-Hydrodynamic approach to Inhomogeneous
Quenches: Correlations, Entanglement and Quantum Effects, Journal of Statistical Mechanics: Theory and Experiment
2021(11), 114004 (2021).

1.1. Quantum quenches and experiments

A quantum quench is a particular protocol for driving many-particle quantum system out of equilibrium. It is defined
as follows.

1. The starting point is a many-particle system in a large, finite volume L with Hamiltonian H.

2. The system is then prepared in an initial state |¥(0)), or an initial density matrix p(0), that has non-zero overlaps
with exponentially many (in system size) eigenstates of H. The initial state should have good clustering properties'
and is often taken to be a lowly entangled state.

3. At later times the quantum state describing the system is then given by the solution of the time-dependent
Schrodinger equation

W (6) = e ™ |@(0). (0
4, The objective is to study expectation values of local operators Oy in the thermodynamic limit

lim (¥ (t)|Oa|¥ (1)) (2)

L—o00

Here we define local operators as acting as the identity outside a finite, connected spatial region in the infinite volume
limit. For a quantum spin chain operators of the form a “t where ji € [a, b] with a, b fixed are local. As we will see
later locality is a very important concept in non- equ111br1um éynamlcs I note that this notion of locality is very strong
and a weaker notion of quasi-locality [6] sufficies for our purposes® Often the Hamiltonian depends on a parameter h such
a magnetic field or interaction strength, and a popular way of defining a quantum quench is then to take |¥(0)) as the
ground state of H(hy), and consider time evolution under the Hamiltonian H(h;) with hy # hyg. This corresponds to an
instantaneous “quench” of h at time t = 0 from hg to h;.

The theoretical quantum quench protocol introduced above is inspired by cold atom experiments. In order to make
the connection more concrete I now present a brief cartoon of experiments on ultra-cold bosonic Rb atoms carried out
e.g. in Jorg Schmiedmayer’s group in Vienna [7-11]. The Hamiltonian describing the atoms is to a good approximation

2 2
H(t):Z|:—hz+Vr], ] gZa”r—rk (3)
j

J#k

1 By this we mean that connected correlation functions of local operators go to zero in the limit of large separations between them.

2 We can loosely define quasi-local operators as having the property that they can be approximated by a sequence of local operators ©4 defined
on a finite, connected region A of linear size |A| such that |© — ©4| decays faster than any power of |A|.

2



F.H.L Essler Physica A 631 (2023) 127572

t =0ms t=06ms

(a) (b)

Fig. 1. By changing the transverse confining potential a one dimensional Bose gas (a) is “split into two” (b).

3 — —P

Fig. 2. After switching off the confining potential the atomic clouds expand in three dimensions and eventually overlap.

where V(r}, t) is a confining potential that is varied in a time-dependent way. The potential is separable in the sense that
V(rj, t)= %mwﬁsz +V.(yj,7,t)and V| can be tuned in such a way that the transverse degrees of freedom are essentially
projected to the ground state(s) of the single-particle Hamiltonian

1 I R

Ho=Y —— | —+— |[+V.(y.7.0). 4

0= o | 57 oz [TV E D) (4)
j J J

By choosing the transverse confining potential to be very tight and having a single minimum the system at time t = 0

can be prepared in a low temperature thermal state of the one dimensional Hamiltonian

R 92 1
H(O)%Z[—Zmaxz—k zmwﬁsz:| +c23(xj—xk), (5)
j J Jj<k

where the interaction strength c is proportional to g and overlap integrals of the eigenfunctions of the confining potential,
see e.g. Ref. [11]. In the experiments V(y;, z;, t) is then changed in a time-dependent fashion so that one ends up with
a tight double-well potential in the transverse direction, cf. [11] for a theoretical description. Neglecting the higher
transverse modes (as they have very high energies) then leads to a Hamiltonian that in second quantization takes the
form

t L mef, tx)p!
Hw) =~ [ a3 0l00(= 5 g + ) 9ul0) + €L000J009u(0)000) . ©)
Here a = 1,2 label the two wells, ¢f. Fig. 1, and &4(x) are canonical Bose fields obeying commutation relations

[@a(x), cb,;r(y)] = 84.56(x —y). The splitting process leaves the system in some initial state |¥(tp)) (or more generally some
initial density matrix p(tp)) that is not an eigenstate of H(tp): in this sense the situation is analogous to a quantum quench.
The system is now left to evolve in time governed by the Hamiltonian (6). At a time t; the confining potential is switched
off and the two clouds of atoms start to expand freely in three dimensions, cf. Fig. 2. Eventually they overlap and at a time
t; the density of atoms is measured. The expansion can be easily modelled as the atoms effectively do not interact. One
therefore can integrate the Heisenberg equations of motion for the measured observable (the particle density) backwards
and relate it to an operator in the split one dimensional Bose gas at time t;. One finds that the measured density is [12]

2
Prof(X, T, ty) ~ Z /dxldxz Sty — b1, T, X — X1, X — X))@ (X1, 61)®p(X2, £1) (7)
a,b=1
where r denote the transverse directions and gg(t, r, X1, x2) are known functions. Repeating the experiment many
times then provides access to e.g. the expectation value (7) in the split, one-dimensional Bose gas after a period of
non-equilibrium evolution.
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1.2. Homogeneous quantum quenches and local relaxation

We first focus on the simpler case of homogeneous systems where both the post-quench Hamiltonian and the initial
state are translationally invariant [13].> The first question we ask is whether after a quantum quench a many-particle
system somehow relaxes, i.e. whether if we wait long enough the quantum mechanical probability distributions describing
the outcomes of measurements become time independent. This is equivalent to the question whether the double limit

Jim lim (#(0)]01¥(1)) (8)

exists for all Hermitian operators ©. We note that the order of limits is crucial here. It is easy to see that this limit cannot
exist for all observables. Indeed, let |n) be the eigenstates of the Hamiltonian describing the time evolution of our system
and E, the corresponding energies. Then

() = e n|w(0)) n). 9)

Now we can choose “observables” that never relax, e.g.

0 =0"=11)2] + [2)(1]. (10)
Indeed, we have

(w(0)|o|w(t)) = Acos((Ey — E2)t + ), (11)

which shows that the expectation value of this particular observable is a periodic function of time. However, the operator
O is typically highly non-local in space. This suggests that we should restrict our attention to local measurements and
concomitantly local operators O,. For these our double limit generally exists, i.e.
lim lim (¥ (t)|Oal¥ (L)) = (Oa)stat- (12)
t—00 L—00
The physical picture underlying this fact is as follows. As O, is a local operator it acts like the identity outside some finite
spatial region A. In the infinite volume limit the complement of A simply acts like a bath on A and eventually leads to
relaxation. One can reformulate this observation in terms of density matrices as follows. The density matrix of the entire
system p(t) = |¥(t))(¥(t)| in our case is a pure state and hence can never become time independent. On the other hand,
the reduced density matrix

pa(t) = Tra[ p(t)] (13)

describing the region A on which our observable acts (A is the complement of A) is a mixed state and hence can become
time-independent at late enough times in the thermodynamic limit. Physically this relaxation can be understood by noting
that A acts like an infinite bath on the finite subsystem A. While local relaxation has been established in a number of
particular examples and is compatible with numerous numerical studies, finding a general mathematical proof is an
important open problem. A natural question to ask at this point whether it is possible to describe the late-time limits
of the expectation values of local operators in terms of a statistical ensemble. In other words, is it possible to find a
time-independent density matrix pss such that for any local operator ©4 acting non-trivially only on a finite subsystem
A

Jim Llim (WD) 0a|¥ (L)) = Llim Tr[PssOa]. (14)

We note that in analogy to equilibrium statistical mechanics (where micro-canonical, canonical and grand canonical
ensembles provide equivalent descriptions of finite subsystems in the thermodynamic limit) pss is not unique. In order
to determine pss we employ the following ergodicity principle: under time evolution the reduced density matrix of a finite
subsystem will retain the minimal possible amount of local information on the initial state. As we are dealing with an isolated
quantum system with a Hamiltonian that has a local density H; one piece of local information that is always retained is
the energy density (¥(0)|H;|¥(0)).

1.2.1. Local conservation laws
A local conservation law is a Hermitian operator IV that commutes with the Hamiltonian of our system and has a
density Ij(") that is a local operator as defined above, i.e.

m=3"1", [H.I1"]=0. (15)
i

3 For lattice models we may break translational invariance to translations by n sites, where n is fixed.

4
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We will be particularly interested in the situation where we have many local conservation laws that are mutually
compatible, i.e.

™, 1m1 = o. (16)

We stress that the conservation laws we have in mind here are extensive. The existence of a local conservation law has
important consequences for the steady state density matrix pss in translationally invariant cases. By (15) we have

(@)™ (t)) = time independent. (17)
Translational invariance then implies that
.1 ) - (m
lim — (WL |W(t)y = lim (W)L [P (t)). (18)
L»oo L &= J L—o0 J
j

Combining (18) with (17) we conclude that
lim (@(O)}"(0)) = Jim lim (@(e)}"1(6) =Tr [ pss 1] (19)
L—o00 t—00 L—00

where in the last step we have used that Ij(") are local operators. This tells us that pss retains information about the
expectation values of all local conservation laws in the initial state.

1.2.2. Thermalization
As we are dealing with an isolated quantum system energy is always conserved
Y(t)H|P(t
e = lim ZOFIPO) o ey, (20)
L—o00 L L—o00

This is the minimal amount of information on the initial state |¥(0)) that gets retained under the dynamics. If there are
no conserved quantities other than energy the system thermalizes at late times after a quantum quench. The steady state
density matrix is then given by a finite temperature (equilibrium) ensemble constructed as follows. We define a Gibbs
density matrix

e BettH
Zce

P = , (21)

and fix the effective temperature ﬁe}f] by requiring it to correspond to the energy density established by the choice of
initial state

Tr | pge H
e = lim M (22)
L—o00 L

Under this choice we have

Pss = PGE - (23)
We could have equally well chosen a micro-canonical description

. R 1

Pis=puc=— Y In)nl, (24)

|En—Le|<e

where |n) are energy eigenstates with energy E, and A is a normalization factor that ensures that Tr(pyc) = 1. While we
of course have pgeg # omc, both density matrices lead to identical reduced density matrices for any finite subsystem A in
the thermodynamic limit

lim Tri(pce) = lim Trz(pwmc)- (25)
L—o00 L—oo

Finally we note that averaging over a micro-canonical shell is not required as long we use a typical energy eigenstate to
define our micro-canonical ensemble, which then takes the simple form

Puc = In)(nl . (26)

Drawing an energy eigenstate at random out of our micro-canonical window provides us with a typical state with a
probability that is exponentially close (in L) to one.

1.2.3. Non-equilibrium steady states and generalized gibbs ensembles
If we have additional conservation laws with local densities Ij(") the system cannot thermalize because

Jim @@ (0) =Tr[pss 1] (27)
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which tells us that the system retains more information on the initial state than just its energy density. What should
the ensemble describing the steady state then be? The answer to this question is provided by Rigol et al. [14] (see also
Jaynes [15]): we should maximize the entropy under the constraints (27). This leads to a generalized Gibbs ensemble

1

~ _ (n)
Poce = 5—e~ Zntnl™, (28)
ZcGE
where the Lagrange multipliers A, are fixed by
i = lim (@(O)1"”1(0)) = Tr [ pece "] (29)

We note that solving this system of equations is a difficult task in general. Alternatively we may employ a generalized
micro-canonical ensemble [16,17]:

Pemc = |PL) (D1, (30)

where |@;) be a simultaneous eigenstate of all local conservation laws I such that

1(m
lim [7 — i(”)] |&) = 0. 31)
L-oo| L
1.2.4. Approach to the steady state

In integrable models how fast the expectation value of a given operator approaches its steady state value depends on
its locality properties relative to the elementary excitations in the model [18]. Expectation values of operators that are local
relative to the elementary excitations approach their stationary values in a power-law fashion [13]. The spatial “size”
¢ of the operator under consideration* together with the maximal propagation velocity of elementary excitations vpax
provides a time scale t; = ¢/2vnax after which relaxation to the steady state begins [19]. The rule of thumb is that the
more local an operator is, the faster its expectation value relaxes towards its steady-state value.

1.3. Summary

Integrable models with short-range interactions prepared in homogeneous initial states that have good clustering
properties relax locally to non-thermal stationary states, which are completely specified by the expectation values of
the (quasi)local conservation laws. In terms of the time-evolving density matrix p(t) of the system this statement reads

lim lim Trz [p(t)| = lim Trj [0 = lim Trj [0 . 32
fan M A [/0( )] am ta [PGGE] om A [PGMC] (32)

where A is the complement of an arbitrary, finite subsystem A. If the following we will be interested in the situation
where our initial density matrix is inhomogeneous. The idea there is that we still have local relaxation, but in a space and
time dependent way, i.e.

lim lim Trz [(t)] = lim pomc.a(t). (33)
t—00 L—00 t—o0
2. Brief introduction to quantum integrable models I: free theories

The simplest integrable models are free theories and arguably the simplest free theory is the tight-binding chain

1 .
H= Z —](chCj+1 +h.c)— W:J.ch =7 Ze(k)n(k) , (34)

j=1 k

where ¢; and chr are fermionic creation and annihilation operators on site j and

L
e(k)=—2J cos(k) — v, (k) =c'(k)e(k), (k)= e ™. (35)
j=1
Imposing periodic boundary conditions quantizes the momenta
i
k,:%’, =1,2,....1 (36)
The momentum space operators obey canonical anticommutation relations of the form
{c(p). (@)} = L8pq - (37)

4 We define this as the size of the connected spatial region on which the operator acts non-trivially.

6
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The 2" energy eigenstates are conveniently expressed in the momentum representation

[k, . k) = N/zl_[c (k)I0) . ki <ky <+ <y,

N

Hikn, ..okwy = [ Y ellg) | Tk, . k). (38)
j=1

2.1. Local conservation laws and associated currents

It follows from the representation (34) that all mode occupation numbers are conserved

[H, A(k))] = 0 = [fi(k;), Ai(ke)] - (39)
They are in one-to-one correspondence with mutually commuting, extensive conservation laws with local densities by’
L
Q) = ~(=fJ 3" [/ cien + (1) Jﬁﬂ—fEZﬂ”& (k), a=0,1. (40)
j=1
We have H = Q(*9, [Q"®), Q™A)] = 0 and
emO(k) = —2J cos(nk) , €™ V(k) = —2J sin(nk) . (41)
The mode occupation operators can be expressed as linear combinations of the conservation laws as
1 L
k)= —= ) e " [Q"?Y +iQ™V]. (42)
2]
n=0
The Heisenberg equations of motion for the densities of the conservation laws take the form of continuity equations
d (n,a) (n,a) (n,a)
Q" ==
Jme) — p2it-e | e —c Ciin + (=1l i1 — L e) (43)
i - j Cin+1 jH1%+n j+nj+1 j+n+1%i7 | -

2.2. Macro-states

In the thermodynamic limit physical properties are described in terms of macro-states defined as follows. Consider L,

N very large with D = N/L fixed and let 0 < p(k) < 1 be a given function. The family of energy eigenstates {|k;, ..., ky)}
such that

27 .

e x number of k; in [k, k + Ak] = p(k)Ak (44)

is called a macro-state. We have

N
1 1
Z@W%Muwm=z§k“Wmmp”wm,
j=1

1< ™ dk
I > (k) = f o p(k)e™ (k) + o(L0). (45)
j=1 o

We see that the extensive parts of the eigenvalues only depends on the density p(k), i.e. is the same for all micro-states.
Conversely, if we fix the expectation values of all local conservation laws in some quantum state in the thermodynamic
limit

llm LTr[ pQ] = ¢, (46)

then relation (42) fixes a unique macro-state
-1

1 .
k)= lim —— ) e *1[gn0 4 jgnD], 47
plk) = szﬂig [ +iq™ "] (47)
5 In these notations Q00 = 7211(1, where N is the fermion number operator.

7
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2.2.1. Counting micro-states

There are clearly many ways of fulfilling (44) for a given density p(k). The total number of possible k; values in the
interval [k, k4+Ak] is Any,c = [LAk/27], where [x] denotes the integer part of x. Of these “vacancies” An, = [p(k)LAk/27]
are occupied. The number of ways of distributing An, particles among Any,. vacancies is

Anvac — (Anvac)! . (48)
Any (Anp)! (Anyae — Anp)!
This first of all shows that in general exponentially many (in L) micro-states correspond to each macro-state. Using that

the entropy our macro-state is given by S = In(# of micro-states), the contribution arising from reordering momenta in
the interval [k, k + Ak] is

ANyac —LAk
AS =1In < An, ) ~— [o(k)In(p(k)) + (1 — p(k)) In(1 — p(k))], (49)

where we have used Stirling’s formula in the second step. Dividing the interval [0, 27r] into bins of size Ak, using (49)
for each bin, and finally approximating the sum over bins of size Ak by an integral, we obtain

2 dk
Slp] = s[pll = —L/ T [p(k)In(p(k)) + (on(k)) In(pa(k))] + o(L), (50)
0

where we have defined the density of holes as py(k) = 1 — p(k).

2.2.2. Typical vs atypical states

It is clear from the above construction that any positive function p(k) gives rise to a macro-state and these generically
have finite entropy densities in the thermodynamic limit. Importantly these macro-states are in general not thermal. The
thermal states are obtained by extremising the free energy per site

T dk
flpl = / W)~ Tslp (51)
This gives
5flpl _ 1
m =0= pm(k) = e 11 (52)

Thermal states are by construction the maximal entropy states, i.e. the most likely states, at a given energy density. In
free theories other macro-states exist at the same energy density, but their entropies are smaller than the one of the
thermal state. This means in particular that if we select a micro-state with a given energy density at random, this state
will be thermal with a probability that is exponentially close (in system size) to one. So typical states at a given energy
density are thermal, but there are exponentially many “atypical” states as well, which differ from the thermal state by the
values of the higher conservation laws and hence have different local properties. This situation generalizes to interacting
integrable models [20], where such atypical states can have very interesting properties [21].

2.3. Expectation values of local operators in the thermodynamic limit

Let |kq, ..., ky) be a micro-state corresponding to a macro state with density p(k). Then expectation values of fermion
bilinears depend only on the macro-state up to finite-size corrections
T 1¢ ik (i—€) 2 dk ik(j—¢) 0
ki, ..., knlc!celke, ... ky) = = e mU=t — — p(k) e + o(L7). 53
ol b) = 7 3 /0 & ok (1°) (53)

By Wick’s theorem this fact gets lifted to any multi-point correlation function involving a fixed, finite number of
fermion operators. This in turn means that expectation values of any finite number of fermion operators calculated in
different micro-states corresponding to the same macro-state differ only by finite-size corrections that vanish in the
thermodynamic limit. Given a local operator O; we introduce the following notations for later convenience

(|0}l p) = NlLiLnoo (ki, ..., knlOjlke, ... k) . (54)

N/L=D fixed
2.4. “Excitations” over (finite entropy density) macro-states

Let us consider a micro-state |kq, ..., ky) corresponding to the macro-state with density p(k). We can consider
“excitations” over the micro-state by composing elementary particle and hole excitations:

8
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e Particle excitations

c'kr, ... kn) . p ¢ {ki) (55)
The energy and momentum of this excitation relative to those of |k, ..., ky) are
AE, = €(p) , APy =p, (56)

where the dispersion €(p) is given by (35).
e Hole excitations

c(Qlkr, ... k) . q € k). (57)
The energy and momentum of this excitation relative to those of |k, ..., ky) are
AE, = —€(q) , AP, = —q. (58)

In contrast to excitations over the ground state the energy of these “excitations” can be either positive or negative. In the
thermodynamic limit we obtain families of excited states parametrized by their particle and hole momenta. Importantly
they propagate with a group velocity that is simply the derivative of the “bare” dispersion relation

v(p) = €'(p) . (59)

This is a special feature of free theories and is not the case for interacting integrable models.

3. Brief introduction to quantum integrable models II: interacting theories

We now want to generalize the results discussed above for free theories to interacting integrable models, i.e.

1. Identify local conservation laws Q™.

2. Construct simultaneous eigenstates of H and Q™.

3. Construct macro-states in the thermodynamic limit.

4, Work out stable excitations over these macro-states and determine their group velocities.

The example we will work with is the §-function Bose gas [22], also known as the Lieb-Liniger model [23]
hZ
H= /dx ot (x) [—maf] D(x)+C / dx(@T(x)* (e(x))” . (60)

Here &(x) is a complex Bose field with canonical commutation relations [®(x), ®f(y)] = §(x — y). In first quantization
the Hamiltonian for N bosons reads

N

h? 92
H = -———+2c (X — xi) . 61
Z 2m 3x? ; (% =) (61)
j=1 J j<k

It is customary to work in notations where i = 1 = 2m and we do this from here on. The model (60) is approximately
realized in cold-atom experiments [24-26], the main additional ingredient being the trapping potential, ¢f. our discussion
in Section 1.1. The Lieb-Liniger model is integrable and local conservation laws can be constructed using the quantum

inverse scattering method [22], and the first few read [27]

09 = /dx ofex), QY= —i/dx T (x)0D(x) ,

3c
Q@ =H, Q¥= i/ dx [Q>T(x)83<1>(x) - 2(¢T(x))2ax(<p(x))2] . (62)
The Heisenberg equations of motion for the densities of these conserved quantities take the form of continuity equations
ad a
—Q"(x) =i[H, Q"(x)] = ——J"(x) . (63)
at X

The first two currents are
JO =i / dx [ (3@ T(x))®(x) — DT (x)0,P(x)],

1
W= / dx [aj@%p + 0120 — 20,010,0 — 2c(¢>T)2(q>)2] . (64)

9
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3.1. Simultaneous eigenstates of Q™

Simultaneous eigenstates of the Hamiltonian and the conservation laws are constructed as follows. Working in the
position representation

|X) = \/%/d)ﬁ .. .dXN X(X], .. .,XN) (pT(X1). ..@T(XNNO) (65)

the time-independent Schrédinger equation for N-particle states reads

N
aZ
|:E o +2c E (% —Xk):IX(Xh s XN) =Ex (X1, xn) (66)
j=1 J k<j

When the separation between any two particles is large the solution is simply a superposition of plane waves. The
structure of the interaction term is such that the plane-wave solutions can be consistently matched whenever two particles
meet such that the exact eigenfunctions take the form of the celebrated Bethe ansatz

1 iYN | apx; .
xala,.x) = 1 3 sgn(Pe =5 [y — ap — ] (67)

PeSy Jj>k

where the normalization is A = N! ]_[j>k[(kj — Ak)? +c2]. If the model were not integrable we would have a superposition

of plane waves with a set single-particle momenta {ki, ..., ky} in the sector x; < x, < --- < xy, but with a different set
{p1,...,pn} in the sector x, < X; < X3 < --- < Xy, such that the total energy and the total momentum are the same

N N N N
E:Zkf:ZpJZ, P:ij:Zp] (68)
j=1 j=1 j=1 j=1

The presence of the higher conservation laws Q™ ensures that the set of single-particle momenta does not change
between different sectors. The states |, ) corresponding to the wave functions (67) are in fact simultaneous eigenstates
of all conserved charges

N
Q) = D_d™) | ), gn(r) = 2™ (69)
j=1

As we need a description of the system in a large, finite volume we now impose periodic boundary conditions

X1, X+ Lxn) = X, ... xN) (70)
As usual these lead to the quantization of the single-particle momenta, but unlike in the free case the resulting
quantization conditions are very non-trivial

N

. Aj — Ag +ic
iDL J k P
el — kl_ll)\.j—)\-k_ic’ j=1,...,N. (71)

This set of equations is referred to as Bethe equations. Importantly, as a result of the interactions the “single-particle
momenta” k; are state dependent and correlated with one another via the quantization conditions (71). Taking the
logarithm of these equations we obtain

N
ML+ 605 — ) =21, 6(x) =2 arctan(g) , (72)
k=1

where [; are integers (half-odd integers) for N odd (even). The key point is that each set {I;} of distinct (half-odd) integers
is in one-to-one correspondence with a solution {A;} of the Bethe equations, which in turn provides the wave-function
xa(x1, ..., ny) of a simultaneous eigenstate of the Hamiltonian and the conserved charges. This set of states is complete.

3.2. Macro-states

We now want to construct macro-states along the same lines as for free theories. The main complication is that the
quantization conditions (71), (72) are non-trivial and state-dependent. The way to deal with this complication is to work
with the (half-odd) integers I;, which are independent from one another. In analogy® with (44) we may define a density
for zj = I;/L through

I,
Lx(z)Az = number off in[z,z+ Az]. (73)

6 we adopt the customary normalization of the density p(A) in the interacting case, which differs from (44) by a factor of 2.

10
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A positive function yx(z) specifies a macro-state, and corresponding micro-states can the obtained by choosing sets {I;}
distributed according to x(z). In practice we require a formulation in terms of the “particle” distribution function of the
roots A; of (71) defined by

Lpo(A)AA = number of A; in [A, A + AL]. (74)

This can be related to x(z) by turning the sum over roots in (72) into an integral over the particle density p(A) in the
thermodynamic limit

1 ]

L

i==-=—4+— (X — 4+ — d O(r; — . 75
=7 = +MZ 2jT+2ﬁ Ok — 1) p() (75)
In the thermodynamic limit we have
A
20)= o+ —f du 60— 1) (1) (76)

The function z(A) is called counting function. It is easy to see that z(A) is a strictly monotonically increasing function. We
are now in a position to relate x(z) to p(1) by equating the numbers of roots and integers in corresponding intervals
dz
p(A)dh = x(z(A)) —dA . (77)
B(1)

The function 9#()) is known as occupation function. This gives

1 du p(\) 2c
—K(\ — = — K(A) = ———. 78
o+ [ ekG—w s =52 K= 5o (78)
It is customary to define a hole density pp(1) by
p(A)
— = po(X ). 79
50 P(A) + pn(A) (79)

This establishes that rather than specifying a macro-state by the corresponding function yx(z), we can specify it through
its root density p(A).

3.2.1. Expectation values of conserved charges in the thermodynamic limit
Let |A1, ..., Ay) be a micro-state corresponding to a macro-state with root density p(1).” By translational invariance
the densities Q™(x) of the conserved charges fulfil

1w o0
(e AIQUIA ) = 7 D a™0y) = / di a(2) p(%) + o(L%). (80)
j=1 -

In the thermodynamic limit these expectation values do not depend on the choice of micro-state. For later convenience
we introduce the notation

(p|(9(x)|p) = leglm ()\lv ey AN|O(X)|M, cees )\.N) . (81)
N/L=D fixed

For local operators these expectation values are independent of the sequence of micro-states chosen in the limiting
procedure and depend only on the root density p()) that specifies the macro-state [22,28,29].

3.3. Stable excitations over macro-states

We now turn to the construction of excitations over macro-states. Our discussion follows the textbook [22]. We start
by specifying a macro-state through its root density p(A). We then determine the counting function from (76), invert it,
and determine y(z) from (77)

x(2) = p(AMz2)) (82)

E.
Finally we use x(z) to generate a distribution of I;/L that corresponds to our given macro-state.® We can then construct
families of “excited states” as we now explain for the particular example of a “particle-hole” excitation. The latter is

7 More precisely we consider N,L > 1, N/L = D and impose that {Aq, ..., An} solve the Bethe equations (72).

8 The corresponding set of roots {A;} is obtained by numerically solving the logarithmic form (72) of the Bethe equations, which is straightforward
to do (and is much more stable than numerically solving (71)).

11
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e o o0 - O000 060 © o o000 o
In I,

Fig. 3. Set of (half-odd) integers 7] corresponding to a particle-hole excitation over a micro-state characterized by {I;}: one (half-odd) integer is
changed from I, to I,.

obtained by changing one of the (half-odd) integers I; as shown in Fig. 3. Allowing I, and I, to vary gives rise to a
two-parameter family of eigenstates. The Bethe equations for the eigenstates characterized by {I;} and {I;} are respectively

N
MLA Y00y — M) = 27l;
k=1
N
LAY 004 — M) = 2n]; . (83)
k=1

The two equations involving I, and I, simply fix the positions of the corresponding momenta A, and Aj. Turning sums
into integrals and using that both micro-states correspond to the same macro-state, i.e. are described by the same root
distribution p(1), we have

* 27l B
xa+f du 0 — o) = 7 10U, a=p.h (84)

Focusing on the subset of N — 2 equations for which [; = I; and taking differences we have
Ll
Aj— A+ Z;Q(Aj—)\k)—e(}\.j—)\.k)zo. (85)

Next we use that A; — Ij = O(L1) to Taylor-expand, which gives

N
~ 1 ~

L) = ) [1 + 1 ;mj - Ak)} - ; Ky = 2 = he) = 0k = &p) = 60 — ). (86)

Defining a shift function by
A — s
FOj) = —/—, (87)
A1 — 4
we can turn (86) into an integral equation in the thermodynamic limit
> du (1)
g ) = [ S 90K = ) Fligs ) = 52 [00: = 33) = 001 = )] (38)
o0 2T 2

We can write this as

F(A|Ap, An) = f(X, Ap) — F(A, An) (89)
where

) = du N D) )
F0a) = [ S5 D00 = ) i) = 5200~ ), (90)
oo 2T 27
Using the shift function we can work out the difference in eigenvalues of any of the conserved charges (69)
N N—2
AQ" = Z(q“”(x,-) - q<">(xj)) ~ q"05) = ") + Y a7 0)(R = 29)
j=1 j=1
(o]
=\ — A - f dp F(u) np"~" + o(L™1). (91)
—00

12
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In particular n = 1, 2 correspond to the excitation momentum and energy respectively. We stress that the latter can be
positive or negative. We see that AQ(™ can be expressed in the form

AQ(n) = qn(Ap) — qn(An) ,

© d
MM=M—/ i fla)
oo 2T

(92)

Crucially, we observe that the contributions of the particle and the hole excitation are additive. It also should be clear
that the above construction straightforwardly generalizes to excitations involving multiple particles and holes. Specifying
n = 1,2 in (92) tells us that the energy and momentum of a particle with rapidity A, are given by q>(A,) and qi(Ap)
respectively. The corresponding group velocity is then

(93)

Here we have introduced the index v,, to indicate that, in contrast to the case of non-interacting models, the group velocity
now depends on the macro-state under consideration. Inspection of (93) and (92) shows that the group velocity in fact
depends on the macro-state only through the occupation function (1) (77).

4. Hydrodynamic description of non-equilibrium dynamics

In order to see how the non-equilibrium dynamics of many-particle quantum systems relates to classical hydrody-
namics we follow Ref. [3].

Classical hydrodynamics in 1+1 dimensions describes the dynamics of fluids on intermediate time and length scales.
It combines the continuity equation expressing mass conservation with the Euler equation

atp(xv t) + 87( [U(X, t) ,O(X, t)] =0 )

o v(x, t) + v(x, t)oyv(x, t) = —#3,(13[,0()(, )] . (94)
p(x, t)

Here p(x, t) is the density of the fluid, v(x, t) the velocity field and the pressure P is assumed to be a function of the
density only. Classical hydrodynamics can be reformulated in terms of continuity equations for conserved quantities by
introducing the momentum p(x, t) = v(x, t)p(x, t) and its associated current j(x, t) = P + v3(x, t)p(x, t)

aep(x, t) + 0xp(x, t) =0,

Oep(x, t) + 0xj(x, £) =0 . (95)
In these lectures we want to discuss how to obtain similar descriptions for many-particle quantum systems. The general

idea is as follows. Let p(0) be the initial density operator of a many-particle system with (local) time-independent
Hamiltonian H. Then the time evolution operator is

ut)y=e ", (96)
and the Schrodinger equation implies that the density matrix at time t is

p(t) = U(t)pO)U(t) . (97)
The quantities of interest are e.g. expectation values of local operators

Tr [,a(t)()(x)] =Tr [;)(O)O(X, t)] , (98)
where we have defined the Heisenberg picture operator

0(x, t) = UT(0)0()U(t) . (99)

As the time evolution (97) is unitary energy is always conserved. Let us assume that in addition to energy we have other
local conservation laws [Q™, H] = 0 = [Q™, Q(™]

oM = /dx Q™M(x), Q™(x)a local operator. (100)

The Heisenberg equations of motion for the density of the conservation laws take the form of continuity equations
Q™ (x, 1) = i[H, Q™(x. 1)] = —8J"(x. 1) . (101)
13
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where J(M(x) are currents associated with the conserved quantities Q™. Let us now consider the expectation values in
some quantum mechanical state

n(x, £) = Tr [p(6)QM(x)] ,
Jalx, £) =Tr [p(eY M (x)] (102)

The basic idea is that we now choose to look at our system at length and times scales that are large compared to
some mesoscopic “Euler” scale. We will then assume that our system has relaxed locally to a state that by our “minimal
information principle” is fully characterized by the expectation values of the conserved quantities, i.e. the g,(x, t). This
implies in particular that the currents are functionals of the densities g,,(x, t)

Jn(x, ) = jallam(x, )}, (103)
and hence
. _ Sinl{qm}] 8qm(x. t) _
(. 1) = =2 = o = ;An.m[{qm(x, O} dxqm(x. t) . (104)

Assuming that the matrix A is diagonalizable
RAR™' = diag(vi,v2,...), R=R{gn(x. )}, ve = val{gm(x. t)}], (105)

and changing variables (locally) from gq,(x, t) to ¥,(x, t) defined by R, n, = %’n we arrive at evolution equations for the
“hydrodynamic normal modes”

0 (X, £) + vp(x, t)oxa(x,t) =0 .

(106)

The difficulty in this description is hidden in the fact that the normal model velocities v,(x, t) depend on the conservation
laws in an unknown way. As we will see, it is however possible to work them out exactly in the case of integrable models.
This then allows one to determine ¥,(x, t), which by our assumption of local relaxation/minimal information completely
fixes the density operator and thus expectation values of local operators!

4.1. “Derivation” of GHD in free theories using a local density approximation

In a homogeneous macro-state with density p(k) we have (using translational invariance) in the notations of (54)
dk
(pIQ ) = / e OLOR
(n,a) dk ’ (n,a)
(pU; 1P} = P (k) €™ (k)p(k) - (107)

Here we have used (40) and (43). Now imagine that we prepare our system in an equilibrium density matrix o that
is not homogeneous but varies very slowly in space. Locally this density matrix will “look like” a macro-state with a
position-dependent density py o(k), X = jao with ao the lattice spacing, and in particular

A o dk n,o
e [p0)] & [ e nnoti.

2

Let us now turn to the situation at sufficiently late times after our quantum quench. We expect that our system will have
relaxed locally, and as long as the system varies very slowly in space we again can employ a description in terms of an
appropriately chosen macro-state, which however now will depend on x and t

T[] =T [p0g" ] ~ / N peeth),

e [ 2] ~ / & ety €)oot (108)

di
Tr [f)]j("’“)(t)] —Tr [ﬁ(t)]j("'o‘)] ~ f ﬁe’(k) (k)0 o (K) . (109)

Using the equations of motion (43) for the charge densities in (109) we obtain an evolution equation for py (k)

/ K 00 [ (k) + € (KN a(K)] = 0. (110)
21

As the ™¥)(k) form a basis of periodic functions on the interval [—x, ] the term in brackets must vanish, i.e.

3t pxe(k) + €' (k)oxpx,e(k) = 0 .

(111)

14
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These are indeed the GHD equations for free fermions. The argument above is based on the principle of local relaxation.
We stress that there is no finite time scale over which integrable models relax locally, instead (109) become exact only
in the so-called Euler scaling limit x,t — oo, x/t fixed. At finite times there are power-law corrections to (109) and at
sufficiently short times (109) generically do not hold.

4.2. Dynamics for weakly inhomogeneous initial states in free theories

The above “derivation” was rather hand waiving, and we now want to do a more proper job. The solution of the
Heisenberg equation of motion for the fermion annihilation operator in momentum space is

c(p, t) = e “Pr(p). (112)

Using this we can calculate the two—point functions for an arbitrary initial density matrix p(0)

c(j,e;t):Tr[ (t)c] cg] > ZTr 0)ct(p)c(q)] elePr-e(@I-ivtita
FG. 6 0) =Tr[p(t)e] = ZTr c(p)c(q)] e~ Mepre(@ltiptita (113)

Assuming that p(0) is Gaussian all hlgher point correlators can then simply be obtained using Wick’s theorem. This is the
full description of the dynamics. In order to analyse weakly inhomogeneous initial states we introduce a Wigner function
(for L — o0) by

W(z,p:t) =Tr [f)(O)W(z, p: t)] ,

. d gzt
o) = [ B(p - Delps Herontotortl, 2z 4

The Wigner function is defined for half-integer values of z and has the following properties:

[W1.] The single-particle Green’s function can be recovered from the Wigner function using

T [p0c o ep)] = 5 3 e rwe, P (115)

ZZEL

[W2.] For homogeneous states p(0) the Wigner function reduces to the density of states in momentum space

W(z, p;t) = f 8 iz viteto- -+ . [p( ) ( —*) (p+ )]

2

278(q)p(p)

= p(p) = Y Tr[p(0)y e | ¥, (116)

J

[W3.] For states p(t) that are slowly varying in space and have short-ranged correlations the Wigner function can be
interpreted as a position-dependent density of states in momentum space. To see this we note that the Wigner
function can be expressed as

jtk

W(z,p;t ZTr[ c) Cz] lPi—6) w (117)

7(z - 5).

Let A be a region centred around z such that its linear size |A| is large compared to the correlation length £(z) of
the state p(t), but small compared to the scale ¢(z) on which p(t) becomes inhomogeneous in space. Let us further
define an integer m(z) such that £(z) <« m(z) < ¢(z). All length scales depend on the position z. Then we have

o SIN(T(Z =N —F)
We.pi0) = 33T [0 ] e

m(z)

. sin(r(z—n— 1))
~ Y TP et | Y —
m=—m(z) neA T[(Z —n- j)
m(z)
~ Z Tr [ﬁ(t) C[Tszc[z]] efm | (118)
m=—m(z)

As within |A| our state is by assumption approximately homogeneous and has a finite correlation length this
corresponds to a position-dependent density of states in momentum space, as advertised.
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[WA4.] The Heisenberg equations of motion for the Wigner function are linear
~ A 1 A 1
¥W(z,p;t)+€'(p) [W(z to ) -Wz—o.p t)} =0. (119)

Given some initial values W(z, p; 0) the solution to (119) is obtain by Fourier methods

2

W " d7Q iQ(z—2z')—2ite’(p)sin(Q/2) 120

W(z,p;t Z (Z.p0) | =e : (120)
—2r

4.2.1. Euler scaling limit
Let us now consider the Euler scaling limit

z=AE, t=At, A —> o0 ,§&, 1 fixed, (121)
and assume that

Jim W(AE. p: A7) = p..(p) (122)

exists. Then we have from (119)

81:05,1:(17) + 6/(p)a§p§,r(p) =0.

(123)

This has the same form as the evolution equation (111), and by virtue of [W3] p¢ -(p) can indeed be thought of as a
“ray-dependent” mode occupation function. We note that the solutions to (123) have simple expressions in terms of the
“initial conditions” at T = 0

Pz.(D) = Ps—e(pye(D) - (124)

In order for the Euler scaling limit to be non-trivial (in the sense that one obtains ray-dependent results) the initial
momentum space Green'’s function Tr[p(0)ct(p)c(q)] must exhibit some singularities as (113) can otherwise be determined
by a simple stationary-phase approximation with saddle points only along the real axis.

4.2.2. Expectation values of local operators in free theories
Let us consider expectation values of local operators along rays in spacetime. The basic building block is the
single-particle Green’s function

dp.d
GG, £, t)=Tr [f)(f)CjTCz] = / (l; fz e PR Tr [ 5(0)c (py, t)c(p2, 1)] - (125)
T
% Zz ei(pl—pz)zw(zq Pl;PZ i)
Let us then go over to the scaling variables (121)
j+ ¢
%:Ag‘, = Az, (126)
and change integration variables to
D1+ D2
pr="9 . P-= A(p1 — p2) - (127)
In the limit A — oo we have
T d e A =lp+D dp_ 1 : z
lim G(j,€.0)= lim ﬁe*w*‘)f P S e e Dw(z, pos Ar). (128)
A—00 2 —2A(—|p+]) 2 2A
We then turn the sum over z into an integral
1 00 .
— ) e P RW(z, py; AT) & / dye P~V p, (ps) . (129)
2A —c0

which gives the final result
d A
lim 6. 6:0)~ [ e P00 (p.) = g - ). (130)
A—00 2

This is precisely what our GHD “phenomenology” predicts: Interpreting oz .(p) as a mode occupation function along the
ray characterized by £ and r we can construct a corresponding macro-state |p; ) by a family of Fock states with momenta
distributed according to p¢ .(p). GHD then predicts that

. . ap i
lim GG, £: £) = {pz ¢ _oColpe.c) = / 7€ " P (131)

A—00
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As shown below in the scaling limit the anomalous Green’s function vanishes. This is expected [13] because the time
evolution operator has a U(1) symmetry ¢; — c;e'¥ related to particle number conservation. The initial density matrix
may break this symmetry, resulting in a non-vanishing anomalous Green’s function F(j, £; 0). However, as the system
relaxes locally the U(1) symmetry gets restored, which is why F(j, £; t) must vanish at late times. This means that the
expectation value of an arbitrary local operators along a given ray can be calculated by Wick’s theorem using the regular
Green’s function only. For example, along the ray t = Art, j, = Af + 0(A°)

Tr [ p0)c] 6f ciscia | & 8e.clit = ja)ge.cl2 = ) — 8. Gt — J3)ge.cliz — o) - (132)

4.2.3. Anomalous Green'’s function
We can see that in the scaling limit the anomalous Green’s function vanishes by considering

Wiz, p: ©) = Tr [ HOWaz. ps )] |

~ d o

Waz.pit) = | —c(p+ T)c(—p+ T)eleitlew+iree-9I 27 ¢ 7 (133)
2 2 2

We have

e The anomalous Green’s function can be recovered from W, using
P1— D2,

N 1 i
Tr [D(O)epr)e(pa)] = 5 D e HPHIWL(z, == h) (134)
2zeZ
e The Heisenberg equations of motion give
1 1

i0:Wa(z, p; t) = —2] cos(p) |:WA(Z +5.p t) + Wa(z — 5P t)] — 2uWa(z, p; t). (135)
e Going over to scaling variables this becomes

1 .

ZafWA(Aé, p; At) = —2ie(p)Wy(AE, p; A1), (136)

which shows that Wy( A&, p; At) vanishes in the scaling limit. Going beyond the scaling limit we see that the
anomalous Green'’s function in position space in fact vanishes as a power law in t, i.e. slowly. This is important,
as it imposes a restriction on the applicability of GHD: it will only work at times when the anomalous Green’s
function is small.”

4.2.4. Application of GHD away from the scaling regime
As we have seen above, in the Euler scaling limit GHD becomes exact. In practice one of course would like to apply it
away from the scaling limit as well. To that end one writes the GHD equation in the original variables

0t ox,t(P) + 5/(p)axpx,r(P) =0, (137)
and then uses that the solution of this equation is of the form

Px.t(P) = Px—e'py.0(D) - (138)
The “initial” value py o(p) is then approximated by the actual initial conditions
Pxo(p) = W(x, p; 0) . (139)
Finally, the single-particle Green’s function is approximated as
dp ...
.6y~ [ 32 pip). (140)
v

Using Wick’s theorem this allows us to obtain approximate results for multi-particle Green’s functions as well.
We will see below how well this works in an explicit example.

4.2.5. Corrections to GHD
For free fermions it is possible to obtain a systematic expansion around the GHD limit [30,31]. In order to do so we
carry out a gradient expansion of (119) beyond the leading order, i.e.

1
aW(x, p; t) + €'(p) |:8xW(x,p; t)+ ﬂBSW(x,p; t)+.. } =0. (141)

Importantly, we also must account for the fact that away from the scaling limit the anomalous Wigner function does not
vanish.

9 For example there will be corrections to (132) involving the anomalous Green’s function.
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4.3. Example: Free expansion

Let us now consider the explicit example, where our initial density matrix correspond to a product state in position
space where all sites j < 0 are occupied

W) =[]0y, A0)=1w0)w©O). (142)
j=<0

We time-evolve this state with the tight-binding Hamiltonian (34). This problem is nice as it can be solved analytically
[32,33]. Using that

Tr[5(0) q)] = Ze’“@ 0 (143)
n<0
one finds
GG, 65 0) = Y i Un(IVesa(2t) | (144)
n=0

where J,,(z) are Bessel functions. Using the addition theorem for Bessel functions this can be simplified

GG,j; t) = %[1 — @]+ :ZZOJ;J;ﬁZJt :I{j ; 8 (145)
Similarly one has forj > 0and n > 1
GG.j +2m 0) = (—1) -1 ZZH(—l)"Jk(zfryzn_k(zm - jiljjk(zfrym(zjr)}. (146)
2 k=1
The application of GHD proceeds as follows. We first determine the initial conditions for the Wigner function
Wiz p )= Y SMTED) (147)

= 7(z —J)

where 6y(x) is the Heaviside function. Following the prescription (139) we then use this to fix
px,0(p) = On(—x), (148)

Here we have replaced the discrete lattice co-ordinate z by a continuous variable x. The rationale for doing this is that
GHD is expected to work on a length scale that is large compared to the lattice spacing. The solution of the GHD equations
is then

Pre(P) = Px—cpye.0(p) = Ou(—x + €'(p)t) . (149)

Finally we use the relation between the Wigner function and the Green'’s function that holds in the scaling limit to obtain
an approximate expression away from the scaling regime

. dp e dp i jt¢e
6. ts0)~ [ 320 s )= [ S0 (=1L 4 o). (150)

We similarly can determine the expectation values of the densities of the conserved charges (40), e.g.

. . ] A
¢ +n,t) = Jim iTr[p(O)(CjTCHzn +h.c)]

dp sin(2n arcsin(j;Tf)) j+n

~ | — cos(2np)fy(—j — n+ €' (p)t) = — Oy(1 — —— 151

[ 5% costanpta(=i = n+ <o) — u(1-100) (151)
The result for the density profile in the Euler scaling limit is
1 ifj < —vmaxt ,
. A T i . .

]ltlilgo Tr [p(t)cj cj] = %arccos(ﬁ) if — Vmaxt <J < Umaxt (152)

/¢ fixed 0 if j > vmaxt ,

where vnax = 2J is the maximal group velocity. In Fig. 4 we compare this asymptotic result to the density profile along
rays j/t =fixed at finite times Jt = 10 and Jt = 100. We observe that the GHD result provides a rather good approximation
already at times Jt ~ 10. To get a more precise understanding how the exact result approaches GHD in the scaling limit
we show the expectation values of q?™9(10, t) for n = 1, 2 in Fig. 5. Initially these expectation values are zero because

18



F.H.L Essler Physica A 631 (2023) 127572
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Fig. 4. Density profile along different “rays” j/Jt. Exact results at time Jt = 10 (red dots) and Jt = 100 (black dots) vs Euler scaling limit (blue line).
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Fig. 5. Expectation values of the densities of the conserved charges q*»%(10, t) for n = 1, 2 as a function of time. The solution to the GHD equation
(dashed red line) is in fair agreement with the exact result (solid blue line).

there are no fermions at any of the sites j > 0. At a time vmat; = 10 4 n the propagating front arrives at site j = 10 +n
and the expectation value q*™%)(10, t) becomes sizeable. At later times the expectation values approach the asymptotic
GHD result in a power-law fashion. In particular there is no characteristic time scale for local relaxation: the system relaxes
locally in a power-law fashion. This is expected to be a generic feature for integrable models. We observe in Fig. 5 that the
exact results display high-frequency oscillatory behaviour that is not captured by GHD. This is expected to be a generic
feature of GHD, which by construction is a theory designed to describe the dynamics at large scales, which correspond to
small momenta and slow variations in time.

5. GHD in interacting integrable models

For interacting integrable models we proceed along the same lines as in the free fermion case:

1. Identify local conservation laws Q™ =}, Qj(").

2. Construct simultaneous eigenstates of Q™.

3. Construct macro-states in thermodynamic limit.

4, Work out stable excitations over macro-states and determine their group velocities.

5. Apply a “local density approximation” to the continuity equations for the densities Qj(").

We will consider the implementation of this programme for the particular example of the Lieb-Liniger model. The first
four steps are discussed in Section 3. In a homogeneous macro-state with density p(k) we have shown in section 3.2.1
that in the thermodynamic limit we have

dx
wi0ie) = [ 5470 500 (153)
The expectation values of the current densities are more difficult to determine. A simple physically intuitive guess is
dx
(oU™()lp) = / o Vo) 4" (R)p(2) (154)
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where v,(A) is the group velocity of the stable particle excitations with momentum p over the macro-state with density
p(X), cf. eqn (93) in Section 3.3. The main difference to the case of free fermions is that this velocity now depends on
the macro-state under consideration. It turns out that the guess (154) is indeed correct [34,35]. Now we proceed as in
the case of free theories and first consider the case where we prepare our system in a density matrix p(0) that locally
corresponds to a homogeneous macro-state but varies slowly in space. Locally it will “look like” a macro-state with a
position-dependent density px o(k), so that

d
e [50) Q"] ~ [ 5

di
Tr[5(0) J(0)] ~ / 000 40 (155)

dM()pxo(A)

Next we consider the situation at sufficiently late times after our quantum quench, where we assume that our system
has relaxed locally and varies very slowly in space. Then we again can employ a description in terms of an appropriately
chosen macro-state, which however now will depend on x and t

dxr
Tr [5(0) Q™(x. £)] = Tr[5(t) Q"(x)] ~ / 50703
dxr
Tr [p(0) J™(x, 1)] = Tr[p(t) J"(x)] ~ / o "y, (M2 - (156)

The evolution equation for px (k) then follows from combining (156) with the continuity equations (63) relating the
expectation values of the charge and current densities, which gives

f %Q(n)(k) I:atpx.t()\) + ax<vpx’t(x)px,[(,\)>] =0, n=0,1,2,... (157)

As the ¢‘™()) form a basis of functions on the real line these imply the following form for the GHD equations in the
Lieb-Liniger model

0t ox.t(X) + Oy <pr.[()h) px,tO‘)) =0.

(158)

We stress that the group velocities v, (A) depend on px(A) in a non-linear way. As we have observed before, the group
velocities depend on the macro-state only through the occupation function 9 (1) (77). Moreover, for a given root density
we can determine the corresponding occupation function from (78), and vice versa. Using this relation between p,; and
U+ we can therefore obtain an equivalent formulation of GHD in terms of the latter

0Dy t(X) + Uz?x,t()t) 0y e(A) =0

(159)
5.1. Integrating the GHD equations

In order to use GHD one requires an initial value for the occupation function 9 o()). In practice this imposes serious
restrictions on the situations that can be handled. This is easy to understand: from a physical perspective the occupation
function encodes the expectation values of the densities Q(™(x) of the infinite number of conserved charges. These are
known in thermal equilibrium, and using a local density approximation in presence of a potential V(x) can be determined
in a broad class of inhomogeneous thermal equilibrium states. Certain other situations can be handled by the method
introduced in Ref. [36] for homogeneous quantum quenches with lowly entangled initial states, but the problem of
determining 9, o(A) given a general initial state remains unsolved.

Given an initial value 9 o(A) the GHD equation (158) needs to be integrated using that the group velocities are given
in terms of ¥y ;(A) through (93). An open source Matlab code for carrying out this programme was introduced in Ref. [37],
see https://integrablefluid.github.io/iFluidDocumentation/

Once ¥y (1) and py (1) have been obtained numerically they can be used to determine physical properties. The
simplest ones are the expectation values of the charge and current densities (156). Extensions to certain other operators
are also possible [38].

5.2. Extensions of GHD

GHD has been extended in many interesting directions, and we refer the interested reader to the reviews collected
in the recent special issue Ref. [5]. One such extension that is very important for applications of GHD to cold-atom
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Fig. 6. Experimental results vs GHD prediction for atom density during expansion from an initial thermal state in a double-well potential (from
Ref. [24]). The agreement is seen to be very good.

experiments is to approximately take into account the effects of an external potential V(x) in the Lieb-Liniger model.
This modifies the Hamiltonian to

2

2
H= /dx ot (x) [—thaf —i—V(x)] qb(x)+c/dx(¢f(x))2(¢(x)) , (160)

and importantly breaks integrability. Hence GHD no longer provides an exact description in the Euler scaling limit.
However, as long as V(x) can be considered as a small perturbation, it makes sense to consider how it modifies the
GHD equations. The answer was derived in Ref. [39]

Ot (A) + 8x(vpx_[()t) Px,t()\)) = (3xv(x))8xpx,t()\)~ (161)

The obvious question is on which time and length scales this evolution equation provides an accurate description of the
non-integrable dynamics induced by (160). The answer is not known, but on physical grounds one would expect that if
the initial state of the system is only weakly inhomogeneous and the potential V(x) is weak as well, (161) may provide a
good approximation at sufficiently short times. This is because eventually the fact that V(x) breaks integrability will be felt
and a description based on continuity equations for conserved quantities must fail. On the other hand, as we have seen
above, in general GHD is expected to work only at sufficiently late times unless the initial state is judiciously chosen [40].1°
It is important to keep these considerations in mind when applying (161).

6. Applications of GHD to cold-atom experiments

GHD and its extensions has been applied to the description of cold-atom experiments that are described by the Lieb-
Liniger model with confining potential (160), both in the weakly [24] and in the strongly [25] interacting regimes. A
comprehensive review of these works is presented in the recent review [26]. In Fig. 6 we show some of the results obtained
in Ref. [24]: a gas of very weakly interacting 8’Rb atoms is prepared in a thermal equilibrium state in a one-dimensional
double-well potential, i.e. like in the example discussed in Section 1.1 the transverse confinement is very steep, but the
potential along the y-direction in Fig. 1(a) is a double-well rather than harmonic. At time t = 0 the confining potential
along the y-direction is changed to a shallow harmonic potential as in Fig. 1(a), and the two clouds of gases start expanding
along the y-direction. The density is then measured as a function of time. The main result, and message of this section,
is that the GHD prediction for this expansion is found to be in very good agreement with experiment.

10 A similar issue is encountered after homogeneous quantum quenches in weakly perturbed integrable models, see e.g. [41,42] . Here sufficiently
weak integrability breaking interactions are believed to open up an intermediate time window, in which the dynamics is characterized by the
proximity to an integrable theory. At late times the system then thermalizes as it is not integrable.
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