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1. Introduction

An isolated many-particle quantum system is characterized by the absence of any cou-
pling to its environment. According to the laws of quantum mechanics its time evol-
ution is unitary and governed by the time dependent Schrodinger equation. In order to
specify the state [U(¢)) of the system at a given time ¢, it is then sufficient to know its
Hamiltonian H and its state at an earlier time

[W(t)) = e H1W(0)). 1)

In spite of this purely unitary evolution, macroscopic systems are expected to even-
tually ‘relax’ in some way and be amenable to a description by quantum Statistical
Mechanics [1]. For many-particle systems it is convenient to focus on the time evol-
ution of the expectation values of particular observables of interest rather than the
state itself, i.e. one considers
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(W) O¥(D)). (2)

Historically, studies of many-particle quantum systems such as electronic degrees
of freedom in solids mainly focussed on equilibrium properties at zero and finite
temperature. This is because in the context of solids, the many-body system of
interest is typically coupled to an ‘environment’, i.e. other degrees of freedom,
the presence of which is felt after very short time scales. The situation changed
dramatically about a decade ago, when it became possible to experimentally inves-
tigate the non-equilibrium dynamics of clouds of ultra-cold, trapped atoms [2-17]
(see also the review by Langen, Gasenzer and Schmiedmayer in this volume [18]).
These are by design almost isolated. Moreover the natural energy scale underlying
the dynamics is incredibly small, so that there is a long time window (on the order
of seconds) for conducting experiments. The main effect of the coupling to the
environment is particle loss through heating. This eventually becomes significant,
but over an intermediate time window the dynamics is to a good approximation
unitary. It is important to note in view of the following discussion that finite size
effects are often important in cold atom systems, and as a result of the trapping
potential these systems are not translationally invariant. They are however highly
tuneable both with regards to Hamiltonian parameters and their effective dimen-
sionality. This was exploited in the seminal Quantum Newton’s Cradle experiments
by Kinoshita, Wenger and Weiss [3]. These investigated the non-equilibrium evol-
ution of one, two and three dimensional Bose gases that were initially driven out
of equilibrium. While the two and three dimensional systems were seen to relax
very quickly towards an equilibrium state, the behaviour in the one dimensional
case was very different. In [3] this was attributed to the presence of approximate
conservation laws. Neglecting the trap, the Hamiltonian is well approximated by
the Lieb—Liniger model [19]

RN
HLL = - —+c E 6(.73j - xk) 3
2m j=1 ;1;? i<k ( )

The Hamiltonian (3) is integrable and as a result has an infinite number of conservation
laws I, [20, 21] such that

(4, I,] = [, I,] = 0. 4)

It is intuitively clear that conservation laws will affect the quantum dynamics, because
they impose constraints of the form

(U()|L,|(¢)) = const. (5)

The difference in behaviours between the one and three dimensional Quantum Newton’s
Cradle experiments suggested that the non-equilbirium dynamics of integrable models
is unusual. This was one of the motivations for the recent intense theoretical efforts
aimed at understanding the non-equilibrium dynamics of integrable quantum many-
particle systems. Integrable models come in a variety of guises, the two main classes
being
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e Lattice models:
These include non-interacting fermion and boson theories [22-24], models that
can be mapped to free fermions like the transverse-field Ising [25-43] and XY
chains [44-52], spin models like the Heisenberg chain [53-72] and electronic theo-
ries like the Hubbard model [73-77].

e Continuum models:

These include free field theories like the Klein—Gordon [78-80] and Luttinger
models [53, 81-86] (see the review by Cazalilla and Chung [87] in this volume),
conformal field theories [80, 89-93] (see the review by Calabrese and Cardy [88]
in this volume), massive relativistic field theories like the sine-Gordon [94-96],
sinh-Gordon [97-100] and nonlinear sigma models [101], and non-relativistic field
theories like the Lieb—Liniger model [102-114]. In continuum models the spec-
trum of elementary excitations is unbounded, which leads to certain differences
as compared to lattice models.

In this review we focus on the equilibrium dynamics in integrable lattice models.
We moreover restrict our discussion to a particular protocol for inducing out of equilib-
rium dynamics, the so-called quantum quench. We note that other protocols have been
studied in the literature. One example are ramps [115, 116], which are of interest in
relation to the Kibble—Zurek mechanism [117].

The outline of this review is as follows. In section 2 we define what we mean by a
quantum quench. This is followed by a discussion in section 3, of how isolated many-
particle quantum systems relax, and of how to describe their late time behaviour. In sec-
tion 4 we provide a simple example that shows these ideas at work. Having established
a framework for the late time behaviour after a quantum quench, section 5 turns to the
discussion of general features of the evolution of observables at finite times, such as how
correlations spread through the system. Section 6 is concerned with one of the key para-
digms of quantum quenches, the transverse field Ising chain (TFIC). This constitutes a
non-trivial example, for which it is nevertheless possible to obtain exact results in closed
form. From the point of view of quantum integrability the TFIC is quite special, because
it can be mapped onto a non-interacting fermionic theory by means of a (nonlocal)
Jordan—Wigner transformation. The case of fully interacting integrable models (defined
as having scattering matrices that are different from +1) is discussed in section 7. We
conclude with an outlook on some open problems of current interest in section 8.

Apart from the other contributions to this Special Issue, there have been several
previous reviews [116, 118-121] on closely related topics. They differ considerably in
perspective, focus, scope and style, and are therefore largely complementary to ours.

2. The essence of a global quantum quench

Our starting point is an isolated many-particle quantum system characterized by a
time-independent, translationally invariant Hamiltonian H(h) with only short-range
interactions. Here h is a system parameter such as a magnetic field, or an interaction
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strength. An example we will return to frequently throughout this review is the trans-
verse field Ising chain (TFIC)

L
H(h) = —J)  ojoj1+ hol, (6)
=1

where o are Pauli matrices acting on a spin-1/2 on site j of a one dimensional ring,
and o7, =07 (@ = z,y, 2). The short-ranged nature of H(h) is an essential condition,
and it is known that models with infinite range interactions such as the BCS problem
[122] exhibit very different behaviours when driven out of equilibrium. Let us imagine
that we somehow prepare our system in the ground state |U(0)) of H(hy). This state is
highly non-generic in the sense that it has low entanglement [123-125]. At time t=0
we then suddenly ‘quench’ the system parameter to a new value h, and then consider
subsequent unitary time evolution with our new Hamiltonian H(h). As the change of
Hamiltonian is assumed to be instantaneous, the system remains in state [¥(0)) (‘sud-
den approximation’). At times ¢ > 0 the state of the system is found by solving the
time-dependent Schrodinger equation

[W(t)) = e D W(0)). (7)

We are interested in the cases where in a large, finite volume the initial state |¥(0))
has non-zero overlaps with an exponentially large number of the eigenstates of H(h).
The case where |¥(0)) has non-zero overlaps with only a finite, system-size independent
number of eigenstates is equivalent to the one discussed in undergraduate Quantum
Mechanics courses. In terms of energy eigenstates

H(h)|n) = Eyn), E,> Ey, (8)
we can express the state of the system at time ¢ as

W(t)) = ;mmf(o» e | n). €)

Our objective is the description of expectation values of a certain class of operators O,
that will be defined in detail later, in the state |¥(t))

(W) OW(1))y = S (T0)|n) (m|W(0)) (n|O|mye 1 En=EL,

n,m

(10)

All the interesting phenomena after a quantum quench arise from the presence of the
oscillatory factors e Fn=Ent wwhich induce quantum mechanical interference effects
[126], in the double sum over exponentially (in system size) many terms. We note that
focussing on expectation values is not as restrictive as it may first appear, as it still
allows us to consider the full probability distributions of the observables we are inter-
ested in.

A crucial property of a global quantum quench is that energy is conserved at all
t > 0, and that the post-quench energy density is larger than the ground state energy
per site

.1 . B
e = lim —QU(O|HWW(®) > lim 7". (11)
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This means that through the quantum quench we explore a region of Hilbert space that
is macroscopically different from the sector containing the ground state and low-lying
excitations.

In practice one often considers more general ‘quench protocols’, where for example
H(h) and/or |¥(0)) are invariant only under translations by 2, 3, ... sites [51, 63, 127],
and initial states that are not necessarily pure [78], but are described by a density
matrix p(0). Considering p(0) to be a thermal density matrix provides a simple way of
varying the energy density e ‘injected’ into the system. It is essential for our purposes
that the initial density matrix p(0) has a cluster decomposition property [128]

. lzllfg N Tr [p(0)O(z)O(y)] = Tr [p(0)O(2)] Tr [p(0)O(y)] , (12)
and we elaborate on this point in appendix A. Invariance of the initial density matrix
under translations is another key requirement. Inhomogeneous initial conditions have
been considered by many authors in the literature, see e.g. [44, 54, 55, 106, 129-139,
140-152], and the reviews by Bernard and Doyon [153] and by Vasseur and Moore
[154] in this volume, but we will not consider them here.

3. Relaxation in isolated quantum systems

Given that we are considering an isolated quantum system, an obvious question is in
what sense it may relax to a stationary state at late times after we have driven it out
of equilibrium. In order to sharpen the following argument, let us revisit the case dis-
cussed in section 2, namely an isolated system initially prepared in a pure state |¥(0)),
that is not an eigenstate of the (time independent) Hamiltonian H(h) describing the
time evolution after our quantum quench. Let us now consider the following class of
hermitian operators

O = [ )k + k) {(J]. (13)

Their expectation values in the state |U(¢)) can be expressed using (9) as
()| O W(1)) = B~ BUT(0)| )(E[T(0)) + c.c. (14)

We see that generically the right hand side exhibits periodic oscillatory behaviour in
time. Hence the observables Oy typically do not relax at late times. A crucial point
is that Oy, are generally very nonlocal in space. As locality is an important concept in
quantum quenches it is useful to define what we mean by a local operator.

Definition 1. Local Operators.

In lattice models an operator O is called local if in the thermodynamic limit O
acts non-trivially only on a finite number of sites separated by a finite distance. For a
quantum spin-1/2 chain with L sites examples of local operators are

k
a5, U?ag’:rk, H1 o, k fixed, (15)
]:
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where o} (o = 7,9, 2) are Pauli matrices acting on site j. On the other hand operators
such as
Li2
o1t [Iof (16)
j=1

are nonlocal. Acting with a local operator on a state |1) does not change its macroscopic
properties (e.g. its energy per volume in the thermodynamic limit).

Definition 2. Range of a local operator.

The range of a local operator O is the size of the largest interval on which it acts
non-trivially. For the examples above we have

k
range(o}) = 1, range(U?J?Jrk) =k+1, range[H a?j] = k. (17)
j=1

3.1. Local relaxation

The previous argument shows that an isolated quantum system prepared in a pure
state cannot relax in its entirety. However, it can and does relax locally in space [26, 28,
126, 155-157]. To explain this concept let us consider the example of a one-dimensional
spin system with Hamiltonian H with only short-range interactions. An example would
be the TFIC (6). We partition the entire system into an arbitrary but finite subsystem
B and its complement A. Eventually we will take the thermodynamic limit while keep-
ing B fixed. Let us prepare our spin system at time ¢ = 0 in some initial density matrix
p(0) that is not an eigenstate of H. At later times the entire system is characterized by
the density matrix

p(t) = e p(0)e! . (18)

The reduced density matrix of the subsystem B is obtained by tracing out the degrees
of freedom in A

pp(t) = Tryp(1). (19)

It is instructive to give an explicit representation of the reduced density matrix for our
spin chain example. An orthonormal basis of states is given by

L
o1, 09, ..., 0p) = ]E@l o), 0= %1, (20)

where |0j>j denote the two eigenstates of S7. Let us take our subsystem B to consist of
sites 1,2, ... £ for simplicity. The reduced density matrix is then

L L
ppt) = > ( ®+1k<0k|)P(t)( ® |Un>n)

RN ) n={(+1

=2 > Tr[p(t)oi'0%? ... 03] of'oy?... o}, 21)

ay,...,a0=0,2,y,2

doi:10.1088/1742-5468/2016/06/064002 8
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Figure 1. Local relaxation in an isolated many-particle quantum system: we partition
the entire system into an arbitrary finite subsystem B and its complement A.
We then take the thermodynamic limit while keeping B fixed. Expectation values
of all operators that act non-trivially only in B will relax to stationary values at
late times.

where we have defined a? = 1;. Equation (21) shows that the matrix elements of py(t)
are equal to particular correlation functions of local operators acting non-trivially only
on B, and that pg(t) in fact encodes all such correlators.

Definition 3. Local Relaxation.
We say that our system relaxes locally if the limit

lim lim pg(t) = pp(00) (22)

t—o0 L—o0
exists for any finite subsystem B (see figure 1).
Definition 4. Stationary State.

Consider a system that relaxes locally in the sense just defined. Then its stationary
state is defined as a time-independent density matrix pS° for the full system such that
for any finite subsystem B

lim Try(p5%) = pp(c0), (23)

L—oo

where A is the complement of B. We stress that this equivalence applies only at the
level of finite subsystems in the thermodynamic limit and not for the density matrices
of the full system.

Definition 5. Local equivalence of ensembles.

Let p; and p, be two density matrices. We call the corresponding two ensembles
locally equivalent, if in the thermodynamic limit the reduced density matrices for any
finite subsystem B coincide, i.e.

Al ) T T e o9

Here A is the complement of B and |A| denotes its volume. We denote local equivalence
by

P1 =loc P2: (25)

A key problem in the field of non-equilibrium dynamics is the determination of
the stationary state density matrix. A crucial role is played by symmetries of the

doi:10.1088/1742-5468/2016/06/064002 9
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Hamiltonian. In translationally invariant systems there are essentially two para-
digms for local relaxation, and we turn to their respective descriptions next. Before
doing so an important comment is in order. By design our focus is on local opera-
tors, which in turn leads us to define local relaxation in the sense formulated above.
In practice one might be interested in observables that are formally not captured
by our framework, and yet might relax to stationary values. An example would be
expectation values of the momentum distribution function, which is the Fourier
transform of the single particle Green’s function [24, 158]. The relaxational proper-
ties of such quantities are at present not understood in general, and further invest-
igation is called for.

3.2. Thermalization

As we are dealing with an isolated system, energy is always a conserved quantity
E = Tr(p(H) H) = Tr(e " p(0)e ™ H) = Tr(p(0) H). 26)

In absence of other conserved quantities isolated systems are believed to locally relax
to thermal equilibrium. This is known as thermalization [1, 159, 160]. In the framework
we have set up, this means that our stationary state is described by a Gibbs ensemble

_Bc H
ss Gibbs _ € "

PP e PO = oy 27

Here the inverse effective temperature (e is fixed by the initial value of the energy
density

e= lim lTr(p(())H) = lim lTr(,oGiM’SH). (28)
Looo L Looo L

We once again stress that (27) implies only that in the thermodynamic limit the
stationary state is locally indistinguishable from a Gibbs ensemble in the sense that
expectation values of all operators that act non-trivially only in a finite subsystem are
identical to the corresponding thermal expectation values. The physical picture under-
lying thermalization is that the infinitely large complement of our subsystem acts like
a heat bath with an effective inverse temperature Seg.

We note that Feg defined in this way can be either positive or negative. The meaning
of a negative temperature in this context is as follows. Let us consider a Hamiltonian
with bounded spectrum (e.g. a quantum spin model). Then the average energy associ-
ated with H is

.1
e = lim —Tr(H). (29)
L—oo
Depending on our initial density matrix we now have two possibilities
e < &= [t >0,

e > €= Lot <0. (30)

We note that negative temperature ensembles have been observed experimentally in
[161].

doi:10.1088/1742-5468/2016/06/064002 10
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3.3. Generalized Gibbs ensembles (GGE)

We now turn to the case of systems with additional local conservation laws I™. These
are operators that commute with the Hamiltonian

[H,I™] =0, (31)

and have the property that their densities are local operators. In most of the cases of
interest these conservation laws also commute with one another

(1™, 1t™] = 0, (32)

and we will assume this to be the case in the following. We note that exceptions to (32)
are known [51, 92, 93] (see also section 3.3.1). What we mean by local conservation laws
is best explained by an example. The TFIC (6) has infinitely many local conservation
laws in the thermodynamic limit [162]

T+ — = H(h),
I = —JZ(SW S ) (ST + S =S T,
J
I ”——JEXSH+m—S%+J—§ZI?”, (33)
J

where n>1 and we have defined

/—1

oz z ¥¢] _ Z

S = 0f [H JHk] Oips  S% = —05 (34)
k=1

The conservation laws themselves are extensive, but their densities Zg»"’i) involve
only finite numbers of neighbouring sites (n + 1 sites for I™%). As a consequence of
(31), expectation values of the conservation laws as well as their densities are time
independent

1 (n, %) (n,%) 1 (n, )\ — Em®
fTr(p(t)f ) = Tr(p(t)Z5" )=ZTr(p(0)I )= 7 (35)

where in the first step we used translational invariance. An obvious question at this
point is why we insist on conservation laws to be local. The answer lies in the simple
fact that any Hamiltonian has at least as many nonlocal conservation laws as there are
basis states in the Hilbert space. Let us consider one-dimensional projectors on energy
eigenstates

Hin) = Eu|n), B =|n)(n]|. (36)
Then we clearly have
(B, Bl =0 =[5, H], (37)

which imply that the expectation values of all P, are time independent. Importantly,
these conservation laws are not local, and as they exist for any Hamiltonian they are
not expected to have any profound effect. In contrast, local conservation laws are
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rather special and, as is clear from (35), have important consequences for local relax-
ation after quantum quenches.

An immediate consequence of (35) is that systems with local conservation laws can-
not thermalize after a quantum quench, because the system retains memory of the ini-
tial expectation values of all conserved quantities at all times. The maximum entropy
principle [163] then suggests that the stationary state density matrix should be given
by a GGE [164]

_ ()
pGGE — e 2t
Tr(e_ Zn )\n[(n)) ' (38)

Here )\, are Lagrange multipliers that are fixed by the initial conditions (35), as we
require that

E(n)

lim = lim %Tr(pGGEI(”)). (39)

L—oo L L—oo

3.3.1. Local conservation laws versus mode occupation numbers In free theories GGEs
are often formulated using conserved mode occupation numbers [164]. This is usually
equivalent to our formulation in terms of local conservation laws in these cases [28] as
we now demonstrate for a simple example. Let us consider a fermionic tight binding
model

H=-J) C;Cj+1 + c;ch —py c;cj, {cj,ch) = 6. (40)
J J

The Hamiltonian is easily diagonalized by going to momentum space

H=3"[-2Jcos(k) — ] ¢'(k)e(k). (41)
k

The mode occupation operators n(k) = ¢'(k)c(k) commute with the Hamiltonian and
with one another. However, the n(k) are neither local nor extensive. An equivalent set
of local, extensive conserved quantities is easily found

() — 2JZ cos(nk) c'(k)e(k) = JZ C}L'CjJrn + CJ]r‘Jran’
k J

I = 2T “sin(nk) ¢’ (k)e(k) =1 c;cjﬂl — c}ﬁrncj. (42)
k J

The crucial point is that these conservation laws are [linearly related to the mode
occupation numbers. This implies that the GGE describing the stationary state after
a quantum quench to the Hamiltonian H can be constructed either from the local con-
servation laws, or from the mode occupation numbers

GGE o= Zudn TN, 10 e Si iy (k)

N Tr(e* ZnAT,,,+I(”7+>+Anr[("ﬁ)) ) Tr(e™ X "R)° (43)

p
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At this point a word of caution is in order. There are cases in which local conservation
laws exist that cannot be expressed in terms of mode occupation operators. In non-
interacting theories this occurs if the dispersion relation in the finite volume has addi-
tional symmetries. An example is provided by setting p = 0 in our tight-binding model
(40), in which case the dispersion has the symmetry ¢(p) = —e(m — p). In this case the
following operator commutes with the Hamiltonian

> Dlejcsn— il = e Fe(m — ke(k) + e (n=0), 44
J k

but is clearly neither expressible in terms of mode occupation operators, nor does it
commute with the latter. In cases like this the stationary state is not always locally
equivalent to a GGE of the form (43) since the constraints arising from the additional
local charges must be imposed as well [51, 93, 165].

3.4. Generalized microcanonical ensemble (GMC)

In equilibrium Statistical Physics it is well known that in the thermodynamic limit
the Gibbs ensemble becomes equivalent to the microcanonical ensemble. In the quench
context analogous equivalences of ensembles hold, and we now turn to their discussion.

3.4.1. Generic systems We have stated above that generic systems thermalize when
their stationary state density matrix is equal to a Gibbs ensemble in the sense of (23)
and (27), where the effective temperature is fixed by the energy density e given by (28).
There is strong numerical evidence [160, 166—175] that an equivalent microcanonical
ensemble can be constructed in the form

pMC =[n)(nl, (45)
where |n) is any energy eigenstate (of the post-quench Hamiltonian) with energy den-
sity e. Importantly, no averaging over a microcanonical energy shell is required. This
implies that in generic systems all energy eigenstates at a given energy density are
locally indistinguishable and thermal. The microcanonical description for the station-
ary state of a thermalizing system is then

p5S =10c pMC. (46)

3.4.2. Systems with local conservation laws If a system has local conservation laws
other than energy the above construction needs to be modified. This was first discussed
in the non-interacting case by Cassidy et al [22] and subsequently generalized to inter-
acting integrable models by Caux and Essler [176]. Let us recall that the ‘initial data’
for a (post quench) system with local conservation laws /™ and Hamiltonian H = I is

1
(W = lim —Tr(p(0)I™).
e Jm r(p(0) 1) (47)

The stationary state is then locally equivalent to the density matrix

55 =100 pOMC = |BY(D], (48)
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where |®) is a simultaneous eigenstate of all local conservation laws such that

lim [%I(”) - e(")] |®) = 0. (49)

L—oo

Conditions (49) ensure that all I have the correct expectation values (47) in the
stationary state. An obvious question is how to construct |®) in practice. For non-
interacting lattice models this is often straightforward as we now discuss. In free theories
the Hamiltonian is diagonalized in terms of mode occupation operators n(k) = c'(k)c(k)

H=3 e®mk), [n(k), n(@)] =0 = [n(k), H1. 50)
k

As discussed above the n(k) are in one-to-one correspondence with local conservation
laws and can therefore be used to construct GGEs. The initial conditions (47) therefore
fix the densities p(k) of particles with momentum &

Tr(p(0)n(k)) = p(k). (51)

In a large, finite volume L, the state |®) can then be taken as a Fock state

N

|®) = [ c'k)]0), c(g)]0) = 0. (52)

J=1

The kjneed to be chosen to reproduce the correct particle density p(k) in the thermody-
namic limit N, L — oo, n = N/L fixed. Noting that An = p(k)Ak we see that a possible
choice is

1

Lp(k) (53)

kj+1 - k'j +

In practice we can determine p(k) from (51), construct the state |®) from (52) and (53),
and then use it to form pMC. In interacting theories the construction is analogous but
considerably more involved and will be discussed in section 7.

In contrast to the non-integrable case, energy eigenstates at a given energy density
e are not all locally indistinguishable and thermal. While the typical state at a given e
is thermal in this case as well, there exist other, non-thermal, macro-states at a given e.
However, their entropies are smaller than the one of the thermal equilibrium state.
A more detailed discussion is given in appendix B.

3.5. Time averaged relaxation and diagonal ensemble

In the literature a different definition of relaxation after quantum quenches in finite
systems is widely used [118, 121]. Let us for simplicity consider a one-dimensional sys-
tem on a ring of length L, which is initially prepared in a state with density matrix p(0).
The time average of an operator O is then defined as

O, =1 1 Td T @
= lim — ¢ ¢
= lim Tfo r(p(?) O), (54)

doi:10.1088/1742-5468/2016/06/064002 14


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

where we have introduced the subscript L to indicate that the system size is kept fixed
at L, and where we assumed the limit 7'— oo to exist. The operator O is then said to
relax if its expectation value is very close to its time average most of the time, i.e. if

1 T _ —
= fo dTr(p(t) O) — O < OF,. (55)

Physically this way of thinking about relaxation is very different from ours. This is
most easily understood for a non-interacting system, which by construction features
stable particle and hole excitations. Let us denote their maximal group velocity by vpax.
In time averaged relaxation one considers times t such that vy.ct> L, i.e. the stable
excitations traverse the entire system many times. In contrast, our way of defining
relaxation is based on taking the thermodynamic limit first, and then considering late
times.

A natural question to ask is what statistical ensemble describes the averages O. To
see this let us consider time evolution with a Hamiltonian H that has non-degenerate
eigenvalues F,. Expanding the density matrix in the basis of energy eigenstates gives

p(t) =D {nlp(0)|m) e~ E=En)(m].

n,m

(56)

Substituting this back into (54) and using that the energy eigenvalues are non-degen-
erate we arrive at

O = (n|p(0)|n) (n|O|n). (57)

This shows that time averages involve only the diagonal elements (in the energy eigen-
basis) of the density matrix. The description (57) is known as diagonal ensemble. Is
there a relation between the subsystem view of relaxation and the time-averaged one?
It is believed that for local operators O the two viewpoints are in fact equivalent in the
sense that
S 55

In the case of the TFIC this has been shown in appendix E of [26] and elaborated on
in [30].

3.6. Symmetry restoration

An interesting question in the quantum quench context concerns problems where the
Hamiltonian is invariant under a symmetry operation, but the initial state after the
quench is not. If we denote the symmetry operation by U, then we have

[H, U] =0, U|W(0)) = |¥(0)). (59)

The question is then, whether or not the symmetry associated with U is restored in the
stationary state

(0%, U] £ 0. (60)
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The answer to this is quite straightforward for the stationary states we have considered
here, which are described by (generalized) Gibbs ensembles

:OSS =loc PGCE — . ef;/\”l(n)_ (61)
ZGGE
Clearly, if U is a symmetry of all local conservation laws
(1™, U] =0, Vn, (62)

the symmetry associated with U will be restored in the stationary state. Conversely,
if there is at least one conservation law for which [I¥, U] = 0, then the symmetry will
remain broken in the stationary state. It is useful to consider some explicit examples.

3.6.1. Spin-flip symmetry The TFIC Hamiltonian (6) is invariant under rotations in
spin space around the zaxis by 180 degrees

UolU"= -0}, a=uz,y, UoiU' = o} (63)

A quantum quench of the transverse field starting in the ordered phase h < 1 leads to
an initial state that breaks this symmetry. However, the local conservation laws (33)
that characterize the stationary state are invariant with respect to spin reflection. As a
result the spin flip symmetry is restored in the stationary state [28], as will be shown
in section 6.

3.6.2. Parity symmetry The Hamiltonian of the tight-binding model (40) is invariant
under the parity transformation (reflection across a link)

UciU'=cf_,. (64)

On the other hand, the set of charges /™) in (42) is odd under U, and hence a quantum
quench from a state that is not parity even does not generally result in a parity-
symmetric stationary state. As an example we may consider the time evolution of the
ground state |¥(0)) of the following Hamiltonian

1
Hy = Z Z(3C;C€+1 - 30;“05 - CECLI + cevico) + ,uoczcg. (65)
¢

For |u,| <2, [¥(0)) is not parity-symmetric and the expectation value of I™™) is
nonzero

1—(—1) cos(narcsin(%))

(W(0)| 1™ 2| W(0)) = J = 0. (66)
2 ™
As I™7) are conserved we must have
lim S Tx(p™ 1)) = lim = (W(0) 1™~ 1(0)), ©7)
Lo L Looco L

and consequently the stationary state cannot be not symmetric under (64). We note
that the above symmetry argument does not guarantee a non-zero value for the expec-
tation value in (66), as there could be other symmetries that force it to vanish.
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3.6.3. Translational symmetry If we allow the initial state to partially break transla-
tional symmetry the situation can become significantly more complicated. An interest-
ing example is provided by the quantum XY model [177]

L
Hxy = J} 1%70?0%%1 + %0%0%1’ (68)
(=1
where we take L to be even. As long as we consider quenches from translationally invari-
ant initial states, the stationary behaviour is described by a GGE constructed from
local conservation laws Q™*) along the lines described above. The situation changes
for initial states |Uy(0)) that are invariant only under translations by two sites. One
might naively expect that translational symmetry gets restored in the stationary state,
but this is in fact not the case [51]. This can be understood by noting that H has local
conservation laws that are not translationally invariant, an example being

L

14y ., 1-

I = Z(—l)f[ : L otot, ) — — 70%0%1], [J{, Hyy] = 0. (69)
/=1

Generically one will have (Uy(0)|J7|W(0)) =0, and as J; is conserved, translational
invariance must remain broken at all times. The construction of a GGE in this case
is complicated by the fact that J; does not commute with all Q*®, and involves an
initial state dependent selection of mutually commuting local conservation laws.

3.7. Truncating generalized Gibbs ensembles

As we have seen above, GGEs in integrable models involve infinite numbers of con-
servation laws in the thermodynamic limit. A natural question to ask is whether all
of these are equally important for the description of the stationary state, or whether
certain classes are more important than others. A general framework for investigat-
ing this question was developed in [28] and then applied to the specific example of
quenches in the TFIC. The main findings are conjectured to apply much more generally
to quenches in integrable models. A key measure of importance of a given conservation
law is its degree of locality [28] Di.. This is straightforward to quantify for conserva-
tion laws like (33), which have densities that act non-trivially only on a fixed number
of n + 1 neighbouring sites,

I — ZI%"), range(fgn)) =n+1 = Dipe(I™) = n+ 1, (70)
J

The idea of [28] was to select various finite subsets {J,|m =1, ..., y} C {I™}, and ask
how well the density matrices

! (y)
- Z,/Lzl )\n JrL

ppGGE,y — €
Tr(e_ =1 )‘;y)Jﬂ) (71

approximate the full GGE density matrix. Here the Lagrange multipliers A\’ are fixed
by imposing the appropriate initial conditions
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U | W
lim (MO L[ 7O) = lim %Tr(ppGGE’an), n=1,...,9. (72)

L—-oo L L—o0

A useful way of comparing the full p®“F and partial pP“SF¥ GGEs is through a distance
D(py; P;z) on the space of reduced density matrices on an interval of length ¢. In order for

pPGCEEY t0 be a good approximation to p®C¢F it should be possible to make the distance
between their respective reduced density matrices arbitrarily small

D(pfF, pfE N < e, VL. (73)

The findings of [28] show that if even a single conservation law with small degree of
locality is excluded, the approximation (71) immediately becomes very poor, and the
only way to achieve (73) is by retaining all conservation laws with the smallest degrees
of locality (70), i.e. by considering ‘truncated GGEs’ of the form

(y) (n)
—a AT

ptGGE,y — e )
Tr(e’ a1 (")) (74)

The value of y is then determined by the required degree of accuracy € in (73). A con-
sequence of these findings is that the full GGE can in fact be defined as the limit of
truncated GGEs

GGE —

lim ptGGE,y.

Y=

P (75)
The limiting procedure (75) was originally introduced in a non-interacting model (the
transverse-field Ising) [28], and has since proved very useful for the construction of
GGEs and the calculation of the stationary state values of local observables in interact-
ing integrable models [17, 58, 59, 64, 178].

To exhibit the above ideas more explicitly it is useful to consider the example of a
transverse field quench in the disordered phase of the TFIC [28]. Figure 2 shows results
for an appropriately defined distance between the reduced density matrices of the full
and truncated GGEs as a function of the number y of conservation laws retained in

(74). Ten different subsystem sized ¢ = 5, 10, ..., 50 are shown.

We see that for a given subsystem size ¢ the distance D(pSGE, pEGGE’y) starts decay-
ing exponentially in y above an /-dependent value. This means that conservation laws
I™ with n>> ¢ play a negligible role in describing stationary state properties in a sub-

system of size £. The main message is then as follows:

The smaller the degree of locality of a conservation law is, the more important it is for
describing the stationary properties of local observables.

3.8. Dynamical properties in the stationary state

It is clearly of interest to go beyond the equal time correlators we have discussed so
far and consider dynamical (non equal time) correlations. In particular one can envis-
age using them to characterize the stationary state in the same way they are used in
thermal equilibrium. An example would be the measurement of dynamical response
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Figure 2. Distance Dgg) = D(p?GE, pZGGE’y), as defined in (156), between the GGE

and the truncated GGEs obtained by taking into account local conservation
laws with densities involving at most y + 1 consecutive sites. The quench is from
hp=1.2 to h =3 and the subsystem size ranges from £ =5 to £ = 50. Colors and
sizes change gradually as a function of the size ¢. For y> ¢, the distance starts
decaying exponentially in y, with an f-independent decay rate (Figure taken
from [28].).

functions in the stationary state by e.g. photoemission spectroscopy [179]. For such
purposes the objects of interest are of the form

lim (U(D)| On(h) -+~ Ot)| WD), O(t) = O, (76)

where O; are local observables. The problem one is faced with is that the descriptions
of the stationary state by statistical ensembles (GGE, GMC) a priori hold only at the
level of finite subsystems in the thermodynamic limit. On the other hand, time depen-
dent operators act by construction non-trivially on the entire system, which moves
them beyond the remit of applicability of the framework set out above. This issue was
addressed in [29], which established that the stationary state density matrix p° that
describes the local relaxation in fact provides a correct description of dynamical cor-
relations as well, i.e.

The proof of this statement is based on the Lieb—Robinson bound (see section 5.1) and
more specifically on a theorem by Bravyi, Hastings, and Verstraete [180], who showed
that time-evolving operators (in the Heisenberg picture) are well approximated by local
operators with a range that increases linearly in time. We stress that (77) does not
depend on which statistical ensemble describes the local relaxation in the stationary
state, i.e. for generic systems p would be a Gibbs or a microcanonical density matrix,
while for integrable systems it would be that of a GGE or GMC.

The issue of whether or not a fluctuation dissipation relation (FDR) holds in the
stationary state was investigated in [29, 38, 41, 181]. In thermal equilibrium, the FDR
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connects the imaginary part of the linear response function x 4z(w, ¢|p) of two observ-
ables A, B to the corresponding spectral function Syp(w, 7|p)

—%Im Xap(s G 1098 = (1 — ¢ )8y p(w, 7 | p55(3)). (78)

Here we have defined

- i ® 14 aiwt—if- @B—7
Xap, |p) = =7 fo dt e =iT-G=T Tr(p [A(t), B),
7,0

= 1 0 dt H _i—>. 7.’_?
Sup(w, 7 |p) = EZ f — WU Tr(p Ai(8)By).
[

oo 2T (79)

In the derivation of (78) one uses that in thermal equilibrium the spectral function for
negative and positive frequencies are related in a simple way

Spa(—w, =7 |pSPP(B)) = e M Sip(w, T [pP(B)). (80)

Let us now turn to FDRs in the steady state after quantum quenches. Clearly, if
the system thermalizes (27), the equilibrium FDR (78) with inverse temperature (e
applies. If on the other hand the system locally relaxes to a GGE, the imaginary
part of the linear response function ceases to be proportional to the spectral function
[29, 38, 41]. This can be traced back to the absence of a simple relationship between
the spectral functions at positive and negative frequencies. However, the basic form of
the FDR still holds [29]

1

_ GGE)
T

Im XAB(Wa q |pGGE) — SAB(Wa (7 |,0GGE) - SBA(—(,U, —@ |p (81)

4. A simple example

In order to see the ideas presented above at work, we now consider the specific example
of a one dimensional fermionic pairing model

L L L
HA ) = —JY. e+ chae—p S e+ A elel 4 e (82)
j=1 Jj=1 J=1

Here cJ;-, ¢j are canonical fermion creation and annihilation operators at site j and

{cj, cjl} = 6; ». In momentum space we have

k
where we have defined ¢y(k) = —2Jcos(k) — u and
1 —ikj
ci=——=>» e (k).
=7 ; (84)
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The Hamiltonian (83) is diagonalized by a Bogoliubov transformation

( a(k) ):( cos(O/2) —1sin(@k/2))( c(k) ) =0 (85)

ai(=k)) ~ \=isin©y2)  cos(@2) Ncf(—k)
where
e(k) = J@Jcos(k) + p)* + AN sin’(k), e = —2Jcos(k) _(’Z; 214 sin(k) (86)
€
Defining a(0) = ¢'(0) we find
HA, p) = Z e(k) o (k)a(k) + const. (87)

k

Let us now implement a quantum quench by initially preparing our system in the
ground state of H(A, p), and at t = 0 quenching the pairing amplitude from A to zero.
The initial state is the Bogoliubov fermion vacuum

[(0)) =10), a(k)|0) =0 Vk. (88)
The time evolution of the fermion annihilation operators is obtained by solving the
Heisenberg equations of motion %c(k, t) =i[H (0, p), c(k, t)] = —ieg(k)c(k, t), which gives
c(k, t) = e 1oWile(k) = e 1M [cos(O4/2) alk) — isin(O/2) af(—k)]. (89)

The fermion two-point functions at ¢ > 0 are thus equal to
(T[T (B) (@) T(B)) = (0] (K, H)e(q, 1)]0) = b, sin*(O4/2),
_ i —2ieg(k)
(W) | ec(k)e(q)|P(t))y = 6k7,q5 sin ©;, e~ 2kt (90)

In position space we obtain

1 Gp

(W(t)| el pe| V(1)) = T > e sin®(©,/2) = £,(0),
k

(U(t)| cjroc| V(1)) = % > e—ik% sin Oy, e"A9b! = ¢ (¢, 1). 91)
k

Importantly, multi-point correlation functions can be calculated by Wick’s theorem,
e.g.

(W()| CECchcml‘If(t» = g,(k— 4, Dgr(n—m, t) — f(j— n)fy(k—m) + fr(k— n)fr(j— m).

(92)
In the limit L - oo we can turn the sums in (91) into integrals, which at late times can
be evaluated by a stationary phase approximation. At infinite times we obtain

2
lim f,({) = fo % el*t sin%(0,/2),

L—oo

lim lim ¢;(¢,t) = 0. 93)

t—oo L—00
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Importantly the ‘anomalous’ average (¥(t)|c;t¢c;|¥(t)) vanishes in this limit. We can
now immediately conclude that our system relaxes locally to some steady state: any
operator O acting non-trivially only on a given, finite subsystem B can be expressed
in terms of fermionic creation and annihilation operators acting only on sites in B. We
then can use Wick’s theorem to express the expectation value of (¥U(¢)| O|¥(t)) in terms
of the functions f;(¢) and g; (¢, t). After taking the infinite volume limit L — oo, the limit
t— oo of the resulting expression exists. This argument shows that the steady state
is completely characterized by the two-point functions (93) and the fact that Wick’s
theorem holds.

4.1. Generalized Gibbs ensemble

According to our previous discussion the steady state should be described by the GGE
(43), where the Lagrange multipliers are fixed by
1

Tr[pSFei(k)e(k)] = o = (YO c'(k)c(k)|[0(0)) = sin’(6,/2). (94)

As the GGE density matrix is Gaussian a Wick’s theorem holds, and as a consequence
of (94) the two-point functions in the GGE coincide with those of our steady state. As
we have a Wick’s theorem in the steady state as well, the GGE correctly reproduces
all multi-point correlation functions. This proves that the steady state in our example
is locally equivalent to the GGE (43) and (94).

5. Spreading of correlations after a quantum quench

Let us now turn to the time dependence of the expectation values of local operators
after a quantum quench. As an example we consider the connected correlation function

of the fermionic density n; = c;cj in our example of section 4

Sp(ly 1) = (W) [ njp o[ (@) — (V@) 1| W())(W(E) [ 1 W(D)). (95)
Application of Wick’s theorem gives

S, 1) = | g (=€, OF = £ (O (96)

It is convenient to isolate the time dependent part |g;(—¢, t)]>, which is shown in figure 3
for a quantum quench, where we start in the ground state of H(A = 2J, u = —J) and

time evolve with H(0, u = —J). At a fixed value of £ the connected correlator is expo-
nentially small (in £) until a time

b l

F 2Umax ’ (97)

where in our example vy = 2J is the maximal group velocity of elementary particle
and hole excitations of our post-quench Hamiltonian H(0, u = —J). At t~ tp the con-
nected correlator increases substantially, goes through a maximum, and then decays
in an oscillating fashion. A physical explanation for the light cone effect was provided
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Figure 3. (a) Time dependent part S (¢,t)+ | f (O of the connected density-
density correlator after a quantum quench where the system is initialized in the
ground state of H(A = 2J, u = —J), and time evolved with H(0, u = —J). A light
cone effect is clearly visible. (b) s(t) = Sx(f = 20, t) + | £ (20)]? as a function of time.

by Calabrese and Cardy [80, 89]. For a non-interacting, non-relativistic theory like the
one in our example it goes as follows. We focus on connected correlation functions of
local operators, e.g.

Goo(r1, 725 1) = (W) O(r) O(r) [¥(1)) — ()| OCr) [W(){W(@)] O(ra) [W(D)). (98)

This is the average of the simultaneous measurement of the observables O(r;) minus the
product of the averages of separate measurements of OJ; at time ¢ after the quench. The
initial state in our case is characterized by a finite correlation length &

Goo(r1, 9y t = 0) oc e~ Il (99)

and is therefore extremely small at large spatial separations. At time t=0 the
quantum quench generates a finite density of stable quasiparticle excitations through-
out the system. Their dispersion relation is ¢y( p) as our post-quench Hamiltonian is
simply H(0, 1) = >, €o(k)n(k). The maximal group velocity of these free fermionic
excitations is

deo(p) _

Umax = MAaX, 4
p

2J. (100)

At times ¢ > 0 the quasi-particles created by the quench propagate through the system.
A measurement at r; will be influenced by quasi-particles from within the ‘backwards

light cone’ [ — Vmaxt, 7j + Umaxt]. At all times ¢ >0 this will affect the value of the
1-point functions (¥(¢)|O(rj)|¥(t)), but the effect cancels in the connected two-point
|2 —

2=l 1o hackwards light cones emanating from 7, and r, touch,

max

function. At time t* =
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and the average of measurements at r; and 7 becomes correlated. These connected cor-
relations are induced by quasi-particle pairs created at time ¢t = 0 and propagating with
group velocities vy, in opposite directions.

Since the work of Calabrese and Cardy light cone effects after quantum quenches
have been analyzed in a number of lattice models [25-27, 48, 182—-185] and observed
in experiments on systems of ultra-cold atomic gases [9, 10] and trapped ions [16, 17].
The experimental work raises the poignant theoretical issue of which velocity under-
lies the observed light cone effect in non-relativistic systems at finite energy densities.
Here there is no unique velocity of light, and quasi-particles in interacting systems will
generally have finite life times depending on the details of the initial density matrix.
For the case of the spin-1/2 Heisenberg XXZ chain, an integrable model, it was shown
in [56] that the light cone propagation velocity in general depends on the energy
density of the initial state, and an explanation for this effect in terms of properties of
stable excitations at finite energy densities was put forward. More recent theoretical
works address the influence of long-range interactions on the spreading of correla-
tions [186-191]. Sufficiently long-range interactions lead to a destruction of light cone
effects. Non-relativistic continuum models are also known to exhibit modifications to
light cone behaviour [110].

It is useful to contrast the above discussion to the spreading of correlations in equi-
librium and after ‘local quantum quenches’ [192]. In the latter context one is concerned
with the spreading of a local perturbation that has been imposed on an equilibrium
state. Light cone effects are observed in such situations as well, but the spreading
occurs at the maximum group velocity of elementary excitations over the equilibrium
state that is being considered. In other words, unlike for global quantum quenches,
there is no factor of two.

5.1. Relation to Lieb—Robinson bounds

As shown by Lieb and Robinson [193, 194], the velocity of information transfer in
quantum spin chains is effectively bounded. More precisely, there exists a causal struc-
ture in commutators of local operators at different times

10«1, Op(O)]IIl < ¢ min(|A[, |B) [Oll 1Opll e € . (101)

Here Oy and Op are local operators acting non-trivially only in two subsystems A and
B that are spatially separated by a distance L, ||.|| denotes the operator norm and |A|
the number of sites in subsystem A. Finally, ¢, v and £ are constants. More recently,
the Lieb—Robinson bounds have been refined [195, 196] and extended to mixed state
dynamics in open quantum systems [196, 197].

The Lieb—Robinson bound has important consequences for quantum quenches start-
ing in initial states with finite correlation lengths, and time evolving under a short-
ranged Hamiltonian. It was shown in [180] that (101) implies a bound on the connected
two-point correlation functions after such quenches

< a(|A| +|B) e 5 (102)

(W(t)| 01 Op| V(D))

onn
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Figure 4. ‘Quasi-particle picture’ for the light cone effect [89]: (a) At time ¢ = 0 the
quantum quench creates quasi-particle excitations throughout the system. (b) At
time ¢ quasi-particles from within the ‘backward light cone’ [7; — Vmax?, 7j + Umaxt]
will affect a measurement at position 7. This leads to de-phasing of 1-point

functions (W(t)| O(r;)|¥(2)). (c) At time t* = VQZUJ the backwards light cones touch,
and measurements at r and 7 become correlated. (d) Connected correlations are
induced by quasi-particle pairs created at time ¢t = 0 and propagating with group

velocities vnyay in opposite directions.

Here ¢, v and y are constants. The bound (102) shows that connected two-point functions
of local operators after quantum quenches in spin chains are exponentially small up to
times t = L/2v (see figure 4). This tallies very nicely with the light cone effects discussed
above. We note that the bound does not provide values for the velocity v or the length .

5.2. Finite-size effects

Throughout our discussion we have stressed that we are ultimately interested in tak-
ing the thermodynamic limit. In a large but finite system local observables can never
truly relax. There always will be recurrences [198] such that the return amplitude
F(t) = |{(¥(0)|W(¢))| is arbitrarily close to 1

11— F)| <e. (103)

However, in many-particle systems these typically occur only at astronomically late
times. The exception to this rule are cases in which the spectrum of the post-quench
Hamiltonian in a (large) finite volume for some reason has a highly commensurate
structure. A very simple example are Hamiltonians with equidistant energy levels
E, = Ey+ nd, for which we have F(27j/6) = 1.
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Figure 5. (a) Same as figure 3 but for a finite system with L = 100 sites and
periodic boundary conditions. At times Jt > 12.5 the light cone has traversed the
system and eventually causes a revival of the connected correlation function at
a given separation ¢. This is strictly a finite-size effect and has no analog in the

thermodynamic limit. (b) s(t) = S (¢ = 20, t) + | f,(20)* for L =100 as a function
of time.

A more relevant effect in practice are revivals, which refers to situations where
F(t) = O(1). This again requires the finite size energy spectrum to have a certain regu-
larity, as is the case for example in conformal field theories [88, 91].

A different finite-size effect affects all observables and is related to the light cone
repeatedly traversing the system [37, 50, 104, 106]. We refer to this effect as a traversal.
As an example we consider the connected two point function (95) on a finite ring. A
density plot is shown for a system of size L =100 in figure 5. We see that the light
cone traverses the system and induces a signal in S;(¢, t) at a time (L — |£])/2vyax after
the light cone first reaches. Clearly at times ¢ > (L — |¢|)/2vpax correlation functions of
the finite system look very different from the ones in the thermodynamic limit. As is
shown in figure 6, the traversal in not associated with any revival, because the return
amplitude remains exponentially small in the system size.

6. Transverse-field Ising chain (TFIC)

We now turn our attention to a key paradigm for quantum quenches, the transverse-
field Ising chain

L
H(h) = —J)  0j0i 1+ hoy. (104)
(=1

Here we impose periodic boundary conditions 07, = o7, Leven, h>0and J > 0. We note
that the signs of h and J can be reversed by unitary transformations with respectively

doi:10.1088/1742-5468/2016/06/064002 26


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

g
o

- =
o o

F(t) x 107

RN TR

.....................

©
(=}

Figure 6. The return probability for the same quench as in figure 3 with L = 100
sites and periodic boundary conditions. The overlap with the initial state remains
negligible at any time ¢ > 0.

L L/2
U= [loi, U= 1]] o5 10%. (105)
(=1 (=1

The Hamiltonian (104) has a Z; symmetry of rotations by m around the zaxis. The
ground state phase diagram of the TFIC features a paramagnetic (for h > 1) and a fer-
romagnetic (for h < 1) phase, in which the Z, symmetry is spontaneously broken. The
two phases are separated by a quantum critical point at h = 1, which is described by
the Ising conformal field theory with central charge ¢ = 1/2, see [199].

It is well known that the TFIC admits a representation in terms of non-interacting
fermions. However, the Jordan—Wigner transformation between spins and fermions is
nonlocal. This renders the TFIC an ideal testing ground for relaxation ideas, in part-
icular in relation to the crucial role played by locality.

The study of non-equilibrium dynamics in the TFIC was initiated in a seminal
paper by Barouch, McCoy and Dresden in 1970 [45]. They analyzed the time evolution
of the transverse magnetization (¥(¢)|oy|¥(t)) and observed that it relaxes to a non-
thermal value at late times. The focus of research on the TFIC and its two-dimensional
classical counterpart then shifted to the determination of equilibrium properties, and
it took thirty years before the issue of relaxation after quantum quenches returned to
centre stage [34, 35]. A combination of experimental advances in cold atom systems
and the theoretical insights gained through the study of quantum quenches in confor-
mal field theories [80, 89, 90] revitalized the quest for obtaining a complete understand-
ing of the quench dynamics in the TFIC. Exact closed form expressions for the time
evolution of the entanglement entropy after a global quench were obtained in [48].
By combining free-fermion techniques with numerical methods important insights on
thermalization issues were gained [33], and finite-size effects like traversals were ana-
lyzed in detail [37]. Exact results for the time evolution of order parameter correlations
were finally obtained in [25-27, 40], and it was demonstrated that the stationary state
is described by a generalized Gibbs ensemble. The time evolution of reduced density
matrices was studied in [28], and the question of which conservation laws are most
important for characterizing the stationary state with a given accuracy was resolved.
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References [39, 50] introduced a semi-classical approach to quantum quenches by gen-
eralizing a method developed by Sachdev in the context of equilibrium dynamics [199].
Dynamical (non-equal time) correlations were studied in [29, 39, 50] in relation to the
question whether the stationary state fulfils a fluctuation-dissipation theorem. Progress
on experimental studies of non-equilibrium evolution in TFICs has been more limited.
Reference [11] reported results on quantum quenches in a cold atom system described
by one dimensional Bose Hubbard chains, which map onto the TFIC in a particular
limit. Reference [200] proposed a realization of the TFIC with a time-dependent magn-
etic field in the framework of circuit QED.

6.1. Fermionic form of the Hamiltonian

Spin chains that can be mapped to free fermions differ in two important aspects from
free fermion models like the one we considered in section 4:

— two-point functions of spin operators map onto n-point correlation functions of
fermions, where n is related to the distance between the two spins and can be
arbitrarily large;

— The ground state of the TFIC in the ordered phase is not a Fock state (as a result
of spontaneous symmetry breaking).

The Hamiltonian (104) can be mapped to a fermionic theory by a Jordan—Wigner
transformation

-1 -1
o) = lagay-_1, 0= [H (ia2ja2j—1))a2f—1, ol = (H (’iazja2j—1)]aze, (106)

j=1 j=1

Here a;, are Majorana fermions satisfying the anti-commutation relations
{ag, a,} = 28p,. The usual spinless fermions are obtained by taking linear combinations
c; = (ag¢—1+ iage)/2. It is now straightforward to see that spin—spin correlation func-
tions map onto expectation values of strings of fermions, e.g.

20—1 20+2n—1
(o}) = (—i)“< I1 aj> (of0s ) = (—i)"< I1 aj>- (107)
j=1 j=2¢

Application of the Jordan—Wigner transformation to the TFIC Hamiltonian (104)
results in a fermion Hamiltonian of the form

I— ei7rN I+ eiﬂN
H = ———Hp + ——Hxs,
2 2
L-1
Hysm = 1) agjlagjy1 — hasj_1] — iJasy [haor—1 F @il . (108)
j=1
Here €™ is the fermion parity operator with eigenvalues +1
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L 2L
itN z __ L ) itN , o jinN
™ =Jloi=Cd"[]a,  e™aj=—ae™. (109)
(=1 j=1

Hgr ns commute with the fermion parity operator, and the full Hamiltonian (108) is
therefore block-diagonal: Hg (Hys) describes the action on states with an odd (even)
number of fermions. We note that the free fermion Hamiltonians Hyg/gr are closely
related to the pairing model (83) considered earlier

Hp = —H(—J,—2hJ) + JhL. (110)

6.1.1. Ground states The Hamiltonians Hyg/r can be diagonalized by Bogoliubov
transformations to canonical momentum space fermion operators b, (details can be
found in e.g. appendix A of [25])

1
Hy(h) = en( p)(bpr - 5), a=R, NS, (111)

pea

where the single-particle energy is given by

en(k) = 2J1 + h? — 2hcos k. (112)

The difference between R and NS sectors enters via the allowed values of the momenta,
which are p = ==, where n are even/odd integers for R and NS fermions respectively.

L )
The ground states of Hg ns(h) are the fermionic vacua
by|GS), =0 Vpea, a=R,NS. (113)

These vacuum states are also eigenstates of the fermion parity operator
™| GS)ng =|GSyg: €™V GS)y = sgn(h — 1)| GS)y. (114)

From (108) it follows that in the ferromagnetic phase h < 1 both fermion vacua are
eigenstates of the full Hamiltonian H. Their respective energies are exponentially (in
system size) close, and they become degenerate in the thermodynamic limit. Spin-flip
symmetry then gets spontaneously broken, and the ground state is either the symmet-
ric or the antisymmetric combination of the two vacuuum states. In the paramagnetic
phase h > 1 the ground state of H is given by the NS vacuum state. In summary, we
have

GS)ngE|GS
|GS)s+|GSh

|GS) = J2 (115)
|GS)xg h>1.

This shows that for h < 1 the ground state of H is not a Fock state.

6.2. Quantum quench of the transverse field

We now consider the following quench protocol. We prepare the system in the ground
state of H(hgy), and at time £ = 0 quench the transverse field to a new value h. At times
t > 0 we time evolve with the new Hamiltonian H(h). All local operators in spin basis
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can be classified according to their fermion parity, and this turns out to be very useful.
We have

™, e N = +0,,. (116)

6.2.1. Quenches originating in the paramagnetic phase For a quench starting in the
paramagnetic phase it follows from (115), (108) and (114) that the state of the system
at times ¢ > 0 is given by

[W(1)) = e GS) = eI GS ). (117)

This is even under fermion parity. Hence expectation values of odd operators must
vanish

(U()| 0| (1)) = 0. (118)

By virtue of the simple form of both the time evolution operator Hyg and the initial
state |GS)yg in (117), expectation values of even operators can be calculated by apply-
ing Wick’s theorem. This allows the reduction of expectation values of strings of fer-
mion operators to Pfaffians involving only the two-point functions (a;a;) [46, 47, 177].
For example we have

(070749) = —(a20a2r1 1004202+ 3)
= —(ageazr+1){ 2012020 +3) + (@20a2012){ 2010201 3) — (200201 3){A20+ 102+ 2)-
(119)
6.2.2. Quenches originating in the ferromagnetic phase As a result of spontaneous

symmetry breaking in the ground state, the situation for quenches originating in the
ferromagnetic phase hy < 1 is more complicated. The time evolved initial state is

e st GS) et | Gy,

V() = 120
[W(t)) 2 (120)
The expectation values of even operators can be expressed in the form
(U()| O (1)) = 1 > o(GSlethst Qe it GS),
a€{R,NS}
i Hyst () o—iHyst
> Ns( G5 O GS) s (121)

In the last line we have used that the expectation values in the R and NS sectors
become equal in the thermodynamic limit. The last line in (121) can again be evaluated
by application of Wick’s theorem.

In contrast, expectation of odd operators cannot be simplified in this way. Instead
we have

(GS|e O, GS) = L Re[ng G| Qe | GS)g 1. (122)
Wick’s theorem does not apply here, and in order to proceed one commonly resorts to

one of the following methods [202]:
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1. Using the cluster decomposition property we can obtain (122) from the expectation
value of an even operator by considering the limit

[(GS|eit Qe | GS)| = dlim \/NS( GS|eS OO (r + d)e st GS )y - (123)

2. One imposes open boundary conditions on the spins (in that case the Hamiltonian
is mapped into a purely quadratic form of fermions) and considers the expectation
value of O, asymptotically far away from the boundaries.

An alternative method that applies more generally to integrable models was developed
in [25-27]. It is based on the observation that the initial state after the quench can be
expressed in a squeezed state form, e.g.

(T(0) = exp[i > K(p) b;bip] GS)ng- (124)

0<peNS

Here K(p) is a function that depends on the quench (see (132)), b; are the aforemen-
tioned momentum space Bogoliubov fermion operators. Two point correlation func-
tions can then be written in a Lehmann representation based on energy eigenstates.
The matrix elements (‘form factors’) in the Lehmann representation are known [203],
and it is possible to obtain explicit results in the framework of a low-density expansion.
We refer the reader to [26, 27] for further details and the explicit calculations. Here we
only review and discuss the main results.

6.3. Stationary state properties

Stationary state properties were analyzed in detail in [27]. An important simplification
at late times is that expectation values of odd operators go to zero. As discussed above,
for quenches originating in the paramagnetic phase they vanish identically because
the Z; symmetry remains unbroken. On the other hand, for quenches originating in
ferromagnetic phase (hy < 1) their expectation value is generally nonzero (see (122)).
However, as shown in [28], expectation values of all odd local operators decay exponen-
tially in time to zero. This leaves us with expectation values for even operators, which
can be analyzed by standard free fermion methods. The basic object is the fermion two-
point function, which in the thermodynamic limit can be written in the form (see (91))

. T dk i k —2i
i{aay) :ji %[Aefn(k‘)+Bzfn(k)621€h(k)t+Befn(k‘)e ety (125)

{=n

Here A(k) and B(k) are smooth functions (we are considering noncritical quenches) that
depend on the quench details and ¢;,(k) is the dispersion relation (112). By the Riemann-
Lebesgue lemma, in the infinite time limit the fermion two-point functions approach
stationary values

= f %Azfn(k). (126)

lim i{aya,) 5
T 4T

t— 00

l=n
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Since the expectation value of any even local operator can always be written as a finite
sum of finite products of fermion two-point functions (see (119)), the infinite time limit
exists and is obtained by replacing (125) with (126). Courtesy of Wick’s theorem, the
stationary properties of all other even operators can be expressed in terms of (126).

6.3.1. Description of the steady state by a GGE Since expectation values of odd opera-
tors vanish at infinite times, the steady state can be constructed in complete analogy
to our fermionic example considered in section 4. The appropriate GGE density matrix
is of the form

o DAL A 1

PGGE = ) (127)

ZGGE

where the conservation laws I™®) have been reported earlier in (33). The Lagrange
multipliers for transverse field quenches were determined in [28]

A sgn(h—D(ho— D] | (=1)/ | 2 A =0
J { en(0) Tamyy MY (2

The local equivalence of the steady state density matrix to this GGE was demonstrated
in [25, 28]

tlirglo|‘1’(t)><‘1’(t) |=loc PacE: (129)

The GGE can be interpreted as a Gibbs ensemble at inverse temperature 3= J~! for
an effective ‘GGE Hamiltonian’, defined as

Jj=1

By virtue of (128) this ‘Hamiltonian’ is long-ranged. It can be diagonalized by com-
bined Jordan—-Wigner and Bogoliubov transformations [28], which for a quench from
hy to h results in

™ 1
Hoan = [ SL oK) | W) - | 131

where
sin®( p) (h — ho)?
(e PIan(p)2JT) 2 + 1+ hhg — (h+ ho) cos(p))*

K*(p) = (132)
The ‘dispersion relation’ Jlog K?( p) diverges logarithmically at momenta zero and 7.
This is related to the fact that the mode occupation numbers at these momenta are
independent of h, and ultimately produces the algebraic decay (128) of the Lagrange
multipliers. These logarithmic singularities do not compromise the cluster decomposi-
tion properties of the steady state.

6.3.2. Connected spin—spin correlation functions In the stationary state the connected
two-point correlators decay exponentially with distance [26]
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PO = (o505, ) — ()0 )~ C (e, (133)
The correlation lengths are given by [26]

¢! = |In ho| + min(|In hol, |In &), (134)

&' = Ou(h — 1Ou(ho — 1) In [min(ho, b)] — In| 2 + 2+ Ou((h — D(ho — 1){Azz |,

(135)
where 0y(x) is the Heaviside step function and

[min(h, A~ Ulmin(he, by )£1] 1+ hho+ J2 = DR — 1)
= ) 1=

4 h+ ho

Ty (136)

The prefactors C*(¢) depend on the details of the quench and are listed in appendix C.

6.4. Time dependence

Having established the stationary behaviour of spin correlations, we now turn to their
dynamics at late times. The first question of interest is how they relax towards their
stationary values.

For even operators we can use Wick’s theorem to express spin—spin correlators in
terms of the fermion two-point functions (125). At late times the resulting expression
can be evaluated by a stationary phase approximation, which gives

(0.) 2 (O)aep + OO, (137)

Here the exponent n[(.] is an integer that depends on the particular even operator
under consideration.

Expectation values of odd operators were argued in [28] to decay exponentially in
time

(Oy) =~ O(e~!'™ON), (138)

where 7[O,] denotes a relaxation time. Having established the gross structure of the late
time dynamics, we now turn to a more quantitative description.

6.4.1. One-point functions

Longitudinal spin operator The longitudinal spin operator of- = (=)t ?i}l a; is the
simplest and most important example of an odd operator. Its expectation value is the
order parameter in the ferromagnetic phase. As we are dealing with an odd operator,
its expectation value is identically zero for quenches originating in the paramagnetic

phase. For quenches from the ferromagnetic phase (hy < 1) it was shown in [25, 26] that
(W(D)|o5]W(t)) =~ C(t)e™ "™, ho< 1, (139)
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Figure 7. Expectation value of the order parameter after two quenches within
the ferromagnetic phase (left) and two quenches across the critical point (right).
Numerical results obtained in the thermodynamic limit are compared with the
asymptotic predictions (139) (labelled as ‘determinant’). In the left panel analytic
results obtained by form factor methods [26] are shown as well (labelled as ‘form
factor’). The agreement in all cases is excellent even at the short times depicted
(Figures taken from [26].).

where the inverse decay time is given by

1 mdk 1 — K*k)
Ty —fo - €h(k)ln‘71+K2(k)‘- (140)

Here the function K2(k) has been previously defined in (132). The prefactor C%(t) was
calculated in [26]

-

1 — hho+ /(1 — BA)(1 — kD)

: h<1
21 — hho(1 — hd)s
CU(t) = . (141)
hyJ1— 02 | )
——— | [1 + cosep(kp)t+ )+ ...]2 h>1.
h+ ho

\

The oscillatory behaviour for ~ > 1 can be related to the presence of a gapless mode with
momentum ky in the GGE Hamiltonian (130) (K2(kg) = 1). It was noted in [42] that the
period of the oscillations in (141) coincides with cusps in the time evolution of the loga-
rithm of the return probability per unit length f(¢) = —lim;_, % log|(W(0) e #|T(0)) [
after quenches between the phases. The result (139) has been derived in the late time
limit Jt> 1. However, it gives an excellent account of the full answer except at very
short times. This can be shown by comparing (139) to a numerical solution based on
free fermion methods [26]. The latter works directly in the thermodynamic limit and
does not suffer from finite-size effects. Figure 7 shows such comparisons for two different
quenches within the ferromagnetic phase, and for two quenches from the ferromagnetic
to the paramagnetic phase. The agreement is visibly excellent even at moderate times.
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At first sight the exponential decay (139) of the order parameter for quenches
within the ferromagnetic phase may look surprising. Even a very small quench will
lead to the eventual disappearance of the order parameter. A simple way of under-
standing this is to note that the ferromagnetic order persists only at zero temper-
ature T'= 0, and melts for any 7' > 0. By means of our quantum quench we deposit
a finite energy density into the system, which is very similar to imposing a finite
temperature. This consideration provides an intuitive explanation for why even
small quenches wipe out the long range order present in the initial state. We note
that this behaviour is specific to one dimensional systems, where discrete symme-
tries can be spontaneously broken only at 7= 0. In higher dimensional systems we
expect order parameters to be generally stable when subjected to sufficiently small
quantum quenches.

Finally we note that the expectation value (¢%(?)) can be obtained in a simple way
by considering the Heisenberg equations of motion for o7, and is given by
o (Y@®)|aj W)

Y -
(U()| o W) Py 5T : (142)

Transverse spin operator The spin operator ¢% = iag;a9,_; is even and its expecta-
j jA2;

tion value can be straightforwardly calculated with free-fermion techniques [45, 47]. It
decays like a t3/2 power law in time towards its stationary value (acE

(D07 YD) 51 = (0D)ace

ho—h | sin@J|L— hlt+7/4)  sin(4J(L + h)t — 7/4)

aym@hdtys|  AJIL—R[|1 = ho V14 h(1+ hg)

The relaxation to the stationary value is only algebraic, in agreement with (137).

+ + O((Jt)‘%)- (143)

6.4.2. Spin—spin correlators in the ‘space-time scaling limit’” A particularly useful way
of describing the time dependence of two-point functions after a quantum quench is
by considering an asymptotic expansion around the so-called space-time scaling limit
[25, 26]. The latter refers to the behaviour along a particular ray in space-time

Umax?

t,{ — o0, = k = fixed. (144)

Here vppax = maxk% is the maximal group velocity of elementary excitations of the
post-quench Hamiltonian.

Transverse spin—spin correlator In the space-time scaling limit, the asymptotic behav-
ior of p’*(¢,t) can be evaluated by means of Wick’s theorem, followed by a stationary
phase approximation. The leading behaviour is a ¢ ! power-law decay, and the sublead-
ing corrections are power laws as well [26]
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24 maxt Dz t
P’ (z: th) K(t) o(t™Y). (145)

Here DA(t) is the sum of a constant contribution and oscillatory terms with constant
amplitudes.

Longitudinal spin—spin correlator In the space-time scaling limit the order parameter
two-point function p™(¢, t) takes the form

" dk, ‘1—K2(k)

" (L, t) = C*(L, t) exp[ fo n 1+ K%(k)

min(2¢e,(k)t, E)]. (146)

The function C*(¢, t) has been determined in [26].

1. For quenches within the ferromagnetic phase, hy, h < 1, C*(¢, t) equals the constant
denoted by Cgp in (C.3). For times smaller than the Fermi time

14

2Vmax

tp = 5 (147)
equation (146) equals the square of the one-point function (139). Thus, in the
space-time scaling limit, connected correlations vanish identically for times t < tp
and begin to form only after the Fermi time. We stress that this does not imply
that the connected correlations are exactly zero for ¢t < tp: in any model, both on
the lattice or in the continuum there are exponentially suppressed terms (in /),
which however vanish in the scaling limit.

2. For quenches from the ferromagnetic phase to the paramagnetic phase the pref-
actor is given by

CU(¢, ) = Crpll + Onltr — t)(cos(2en(ko)t + ) + ...)], (148)

where Cpp is the constant defined in (C.4), while k and « are the constants
appearing in the one-point function (141). For ¢ < g, (146) is simply the square of
the corresponding one-point function, which ensures that connected correlations
vanish for ¢ < tp in the space-time scaling regime. We note that the expression for
t < ty is a conjecture [26].

3. For quenches within the paramagnetic phase one has
dk K (k:)

Co(L, 1)~ Chp(0) + (h2 — 4% f sin@te, — kO + ..., (149)
where Cpp(£) is the function defined in (C.6). Equation (149) constitutes the leading
order in a low-density expansion computed within the form-factor formalism. The
exact expression for a generic (not small) quench is not known.

4. For quenches from the paramagnetic to the ferromagnetic phase, for ¢t > tg, C*(¢, t)
is independent of time and is given by Cpp(¢) of (C.5). For ¢t < tg the correlator is
exponentially small and, to the best of our knowledge, there are no analytic predic-
tions for its behaviour.
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6.4.3. Long time asymptotics of connected spin—spin correlators at a fized separation ¢
The late time asymptotics of spin—spin correlation functions at a fixed separation ¢
between the spin operators was analyzed in [26].

1. In the late time regime at fixed, large ¢, p>*(, t) decays in a power law fashion to
its stationary value

EX(t)le= s

7 + o(t73/?). (150)

P 1) ~ (L, 00) +
Here E*(1) =3 _o.» A, cos(2ten(q) + @) and the steady state value is exponentially
small in £, p>*(£, 00) o e Y%, Crucially one has (see (134))

£." = min(|log ho|, [log k) < £ " (151)

This implies that the time scale after which the stationary behaviour becomes
apparent is in fact exponentially large in the separation ¢. This makes the sta-
tionary behaviour difficult to observe in practice.

2. For quenches originating in the ferromagnetic phase, the stationary value of p™(¢, t)
emerges at a time scale

TE~ Ul V2, (152)

where wvy.y is the maximal velocity at which information propagates. This makes
the approach to the steady state straightforward to observe.

3. For quenches within the paramagnetic phase, p"(¢, t) exhibits an oscillatory power-
law decay in time towards its stationary value, which is exponentially small in ¢.
Hence, in complete analogy to the case of the transverse two-point function, the time
scale 7pp after which the stationary behavior reveals itself is exponentially large

755 o ew?,g,,’ (153)

and very difficult to observe in practice.

6.5. Reduced density matrices

As we have seen above, the quench dynamics of one and two point functions of quantum
spins is rich and interesting. However, these are nonetheless very special observables. Ideally
one would like to have access to the full reduced density matrix for a given subsystem size,
as its matrix elements encode the evolution of all correlation functions, see (21). In practice
this is only possible in very simple non-interacting examples, or for very small subsystem
sizes. An example are quenches in the disordered phase of the TFIC [28, 176]. Here the
reduced density matrix on the interval [1, ¢] is given by

1 1
p(t) = 7 exp[z ; a Wzmam], (154)

doi:10.1088/1742-5468/2016/06,/064002 37


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

o 10

150
~t'3/2

01 F

0.1 F (GGE) F
D i

DIEaE)

0.01 F

0.01 |

0.001

0000 F . i b s i
10 100 1000 10 100 1000

t h,=1.2—h=3 t h,=1/3—h=2/3

Figure 8. Normalized distance D(GGE):D(/JZ(t),pEGE) after a quench within
the paramagnetic (left) and ferromagnetic (right) phase for subsystem sizes
¢ =10,20,...,150. As ¢ increases, the color changes from brown to green, the
symbols become smaller and the curves narrower. At late times D(p, (%), p(EGGE))
tends to zero in a universal power-law fashion o< (Jt)™22. For quenches in the
ordered phase there is an intermediate time regime, in which the distance decays
exponentially (inset). This stems from the non-vanishing spontaneous magnetization
in the initial state for this quench (Figures taken from [28].).

where ay, and ay, 1 are the Majorana fermion operators (106) and the factor Z ensures
Tr(p,(t)) = 1. The matrix W is related to the two-point function of Majorana fermions
by [123, 124, 204]

w
tanh o= T, L. = (W(t)| ara| () — 6;x = 1T}, (155)

where the time evolved initial state |U(¢)) is given by (117). The matrix elements of the
correlation matrix are simple (single) integrals and can be found in [26].

As we have argued above, at late times after global quantum quenches isolated
quantum systems relax locally towards some steady states p5°. How quickly this relax-
ation occurs can be efficiently measured by considering the distance of the time evolv-
ing reduced density matrix pg(?) from its steady state value p%s, where B is a subsystem
of a given size. This diagnostic can be implemented quite generally numerically as long
as the subsystem size is small [205]. For models that can be mapped to non-interacting
theories, it is possible to go considerably further. An example is the TFIC, which was
considered in [28]. The first step is to introduce a measure of distance on the space of
RDMs on a given subsystem. A convenient choice was introduced in [28]

Tr[(P1 - 02)2] .
Tr[(P1)2] + Tr[(P1)2]

D(py, py) = \/ (156)

Figure 8 shows results for the distance between the RMDs for the time-evolving and
stationary states for quantum quenches within the disordered and ordered phases in
the TFIC. Subsystems consisting of £ neighbouring sites are considered, where ¢ ranges
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from 10 to 150. In both cases the distance is seen to eventually decay as a power law
in time

GGE _3
D(pt), py ") o< 2(Jt) 2. (157)

The power-law decay of the distance in time can be interpreted by relating it to expec-
tation values of local operators in the subsystem. Using (21) one can show that

|T1"[(P1 - P2)0]|

Doy, pp) = (ROPR,  RO) = 2 —,
\/Tr[pl(’)] + Tr[p,O]

(158)

where the bar denotes an average on the space of operators acting on the spins in the
subsystem, taken with respect to the probability distribution

Trlp,OF + Trlp,OF

P(O) = .
( ) Zo’Tl“[mO/]Z +Tr[p2(’)’]2

(159)

Here the sum is over all operators 0'09?... 0}, where a; = 0, z, y, z and where we have
assumed for simplicity that the subsystem is the interval [1, £]. The contribution from
a given operator O to the distance is weighted by the square of its expectation value.
This shows that (158) measures a mean relative difference between the expectation
values of local operators in the two states.

As R(O) < (R(O)Y2 = D(p,(1), prE) we may use (158) to identify a time scale &},
associated with the relaxation of the ‘typical’ operator (with respect to the probability
distribution (159))

4
Tt ~ L3 (160)
The time scale ty, is very different from the ones governing the time evolution of the
two-point functions of spin operators.

6.6. Entanglement entropy

The von Neumann entropy (also known as entanglement entropy) of a density matrix
p is defined as

Synlp] = —Tr[plog p]. (161)

If p is a reduced density matrix in a system that is in a pure state, S,x measures the
entanglement between the subsystem and its complement. Entanglement entropies
have become a standard diagnostic for detecting and identifying quantum phase trans-
itions. In the context of quantum quenches the time evolution of the von Neumann
entropy and other entanglement measures provides very useful information about the
spreading of correlations [16, 31, 48, 89, 109, 127, 182, 183, 206-209]. A key result
obtained in [48] is that after quenches to conformal field theories the von Neumann
entropy of a subsystem of length ¢ increases linearly in time until it eventually satur-
ates (see the review by Calabrese and Cardy [88] in this volume)
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B At
iy

Figure 9. Space-time picture illustrating the semiclassical interpretation of
entanglement entropy growth after a global quantum quench [89]. Quasi-particles
moving at the maximal group velocity are indicated by thick black arrows, and
are initially generated throughout the system by the quantum quench. Slower
quasi-particles are shown only on the left (short dashed gray arrows). At time ¢,
the entanglement entropy of B is still increasing linearly in time, as there are still
trajectories such that maximum velocity quasi-particle pairs are incident inside B.
At times t = t;, the entanglement entropy starts saturating because any maximum
velocity quasi-particle incident in B generates entanglement with the rest of the

system.
Teut /¢
6 vt < E
€
Synlp]l ~ iy / (162)
i vtz =
12¢ 2

Here c is the central charge of the CFT, € is a constant with dimensions of length that
depends on the initial state and v is the speed of light. The two behaviours in (162)

connect smoothly over a region |vt — g\ ~ €. A physical interpretation of the result (162)

is provided by the Calabrese—-Cardy quasi-particle picture [89] we already encountered
in section 5. Its application to the time evolution of the entanglement entropy in inte-
grable models initialized in squeezed states with finite correlation lengths proceeds as
follows. The idea is that in a squeezed state correlations spread via the propagation of
pairs of quasi-particles with equal but opposite momenta. At time ¢ =0 the quantum
quench generates such quasi-particles pairs throughout the system. Correlations
between quasi-particles produced at a distance larger than the correlation length in
the initial state can be neglected. The entanglement between a given region B and its
complement is generated by quasi-particle pairs. The entanglement entropy is inter-
preted as a measure of the number of correlated pairs such that, at a given time, one
quasi-particle is inside B and one outside, see figure 9. Entanglement is initially gener-
ated at the boundaries of B, and the entangled region spreads outwards in the form of
two light cones. This picture suggests the following semiclassical expression for the von
Neumann entropy

Sxtpp) % [ dk f0k) min(ls, 2/ o(k) ) (163)
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de(k)
dk
of the quasiparticles and f(k) is an unknown function that contains information on the
initial state.

This behaviour has been observed in a variety of lattice and continuum models
[31, 48, 89, 109, 127, 182, 183, 206, 209], including non-integrable cases [183], in which
the quasi-particle picture does not apply by virtue of the finite quasi-particle life time.
The semiclassical interpretation has been generalized to prethermalized regimes in
models with weak integrability breaking [127].

The linear entanglement growth after quantum quenches has important ramifications.
It is a crucial limiting factor for applying matrix-product state methods such as t-DRMG
[210] and i iTEBD [211] algorithms to the computation of the dynamics after global
quantum quenches. We note that translational invariance is essential for the quasi-
particle picture to hold, and the time evolution of the entanglement entropy in e.g.
disordered models [206] is very different.

Exact results for the evolution of the entanglement entropy after quenches in the
transverse field Ising chain [48] are in accordance with the structure (163) suggested by
the quasi-particle picture. In the limit 1 < ¢, Jt, the entanglement entropy of a block of
¢ neighbouring spins is

Here v(k) is the semiclassical group velocity v(k) = e(k) is the dispersion relation

Synlppl = f: % w(((0)|n(k)|¥(0))) min(l, 2|'(k)[t) 4 o(0), (164)

where w(z) = —zlogx — (1 — x)log(l — x) is the entropy per site (see appendix B), and
(P(0)|n(k)|P(0)) is the (conserved) density of elementary excitations of the post-quench
Hamiltonian A with momentum k at times ¢ > 0. It is given by

K*(k)
14+ K%(k)’
where K?(k) was defined previously in (132). It follows from (164) that the entangle-
ment entropy increases linearly until the Fermi time (147), and then slowly approaches

its stationary value set by the GGE. The latter equals the entropy per site of the GGE
for the entire system [109]

(W(0)| n(k) | W(0)) = (165)

™ dk .1
I S w(TO) (W] L)) = Tim S, (166)

These observations persist for quantum quenches in the TFIC starting in excited states [31].

Interestingly, the stationary value of the entropy density in the diagonal ensemble
differs from that in the GGE [30, 212]. This is not a problem, because the entropy per
site is a global property of the system, while the equivalence between ensembles only
holds for (finite) subsystems in the thermodynamic limit. A detailed explanation of the
origin of this difference for the case of the TFIC was provided in [30].

6.7. Dynamical spin-spin correlation functions

We now turn to dynamical correlation functions

POl t 4ty t+ te) = (W(E)| 0, (B)o(t2) [ V(D). (167)

doi:10.1088/1742-5468/2016/06/064002 41


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

The transverse correlator (a« = z in (167)) can be calculated by elementary means [45],
as aj- is quadratic in Jordan—Wigner fermions. The order parameter correlator (« = z in
(167)) is much more difficult to evaluate. In [29] it was determined by means of a gen-
eralization of the form factor methods developed in [26], and by exploiting exact results
in particular limits [27]. These methods are so far restricted to quenches within either
the paramagnetic or the ferromagnetic phase, and lead to answers of the form [29]

™ _ 2
Pl t+ T, t+ 1) = CU(L, 7, 1) exp[ dk lo ‘1—[((k)
0

1 -+ K2(k) ‘min{maX[E;L(k)T, e], E;L(k)(2t+ 7.)}:|
(168)

Here the functions e,(k) and K2(k) are given in (112) and (132) respectively, and kg and
h are the initial and final values of the transverse field. The function C”(¢, T, t) depends
on the phase in which the quench is performed:

1. In the ferromagnetic phase, hy, h < 1, C*(¢, 7, t) equals the constant Cxp in (C.3).
2. In the paramagnetic phase (hy, h > 1) C*(¢,7,t) is given (to leading order in the
form factor expansion) by [29]
T %Jeiﬂk
—n 27 gy(k)
hho — 1+ (B2 = D)(h2 — 1)
X

ho—1hR2E—1

In the complementary regime vy,x(2¢ + 7) < £ the correlator is exponentially small
and this expression no longer applies.

c*, T, t) = [e =Mt L 2iK (k) cos(2ex(k)(2t 4+ T))sgn(l — en(k)m)]

< vpax(2t+ 7). (169)

The form factor result gives an excellent approximation to the exact answer (which
can be computed numerically using free fermion techniques) for ‘small’ quenches [29].
These are defined as being characterized by having low densities of excitations in the
initial state.

It is possible to obtain some of these results in an alternative way by generalizing
the semiclassical approach of [39] to the non-equal time case, and then elevating it
using exact limiting results derived in [25, 26]. This method fails to reproduce the result
for quenches in the disordered phase outside the light cone vy,,7 < ¢, but is significantly
simpler.

7. Relaxation in interacting integrable models

We now turn to interacting integrable models that are solvable by the Bethe Ansatz
[20, 213, 214]. By ‘interacting’” we mean theories in which the scattering matrix is
momentum dependent. Most of our discussion will focus on the example of the spin-1/2
Heisenberg chain.
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7.1. The ‘initial state problem’

Integrability allows the construction of a basis of simultaneous eigenstates of the
Hamiltonian and all its conservation laws. Unlike in the non-interacting case these states
have a very complicated structure described by the Bethe Ansatz [20, 213, 214]. When
we consider a quench between two integrable Hamiltonians H(hy) — H(h), we are thus
faced with the problem of how to translate between the eigenbases of the two integrable
theories. This is a difficult undertaking [215, 216], and no general formalism for achiev-
ing it is currently known. Progress has however been made in cases where the initial
state has a simpler structure, in particular for (matrix) product states in either position
[58, 63, 65, 66, 68, 69] or momentum /rapidity space [95, 97, 105, 107, 111, 113, 114].
There are two main methods for encoding the relevant information contained in the
initial state.

1. Let us denote the eigenstates of the post-quench Hamiltonian H(h) by |n). One way
to implement the initial conditions is via the overlaps (n|¥(0)) [67]. If these are
known, the initial state can be translated into the eigenbasis of the time evolution
operator. This method is used in the quench action approach [176] (see the review
by Caux [217] in this volume).

2. Let us denote the local conservation laws of H(h) by {I™}. If the set {I/™} is in
some sense complete [112, 218, 219], then the initial conditions can be encoded in
the constraints

_ (W(OIMW0) . Tr(p®SI™)
lim = lim ——=,
L—oo L L—>o L (1 70)

where p5 is one of the density matrices (GGE, GMC, diagonal ensemble) that
describes the local properties of the stationary state.

In the following we will discuss implementations of the second approach.

7.2. On mode occupation operators

In free theories a convenient way for constructing the GGE is by exploiting the linear
relation between the local conservation laws and the mode occupation operators, see
(42). In interacting integrable models the situation is different. Like free theories they
feature stable excitations. In the thermodynamic limit these can be described by cre-

ation and annihilation operators ZZ()\)7 Z,(A\) (the index a labels different particle spe-
cies) fulfilling the Faddeev—Zamolodchikov algebra [220, 221]

ZiO)Zy(N2) = SS9, M) Za(N) Ze(N),

171
ZODZI00) = 27800 — M)ns + SE00, M ZIODZOW). (17l

Here \ parametrizes the momenta p,(\) and Sgi()\l, A9) is the purely elastic two-particle
S-matrix. The generalized mode occupation operators N,(\) = ZZ()\)ZQ()\) then indeed
provide a set of mutually commuting conserved charges. The problem is that, due to

doi:10.1088/1742-5468/2016/06/064002 43


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

the interacting nature of the stable excitations, there is no simple way of defining such
operators in the finite volume [95], which is the standard way of making the theory
well defined (working directly in the thermodynamic limit requires the regularization of
very complicated singularities [40, 95, 222], which appears impractical in general). The
problem lies in the nature of the quantization conditions in the finite volume, which on
a ring of length L read

i (a) a
) — T S\, AD). (172)
b,k

The solutions to this complicated system of coupled equations are such that the pos-

sible values of A, and hence pa()\ga)), depend in a very sensitive way on all the other

) 9
particles present in a given excitation. This is fundamentally different from the non-

interacting case, where the momenta are simply given by
2T .
PaAj") = == x integer, (173)

and are independent of the particle content of a given excitation. This makes it clear
that defining finite volume analogues of N,(\) is difficult.

7.3. The spin-1/2 Heisenberg model

Our paradigm for an interacting integrable model will be the spin-1/2 Heisenberg XXZ
chain. Its Hamiltonian on a ring with L sites is

J L T T z __Z
Hxxz = ZZU]U]'+1+U?‘T?H‘FA[U]’U]‘H_1]7 (174)
j=1

where we will assume for definiteness that
A = cosh(n) > 1. (175)

From now on we set J=1.

7.3.1. Generalized microcanonical ensemble For interacting integrable models the
GMC is easier to work with than the GGE. It is based on working with macro-states
obtained by taking the thermodynamic limit of eigenstates constructed from the Bethe
Ansatz. This procedure is an essential ingredient of the Thermodyamic Bethe Ansatz
and is reviewed in several monographs [213, 225]. A very brief summary is given in
appendix B.2. The upshot is that macro-states in integrable models are characterized
by an (infinite) set of densities {pn’p()\)|n =1,2,...}, where n labels all distinct stable
species of excitations in the model. A given macro-state corresponds to a set of micro-
states |®), called representative states in [176]. These are by construction simultaneous
eigenstates of all local conservation laws. For the macro-state describing the stationary
state after our quench, they satisfy the initial conditions

(@SS TMOSSy  (W(0)| 1] W(0))
Iim ———— = lim .
L->x L L—oo L

(176)

doi:10.1088/1742-5468/2016/06/064002 44


http://dx.doi.org/10.1088/1742-5468/2016/06/064002

Quench dynamics and relaxation in isolated integrable quantum spin chains

A PrBa ... e BL

(a) (b)

Figure 10. (a) Vertex with weight [Ln()\)]gbﬂ. The horizontal and vertical lines are
associated with the ‘auxiliary’ and ‘quantum’ spaces respectively. (b) Transfer
Bi..- B

matrix element 71(\)q o
2

The GMC density matrix is then defined [176] in terms of a single such ‘representative’
micro-state |®5°)

pCMC — | §SS)(PSS|. 177

Here we have assumed that the stationary state is given in terms of a single macro-state
constructed from the Bethe Ansatz. In principle it is possible that the steady state has
a more complicated structure and requires a description in terms of a sum of several
density matrices of the form (177).

7.8.2. Transfer matriz and ‘ultra-local’ conservation laws According to our general
discussion, local observables should relax to an appropriate GGE after quenches to the
XXZ chain. In order to construct this GGE, we need to know the required set of local
conservation laws of (174). One family of conservation laws has been known for a long
time and is most conveniently constructed by exploiting the relation of the Heisenberg
Hamiltonian to the transfer matrix of the six-vertex model [20, 223, 224]. The funda-
mental building block of the six-vertex model is the L-operator

La(A) = ; sinh| 7 + 1A COSh(Q) + cosh T +1iA sinh(Q)TZUfL
sinh(n + i) 2 2 92 9
+ sinh(n)(r "o, + T*JD], (178)

which acts on the tensor product C? ® C? of ‘auxiliary’ and ‘quantum’ spaces through
the Pauli matrices 7* and o® respectively. Matrix elements in the auxiliary /quantum
spaces are denotes by Roman/Greek letters respectively, e.g.
_ b _
(T 05 = Tl as (179)

The vertex weights of the six-vertex model are obtained by taking matrix elements
L(A)% and have a graphical representation as shown in figure 10(a). The row-to-row
transfer matrix is obtained as shown in figure 10(b)

Bi.-- 0L
(r;(A)) — (LD (Lo (LA (180)

aq...0p
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The partition function of the 6-vertex model on an L x M rectangular lattice with peri-
odic boundary conditions is then

M

26 —vertex = 1T I:(Té()\)) ] ) (181)
where the trace is over the quantum space. As a consequence of the Yang—Baxter rela-
tion for the L-operators [20], the transfer matrices form a commuting family

[71(A), T1(w)] = 0. (182)

The Heisenberg Hamiltonian is related to the transfer matrix by taking a logarithmic
derivative

.sinhn 0
Hyxz = — g
XXZ 1 5 2\

In [n()\)] . (183)
A=0

2

By virtue of the commutation relations (182) it is clear that a set of mutually commut-
ing operators can be obtained by taking higher derivatives, i.e.

1 [ sinhn 0O k
H(2’k):1(———) ln[T A ]
20X i (184)
A=0
Crucially, these conservation laws have the form
1, 2.k
H'>P = D HZ (185)
J

1
where the densities H(]2]~]T~)1] 4 act non-trivially only on the k+ 1 consecutive sites

J,7+1,...,7+ k. These conservation laws are sometimes referred to as wltra-local. They
have been studied extensively in the literature [20, 226-228]. We note that the above
construction is not restricted to Heisenberg models, but works much more generally [20].

7.8.8. ‘Ultra-local’ GGE According to our general discussion, the GGE describing the
steady state after a quench to the Heisenberg model should contain all of the conser-
vation laws (184). An important question is whether these conservation laws are also
sufficient. This was investigated in [58, 59, 63]. The basic idea is as follows. One con-
siders time evolution induced by the Hamiltonian (174) starting from an initial state
|¥(0)). The quantities of interest are the matrix elements of the reduced density matrix
on a short interval in the steady state, see (21)

Gor.. o = lim lim (¥(t)|o705?... o))"
bt 00 L—oo

U(t)). (186)

The question is whether these expectation values can be obtained, to a given accuracy,
from a GGE density matrix of the form

Y 1
Pl = —— exp| = 2 AP | (187)
ZuGGE =1
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which takes into account the first y conservation laws in the series (184). The Lagrange
multipliers )\gcy) are in principle fixed by the requirements

1 1
(w0 #(2)1w(0)) = Tr(p;ly()}GE H(k’2)), k=1,...,v. (188)
In practice it is very difficult to determine the Lagrange multipliers from these
conditions, even for very simple initial states |[¥(0)). A method to circumvent this
problem was developed in [58]. The idea is to define a generating function for the
initial values (188)

1 .
o) o - Jim (WO AT ¥O)

k 1
1 2 A1 (00| H2)|w(0
= Ly ()| HED20) 159)
L—oo L ;3\ sinh7n ) (k—1)! L
For large L (and real \) the inverse of the transfer matrix becomes
L
1 i sinh(—i\) .
(N2 (V) = —————— A+in).
WRCVECAON) [Smh(n — A)] FOSD (190)

Using the expression (180) of the transfer matrix as a product of L-operators, the gen-
erating function can thus be expressed in the form
Qi 0 = Tim ~ L SpuO)] Vi, V... T, V[ TO)
T(0) = L1—>Holo 1o p I\Z; A) ... VIZ, ) (191)
=\

where V,(z, \) are 4 X 4 matrices with entries (V,(z, )\))ZZ that are operators acting on
the 2-dimensional quantum space at site n, and Sp denotes the usual trace for 4 x 4
matrices. The explicit expression is

sinh(—i\)

[(V(z, Vi, 5, = sinh(y — i\

S (L@, (L + 1), (192)

’yn

The advantage of representation (191) is that it can be efficiently evaluated for initial
states |¥(0)) of matrix product form [58, 63]. To understand the principle behind this
let us consider a translationally invariant product state

[W(0)) = &y [¥);- (193)

In this case the generating function is obtained from the eigenvalues of the 4 x 4 matrix

Uz, ) =1{¢| Vi(z, N[ ¢), as

&) . i0
Q2 () = lim To:l_, Sp(U(z, M)H). (194)
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1
An efficient algorithm for calculating Qfﬁ()o)()\) for matrix-product states was given in
[63]. Having encoded the ‘initial data’ of our quantum quench in the generating func-

1
tion Qfﬁ()o) (M), we now move on to the calculation of expectation values of local opera-

(y)

WGGE Can be viewed

tors in the state given by (187). A very useful observation is that p
as a Gibbs ensemble for the ‘Hamiltonian’

Yy 1
k=
Hy =Y NYH®*2 (195)
k=1

at an effective inverse temperature 0= 1. As all H *2) commute and are obtained by
taking logarithmic derivatives of the transfer matrix, finite temperature properties of
(195) can be studied by standard methods [226, 229]. The Quantum Transfer Matrix
approach (QTM) [230] is particularly useful in this regard, as it provides an efficient
way to obtain explicit results for thermal averages of local operators [231, 232] (see also
[233]). [58, 59, 63] employed the QTM approach to the calculation of steady state prop-
erties of the density matrix (187) for quenches from simple initial states. By employing
the generating function (189), it is possible to take into account all ultra-local conserva-
tion laws, and arrive at explicit results for local observables without having to deter-

mine the Lagrange multipliers )\Efo) [68]. In the QTM approach the stationary state

is described in terms of the solution of a system of coupled, nonlinear integral equa-
tions. Remarkably, the information on the initial state enters this system only via the

1
function Qfﬁ()o)()\). Results for spin correlators obtained in this way were compared to

t-DMRG computations for quenches from a variety of initial states in [63], and found
to be compatible within the limitations of the numerical analysis.

The subsequent application of the quench action approach [176] (reviewed by Caux
[217] in this volume) to the same problem revealed that the ultra-local GGE in fact
does not correctly describe the steady state for quenches to the spin-1/2 Heisenberg
chain [65, 66, 68-70], although it does provide a very good approximation for e.g.
quenches from the Néel state. This suggested the existence of hitherto unknown con-
servation laws in the Heisenberg chain, which need to be taken into account in the
construction of the GGE.

7.8.4. ‘Quasi-local’ GGE The ‘missing’ conservation laws for the spin-1/2 Heisenberg
XXZ chain were discovered in [64, 234, 237] (see the review by Ilievski, Medenjak,
Prosen and Zadnik [235] in this volume). Their structure is quite different from that
of the ultra-local conservation laws discussed above: their densities are not local in
the sense that they act non-trivially only on a finite number of neighbouring sites, but
quasi-local. Similar conservation laws had been identified earlier in relation to transport
properties of the Heisenberg chain [236]. In order to define the concept of quasi-locality
one introduces an inner product on the space of operators by

(A,B)=(AB)_, (A) = iTrm). (196)
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Definition 6. Quasi-local operators [234].

Let us consider an operator () and expand it in terms of mutually orthogonal local
operators gj, of range r

9= %:Z L (197)
@ is called quasi-local if it fulfils the following three conditions:

@QU:  lim Q- (Q) @~ (Q)) = const

(QL2) : lim (Q, By) exists, (198)
Lo
(QL'?’) : (Qj,ra Qj,r) < Oeirlgv

where Bj is any operator that acts non-trivially only on a fixed number of & sites, and
¢ and C are positive constants.

In the anisotropic Heisenberg chain quasi-local charges can be constructed as fol-
lows [64, 234]. It is well known that the six-vertex model transfer matrix (180) is part
of a much larger family, built from the L-operators

1

(S) _
b= sinh(2(1 + 5) +i)))

sinh(g + i)\) cosh(nS?) + COSh(g + i)\) sinh(nS&%)o;,

+ sinh(n)(S~o, + S*a,)), (199)

which again acts on the tensor product of auxiliary and quantum spaces, but now the
auxiliary space is 25 + 1 dimensional. Here S is an arbitrary half integer. The operators
S“ obey a g-deformed SU(2) algebra

[S+7 §]= [2SZ]qa (57 Si] = iSiv (200)

where [z], = sinh(nz)/sinh(n), and act on a ¢-deformed spin-S representation as

S*|ky = k|k), S*|ky = IS+ 1£k],[SF k], |k£1), k=-S5, ..., 5. (201)
A family of row-to-row transfer matrices is then obtained as

(T = (LSO (LY, .. (L)Y . (202)
All 75(X) are operators on the same quantum space (a tensor product of L spin-1/2’s),
and as a consequence of the Yang—Baxter relation form a commuting family

[75(N), Tg(p)] = 0. (203)

By virtue of the commutation relations (182) it is clear that a set of mutually com-
muting operators can be obtained by taking higher derivatives, i.e.

In [75(M)], (204)
A=0

k
HGER = i( Cgi)
o\
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where Cg are some normalization constants that can be conveniently chosen. As a con-
sequence of (203) we have

[HSR HE )] = 0. (205)

Apart from the special case S = 1/2 these conservation laws are quasi-local. This means
that (in the infinite volume) their general structure is

)
(S>l,k)_ (k) o Qay,
HEZ2P = 37 37 30 fon w0050 01 (206)

j=—0k=21ay,...,04

where a; = 0, 7, y, 2, and the coefficient functions fkal)...ak decay sufficiently fast with &
so that the conservation laws are extensive. As shown in [64], the initial data of the
quantum quench can again be encoded in suitably chosen generating functions, which
are generalizations of (189)

i

ity V) = lim —(W(O)| 7575 (V) (0))

) i
= lim —

L~oc L smh(ga 1+28) — i)\)

sinh(g(l —28)— i)\) g /
(W) TN T5(A — ) [T(0)). (207)

The generating functionals fo,%) (M) can be evaluated for matrix product states by the
same method discussed above (although the computational effort increases with the
value of ).

The most convenient description of the stationary state turns out to be in terms of
the generalized microcanonical ensemble discussed above. The steady state is charac-

terized by the set { pii}()\)\n =1, ...} of particle densities or the equivalent set of hole
densities {pzsh()\)|n =1, ...}. Ultimately this set must be determined by the initial con-
ditions, which are encoded in (207). We now use that Xg(\) = T'S(/\)Tgl()\) can be diago-

nalized by algebraic Bethe Ansatz [20, 238]. The eigenvalues of Xg(\) for M-particle
states with M ~ L are of the form

M .
V() = Z 2 sinh(2.57)
i—1 Cos(2\ + 2;) — cosh(25n)

+ o(L), (208)

where the \; are solutions to the Bethe Ansatz equations [238]

j=1

L
sin(\; + inS) M sin(\; — M\ + i)
(—7 i ) — g AT M. (209)

sin(\ —1nS) | 2y sinQy — A\ — i)

In the thermodynamic limit this can be simplified by following through the usual logic
of the string hypothesis and the thermodynamic Bethe Ansatz [213, 214, 225]. Rather
than with solutions to the Bethe equations (209) one then works with macro-states |p),

which are described by sets {p, p()\)]n =1, ...} of particle densities or the equivalent set
of hole densities {p, »(AM)|n=1,...}. The eigenvalue equation (208) then becomes [64]
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) 1 e i2ku /2 . B
lim —(pl Xs()|p) = > m( O e pyg (V) — e 2“'")- (210)
oo kez -

For |p) =|p%) the right hand side of (210) must agree with the initial values after the
quench (207). This is achieved by setting [64]

1 . .
pggh(A) = as5(\) + o [Qg,%) ()\ + 13) + 050, ()\ — lg)] , 211)

where as5(\) is a function independent of the initial state that is defined in appen-
dix B.2. This shows that the initial data (207), which involves both ultra-local and
quasi-local conservation laws, completely determines the macro-state that defines the
generalized microcanonical ensemble. We note that the derivation did not invoke the
maximum entropy principle. For the particular case of quenches from the Néel state
(211) agrees with the one obtained by the quench action approach [65, 66, 68, 69].

The generalization of the approach discussed above for quenches to particular val-
ues of A with —1 < A <1 in the Heisenberg model (174) was achieved in [239].

8. Outlook

We have given an introduction to quantum quenches in many-particle systems and
then reviewed recent developments, focussing in particular on the role played by con-
servation laws. In spite of the impressive progress of the last few years, many important
questions remain largely open. Let us list a few of them in no particular order.

1. In the spin-1/2 Heisenberg XXZ chain quasi-local conservation laws have been
shown to play a prominent role in determining the stationary state. It is believed
that this holds quite generally in interacting integrable models. The construction
used in the XXZ case can in principle be generalized to the sl(M|N) family of
integrable graded quantum ‘spin’ chains, see e.g. [240], and it would be interesting
to investigate the role of quasi-local charges in such models. The Hubbard model
is another very interesting case, but is like to be more difficult to handle due to its
non standard structure [213].

2. So far only particularly simple classes of initial states can be accommodated, see
section 7.1. It would be highly desirable to have a more general method for cap-
turing the information on the initial state.

3. In interacting theories the focus has so far been on stationary state properties. The
study of the full time evolution of observables is much less developed [95, 113,
241, 242]. A promising method for analyzing the time dependence of the expecta-
tion values of local operators after a quantum quench in an interacting integrable
theory is the quench action approach [176]. So far it has been implemented only in
a very small number of cases [95, 113], and further studies are sorely needed.
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4. As we have seen, the non-equilibrium dynamics of integrable and non-integrable models
is quite different. This poses the question of what happens, when one adds a small per-
turbation to an integrable model. This has been investigated in a number of theoretical
works [51, 127, 243-263], and is of immediate experimental relevance [264, 265] (see also
the review by Langen, Gasenzer and Schmiedmayer in this volume [18]). The generic
effect of adding a small integrability breaking term appears to be the generation of an
intermediate ‘prethermalization’ time scale, below which the system retains informa-
tion about being proximate in parameter space to an integrable model. At late times
thermalization seems to set in [258]. So far the theoretical analyses are restricted to
weak interactions and/or short times, and it is crucial to go beyond these limitations.
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Appendix A. Requirements on the initial state

A.1l. Cluster decomposition

We have defined our quench protocol such that it results in initial states |¥(0)) that
have a cluster decomposition property (12). This requirement is often relaxed in both
numerical and analytical investigations, and in some cases |¥(0)) is taken to be a
Schrodinger cat state, see e.g. [65, 66, 68, 69]. An example is provided by quenches
where the system is initialized in a classical Néel state |T]T] ...). This breaks transla-
tional invariance and it can be calculationally convenient to work instead with a trans-
lationally invariant cat state

1

E(HHH---H [LTLTL). (A.1)
While for specific calculations such replacements can be useful, they significantly affect
the steady state behaviour in general. This can be seen by considering a Z; symmetric
pre-quench Hamiltonian H, with a ground state that spontaneously breaks the Z; sym-
metry. An example is provided by the transverse-field Ising chain (104) with h < 1. In
the thermodynamic limit Hy has two ground states |[Wy), both of which have a cluster
decomposition property. We now consider a general linear combination

|¥(0)) = cos O], ) + €' sin O| V). (A.2)

As |Uy) are macroscopically distinct (as they lead to different order parameters), we
conclude that expectation values of local operators O are given by
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()| O] W(0)) = cos? 6(W, | O L) + sin® 6L | O L), (A.3)

As the Hamiltonian of our system is short ranged, this decomposition persists at all
finite times, i.e.

(W()|OW(1)) = cos? O(L()| O Wi(1)) + sin® O(T_()| O] T(1)) (A.4)

To see this, we may use a result derived in [180] for the time evolution of local opera-
tors with short-ranged Hamiltonians: restricting O(t) = e Qe #* to a subsystem S
of size | S| gives an error that scales as e®'~I)/¢ where ¢ is a constant and v is the
Lieb—Robinson velocity. This means that it is possible to approximate O(t) to a given
accuracy by a local operator of a ‘size’ that scales as 2vt. This in turn implies that
(I, |O(t)|¥_) = 0, because |¥y) are macroscopically distinct.

On the other hand, our system relaxes locally by construction if we initialize it in
| W (0)), i.e.

tliI?qui(t))(‘lji(tN = loc pis' (A5)

Putting everything together we conclude that
tliriy\lf(t)) <\I/(t)’ = loc pSS = COS2 Qpis + SiIl2 ngs. (A6)

The problem is that this form of the stationary state can be different from what one
would expect on the basis of local relaxation to (generalized) Gibbs ensembles. To be
specific, we consider the example of a quench to an anisotropic spin-1/2 Heisenberg
chain

J
H= 1 Y0100+ 010+ Adjoi + goio] s A7)
‘

Imposing A, g= 0 renders this model non-integrable, but is has one local conservation
law

Q= ;0?, [H, Q1 =0. (A.8)

Our initial state is of the form (A.2), where |Uy(0)) are the two ground states of the
TFIC in the thermodynamic limit at A~ < 1. We note that the energy density e of (A.7)
is the same in both |¥;) and |U_). As these states have a cluster decomposition property,
it follows from our general discussion that the respective stationary states are locally
equivalent to grand canonical ensembles
—BeH—1,.Q

lim [ () (We()] = 100 5 = S——— (A.9)

t— 00 Z:t
where the values for 84 and p, are obtained by fixing the energy density e and charge
density ¢+ to agree with their initial values at time ¢ = 0. Equation (A.6) tells us that
the correct stationary state in this example is then

%S =10 cos? 0 + sin? 0p°C. (A.10)
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Crucially, while the density matrices pic have the cluster decomposition property, p%

does not. This can be seen as follows. The local conservation law distinguishes between
the two states |Wy)

qr = (U |op| W) = (U_|of| ¥ ) = ¢_. (A.11)

Using the cluster decomposition property of pic we have

lim Tr(picafoﬁ) = ¢, (A.12)

|n—£]— o0
which in turn establishes that p% does not have the cluster decomposition property

lim [Tr(p>>oy0,) — Tr(p>oy)Tr(p Un)]:T

sin?(20) = 0. (A.13)
[n—£]— o0

On the other hand, if we were to apply our formalism of local relaxation blindly to our
Hamiltonian (A.7), we would conclude that the stationary state is locally equivalent to
a grand canonical ensemble, which is expected to have a cluster decomposition prop-
erty [267].

Our discussion can be summarized as follows: If there exists at least one integral
of motion that distinguishes |V_) from |V.), the stationary state associated with the time
evolution of the cat state (A.2) does not possess the cluster decomposition property (12)
and hence is not described by a standard generalized Gibbs ensemble.

A.2. Probability distributions of energy and conservation laws

Let us consider a post-quench Hamiltonian H with a set of local conservation laws 1",
see (31) and (32). In our basic definition of a quantum quench we initialize the system
in a pure state [¥(0)). Then the cluster decomposition property implies that the prob-
ability distribution of energy and all local conservation laws approach delta-functions
in the thermodynamic limit, e.g.

B(¢) = lim %Tr [p(0)6(I™ — Le)] = 6(e —i™), ™ = lim %Tr [p(0)I™], (A.14)
L—oo L—>oo

where p(0) =|¥(0))(¥(0)| As we have pointed out, it is sometimes desirable to consider
initial density matrices p(0) that are not pure states. When doing so one must ensure
that (A.14) continues to hold. In cases where it does not it is clearly impossible for the
system to locally relax to a GGE, because there the probability distributions of all con-
servation laws approach delta functions in the thermodynamic limit. Generalizations of
GGE ideas to such cases have been explored in [266].

Appendix B. ‘Atypical’ macro-states in integrable models

Integrable models have the unusual property of having atypical finite entropy eigen-
states at finite energy densities. This is well known for non-interacting theories and we
discuss this case first.
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B.1. Free fermions

Let us consider a model of free fermions with Hamiltonian

H="> e(k)n(k),
; (B.1)

where n(k) = c'(k)c(k). Imposing periodic boundary conditions quantizes the allowed
momenta

kn:%—n, n:—£+1,...,£. (B.2)
L 2 2
We now focus on a special class of Fock states Hé-vzl c'(k)|0), for which the particle
densities
py(kj) = S - (B.3)
L(kjr1— k) '

approach smooth functions in the thermodynamic limit N, L - oo, n= N/L fixed. For
such states, the number of particles in the interval [k,, k, + Ak] for large L is given by

pp(kn)A k. (B.4)

It is convenient to define a hole density by py(k;) = - — p,(k;). In the thermodynamic

limit many different choices of {£;} lead to the same macro -state described by a given
particle density. To enumerate them we note that the number of different states in
the interval [k, k+ Ak], that give rise to a given density in the thermodynamic limit,
is obtained by distributing pp(k)LAk particles among (pp(k)—i— p(k)) LAk vacancies.
This follows a binomial distribution. For large L the latter may be approximated by
Stirling’s formula, and in the thermodynamic limit one obtains the well-known expres-
sion for the entropy per site

o) = [ dbiGo,) + o) IGp,(R) + () — p, (W) o, () — py () o, (BT (B.5)

Let us now investigate what kind of macro-states exist for a given energy density e.
The most likely (maximum entropy) macro-state can be constructed using equilibrium
statistical mechanics. Extremizing the free energy per site

flod= [ SEen® - Tip, (B.6)
with respect to the particle density p, gives
p, (k) = zﬂﬁ (B.7)
The ‘temperature’ T is related to the energy density e by
_e(k)
B fﬂ' 2 1+ ef(k)/T (B.8)
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The entropy per site of this equilibrium state is

eq _ O ™ dk —e(WIT
s[pp] 8TT _ﬂ27rln[1—|—e ].
By construction the macro-state (B.7) is the typical state at energy density (B.8): if
we randomly pick an energy eigenstate with energy density e for a very large system
size L, the probability for this state to have particle density (B.7) is exponentially close
(in L) to one. On the other hand, there are atypical finite entropy macro-states charac-
terized by their respective particle densities p (k). As a particular example we consider
our tight-binding model (40) for p = 0, which gives a dispersion e(k) = —2Jcos(k). We
fix the particle density to be 1/2 and the energy density to be e = —0.405 838/, which
corresponds to temperature 7T'= J in (B.7), (B.8), i.e.

1 1
E 1+ 6_2 cos(k)

(B.9)

p, (k) = (B.10)

The entropy of the equilibrium state is s¢q = 0.511571. Let us now consider the family
of macro-states described by the particle density

) . 1 1
pp (k) - E 14+ e—4cos(k)—)\cos(3k) ' (Bll)

Fixing A = 2.43096... gives us the same particle and energy densities as for the equi-
librium state, i.e. n=1/2 and e = —0.405838.J. The entropy density s = 0.396 781 is of
course lower than that of the (maximum entropy) equilibrium state. This means that
if we randomly select an energy eigenstate with particle density n=1/2 and energy
density e = —0.405 838J for a very large system size L, we are exponentially more likely
by a factor e/®a=% to end up with a state described by (B.10) than one described by
(B.11). Unsurprisingly, expectation values of local operators are generally different in
the two macro-states. As an example, let us consider

Oj = C;Cj+3 + C;+3Cj. (B12)
Setting again A = 2.430 96... and taking the thermodynamic limit we have

(P53 O)| psi(k)) = —0.027 1229 = (p\ (k)| Oy p\V(K))y = 0.215148.  (B.13)

Here the expectation values may be taken with regards to any micro-state that gives
rise to the appropriate macro-state in the thermodynamic limit.

B.2. Interacting theories: anisotropic spin-1/2 Heisenberg model

The situation in integrable models is analogous to what we just discussed for free fer-
mions. The main difference arises from the more complicated structure and interacting
nature of the elementary excitations in integrable models. For the sake of definiteness
we consider the particular example of the spin-1/2 Heisenberg model (174) with A > 1.
Energy eigenstates | Ay, ..., A\y) on a ring of length L are parametrized by M rapidity
variables \;, which fulfil the quantization conditions [225]
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L
sin(\; 4 i7) Mo sin(\j — A +1i
( J 2]_ A = Aet 1) M. (B.14)

. 7 - . . ’ ]: 1
sin(\; — 15) e j 1 sin(\; — A\p — in)

Each ); is associated with an elementary ‘magnon’ excitation over the ferromagnetic
state with all spins up, and the total energy and momentum of the eigenstate are addi-
tive £ = Z?il e(N)), P= Z?ilp()\j). As a result of interactions, magnons form bound

states. These correspond to ‘string solutions’ of the quantization conditions (B.14)

A — )\Z—Fig(n—!-l—z]')‘l‘iéz’ja j=1,...,n, (B.15)

where 6Z’j are deviations from ‘ideal’ strings that become negligible when we take the
thermodynamic limit at finite densities of magnons and bound states, see 6.2.A of
[268]. As a consequence of integrability these bound states are stable excitations. The
generalization of particle density description of macro-states in free theories to inter-
acting integrable models is then clear: macro-states are characterized by an (infinite)
set of densities {pn’p()\)|n = 1,2, ...} for magnons (n = 1) and bound states of all lengths
(n>2). Just as in the case of free fermions, we can define corresponding hole densities

Pp.n(A). The relation between particle and hole densities is fixed by the quantization
conditions (B.14)

Pt = 2,V + 2N = auN) = 3 [ dp A= 9,10, (B.16)
m=1""79

where Anm()\) =(1- 6n,m)a\n—m|()\) + 2a|n—m\+2()\) + -+ 2an+m72()\) + an+m()\) and

o i 2 sinh(nn)
an()\) T oon cosh(nn) — cos(2\)’

terms of the particle densities and vice versa, but in contrast to the non-interacting
case the relationship is non-trivial. The energy and entropy per site of a macro-state
are given by

Equation (B.16) allows one to express the hole densities in

™

(o) = —Jsinh) Y [ dXp, , 00 au(V),
n=1""9

U o1 = X [ 2 a0, ODI(p, ) = N I, N = 9, 1) I, ).

n=1""79

(B.17)
The typical state at a given energy density is then obtained by extremizing the free
energy per set f[{,on’p}] = el{p, ,}1 — Tsl{p,,  pyp}] With respect to particle and hole
densities under the constraints (B.16). This results in the so-called Thermodynamic
Bethe Ansatz equations [225]. By construction this state is thermal, i.e. corresponds to

a standard Gibbs distribution.
Atypical finite entropy states can be constructed by specifying a set of particle
densities {p, ,(A)}. The corresponding hole densities are then obtained by solving
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equations (B.16). The entropy per site of the resulting macro-state can be calculated
from (B.17), and will by construction be smaller than that of the maximum entropy
state.

Appendix C. Stationary state correlators in the TFIC

In this appendix we summarize results for the amplitudes C*(¢) describing the sublead-
ing behaviour of stationary state spin—spin correlators in the TFIC, see equation (133).

C.1. Transverse spin correlator
Here the amplitude is of the form [26]

1 if |[Inh|> |Inhgl,
C()=C,  a* =30 if hy=1/h, €1
1/2 if |Inh| < |In hgl,

where the constant is known exactly

(|ho — 1/ho| ho—
" 4 O| :if hl if |Inh| > [Inhol,
0—
_ 2
o | _% —
(h — 1/h)\/ |h0 - 1/ho| (ho — h) ho —h esgn(lnh)|1nh0\/2 £ ak -
Sﬁh ho(hho_l) Slnhw 1 | n |<| 1 0|.
\ i (C.2)

C.2. Longitudinal spin correlator

Here the large-¢ asymptotics of prefactor C*({) are as follows.

1. Quench within the ferromagnetic phase (hy, h < 1).

1— hho+ (1 — B3)(1 — hD)
o T Fhoif1— 12

2. Quench from the ferromagnetic to the paramagnetic phase (hy < 1 < h).

12
Co () = Clip = ML= (C.4)

h+ ho '

C*(0) = Crp =

(C.3)

3. Quench from the paramagnetic to the ferromagnetic phase (hy > 1 > h).

Ja = B(h2 - 1)
cos| £ arctan

C*(0) = Chy(l) =
pr(f) o1 5 hoh

(C.5)
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4.

C*(0) = Cpp(l) = 1
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Quench within the paramagnetic phase (1 < hy, h).

NG (hho 1+ nm -1 )2
AT — 1P (oh — 1DP(h— ho)

h(ho — h)\Jhi — 1

(h + ho)(hho — 1)

0732 if 1 < hg< h,

(C.6)

if 1 < h< hy.
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