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Historial Notes

Many aspects of the geometry of pde originate with the classical
problem of solving, in “closed form”, the scalar 2nd order equation

F(x, ¥, u, Uy, Uy, Ugx, Uy, Uyy) = 0.
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4
1. Method of Laplace: u,, — 7uz =0
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Laplace Transform: Differential sub. lead to w,, + LQ =
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Many aspects of the geometry of pde originate with the classical
problem of solving, in “closed form”, the scalar 2nd order equation

F(x, ¥, u, Uy, Uy, Ugx, Uy, Uyy) = 0.

4
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2. Method of Ampere: u,, = uuy
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Intermediate Integral: u, — % = f(y)
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4
1. Method of Laplace: u,, — 7u2 =0
(x+vy) A
Laplace Transform: Differential sub. lead to w,, + LQ =
(x+v)

GeneralSolution :

2. Method of Ampere: u,, = uuy
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Intermediate Integral: u, — % = f(y)
Y// 2yl
General Solution: u = YV T XEY

3. Method of Darboux: 3uu3, +1=0
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Historial Notes

Many aspects of the geometry of pde originate with the classical
problem of solving, in “closed form”, the scalar 2nd order equation

F(x, ¥, u, Uy, Uy, Ugx, Uy, Uyy) = 0.

4
1. Method of Laplace: u,, — 7u2 =0
(x+vy) A
Laplace Transform: Differential sub. lead to w,, + LQ =
(x+v)

GeneralSolution :

2. Method of Ampere: u,, = uuy
2

Intermediate Integral: u, — % = f(y)
Y// 2yl
General Solution: u = YV T XEY

3. Method of Darboux: 3uu3, +1=0
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Compatible Equations : fi(uy £ —) = x(uyy £ —) —q
Uyy Uyy
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Historial Notes

. . . PAN
Many aspects of the geometry of pde originate with the classical ot
problem of solving, in “closed form”, the scalar 2nd order equation Symmetry Reduc-
F(x,y, u, Uy, Uy, U, Uy, Uy, ) = 0. Historical Notes
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Y (x+y)? "
Example 3
GeneralSolution : Example 4
Summary
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Goals

e To give a precise definition of Darboux integrablity (in the
language of differential systems), one which goes far
beyond the classical case of scalar PDE in the plane.
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Goals

e To give a precise definition of Darboux integrablity (in the
language of differential systems), one which goes far
beyond the classical case of scalar PDE in the plane.

e To generalize Vessiot's fundamental discovery, that there is a
purely group theoretical way to construct Darboux integrable
systems using the concepts of joint differential invariants
and reduction of differential systems.
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beyond the classical case of scalar PDE in the plane.

e To generalize Vessiot's fundamental discovery, that there is a
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To give a precise definition of Darboux integrablity (in the
language of differential systems), one which goes far
beyond the classical case of scalar PDE in the plane.

To generalize Vessiot's fundamental discovery, that there is a
purely group theoretical way to construct Darboux integrable
systems using the concepts of joint differential invariants
and reduction of differential systems.

To show how the Vessiot approach leads to the fundamental
invariants for any DI system.

To illustrate these results with a variety of examples.

To explain the relationship between the classical case of DI
PDE in the plane and Monge systems.

V' = F(x,V, U, U, U")
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To give a precise definition of Darboux integrablity (in the
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purely group theoretical way to construct Darboux integrable
systems using the concepts of joint differential invariants
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invariants for any DI system.

To illustrate these results with a variety of examples.

To explain the relationship between the classical case of DI
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To give a precise definition of Darboux integrablity (in the
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Intermediate Integrals

F(x,y,u,p,q,r,s,t) =0
p2F, + pvFs + +12F =0

X =uD, +vD,

A function f = f(x,y, u, p, g, dots) on jet space is an internediate
integral if
X(f)=0 mod F =0

An equation is DI if each characteristic vector field has 2
intermediate integrals.
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Intermediate Integrals

F(x.y,u,p,q,r,s,t) =0
p2F, + pvFs + +12F =0
X =uD, +vD,

A function f = f(x,y, u, p, g, dots) on jet space is an internediate
integral if
X(f)=0 mod F =0

An equation is DI if each characteristic vector field has 2
intermediate integrals.
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Main Results [IA, Mark Fels, Peter Vassiliou]

Theorem A. Let W; and W, be Pfaffian systems on M; and M,
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Main Results [IA, Mark Fels, Peter Vassiliou]
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and G a common symmetry group for W, and W.

e Form the sum W; + W, on My x M.
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Main Results [IA, Mark Fels, Peter Vassiliou]
Theorem A. Let W; and W, be Pfaffian systems on M; and M,
and G a common symmetry group for W, and W.
e Form the sum Wi + W, on My x M.
o Let G act on M; x M, diagonally.
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Main Results [IA, Mark Fels, Peter Vassiliou]
Theorem A. Let W; and W, be Pfaffian systems on M; and M,
and G a common symmetry group for W, and W.
e Form the sum Wi + W, on My x M.
o Let G act on M; x M, diagonally.

e Calculate the quotient EDS [ on M = (M x My)/G,
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Main Results [IA, Mark Fels, Peter Vassiliou]
Theorem A. Let W; and W, be Pfaffian systems on M; and M,
and G a common symmetry group for W, and W.
e Form the sum Wi + W, on My x M.
o Let G act on M; x M, diagonally.
o Calculate the quotient EDS [/ on M = (M; x M,)/G,
I = {w]|7E(w) € Wi x Wht.

e Granted ..., I will be Darboux integrable.
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Main Results [IA, Mark Fels, Peter Vassiliou]
Theorem A. Let W; and W, be Pfaffian systems on M; and M,
and G a common symmetry group for W, and W.
e Form the sum Wi + W, on My x M.
o Let G act on M; x M, diagonally.
Calculate the quotient EDS / on M = (M; x My)/G,
I = {w]|7E(w) € Wi x Wht.
Granted ..., | will be Darboux integrable.

and conversely ....

Theorem B ] Let / be a Darboux integrable Pfaffian system.
e Let W, be the pullback of I to a level set of Iy, b, ...
e Let W, be the pullback of / to a level set of Jy, b, ...

Then there is a (algorithmically computed) group action G on M
such that
I = (W1 +W2)/G.
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Example 1

We shall begin by giving the group theoretic derivation of the
Liouville's equation

Uyxy = eXp(u)
The D, and D, intermediate integrals for this equation are

1 1
h=x hbh=r—=p®> h=y hL=t—=q¢%
1=X I2 f2P 1=y R 2q
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Example 1

We shall begin by giving the group theoretic derivation of the
Liouville's equation

Uyxy = eXp(u)

The D, and D, intermediate integrals for this equation are

1 1
h=x hbh=r—=p®> h=y hL=t—=q¢%
1=X I2 f2P 1=y R 2q

Step 1. Introduce two copies of the jet space J*(R, R):
J X J = (X7 X’ X/’XI/,X//I) X (y’ Y? YI? Yl/’ Y///)
and the canonical contact system

{dX — X'dx, dX’ — X"dx, dX" — X" dx,
dY — Y'dy, dY' — Y"dy, dY" — Y"dy}
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Example 1

We shall begin by giving the group theoretic derivation of the
Liouville's equation

Uyxy = eXp(u)

The D, and D, intermediate integrals for this equation are

1 1
h=x hbh=r—=p®> h=y hL=t—=q¢%
1=X I2 f2P 1=y R 2q

Step 1. Introduce two copies of the jet space J*(R, R):
J X J = (X7 X’ X/’XI/,X//I) X (y’ Y? YI? Yl/’ Y///)
and the canonical contact system

{dX — X'dx, dX’ — X"dx, dX" — X" dx,
dY — Y'dy, dY' — Y"dy, dY" — Y"dy}

(In other examples we might begin the product of some other
differential systems.)
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Consider the simultaneous or diagonal action of SL2 by fractional

linear transformations on the dependent variables:

aX + b ay + b Symmetry Reduc-
tion and Darboux
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Consider the simultaneous or diagonal action of SL2 by fractional
linear transformations on the dependent variables:

% aX+b - aY+b

T X +d T cY+d

(In other examples, we might consider different actions of SL2 or
different groups altogether.)
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Consider the simultaneous or diagonal action of SL2 by fractional
linear transformations on the dependent variables:

% aX+b -~ aY +b

T cX+d T cY+d

(In other examples, we might consider different actions of SL2 or
different groups altogether.)

Step 3. Calculate the fundamental joint differential invariant for

this action. We know that there there will be an invariant involving

the 1-jets X, X', Y, Y.
XY’

U=x—vy
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Consider the simultaneous or diagonal action of SL2 by fractional
linear transformations on the dependent variables:

)N(*anLb o aY+b

T cX+d T cY+d

(In other examples, we might consider different actions of SL2 or
different groups altogether.)

Step 3. Calculate the fundamental joint differential invariant for

this action. We know that there there will be an invariant involving

the 1-jets X, X', Y, Y.

X'y’
U=x—vp

Step 4. Calculate the derivatives {U, Uy, Uy, U, Uy, U,y }. These

are all SL2 invariants. Do a little counting — there are 6 invariants
for a free 3-dimensional group action in eight variables.

X X/ X// X/Il Y Y/ Y// Y///
There must be a syzygy between the invariants. We find it to be
Uy,
U

Uy, — +2U?=0.
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Consider the simultaneous or diagonal action of SL2 by fractional
linear transformations on the dependent variables:

% aX+b -~ aY +b

T cX+d T cY+d

(In other examples, we might consider different actions of SL2 or
different groups altogether.)

Step 3. Calculate the fundamental joint differential invariant for
this action. We know that there there will be an invariant involving
the 1-jets X, X', Y, Y.
X'y’
U= ——<
(X=Y)

Step 4. Calculate the derivatives {U, Uy, Uy, U, Uy, U,y }. These
are all SL2 invariants. Do a little counting — there are 6 invariants
for a free 3-dimensional group action in eight variables.

X X/ X// X/Il Y Y/ Y// Y///
There must be a syzygy between the invariants. We find it to be
Uy,
U

Uy, — +2U?=0.

(We <hall need 3 more ceometric formulation of thic ctep )
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Step 5. We now have a recognition or normal form problem.
Can we simplify the equation we have just obtained by a change of
variables.
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Step 5. We now have a recognition or normal form problem.
Can we simplify the equation we have just obtained by a change of
variables.

Theorem[Goursat]. The quadratic term pq in the equation

s+a(x,y, u)pq + B(x,y, u)p +(x,y, u)q + delta(x, y, u)

can be eliminated with change of variables & = [ alphadu.

Symmetry Reduc-
tion and Darboux
Historical Notes
Goals
Intermediate [
Main Results
Example 1
Example 2
Example 3
Example 4
Summary
Exercises
Overview

References



Step 5. We now have a recognition or normal form problem.
Can we simplify the equation we have just obtained by a change of
variables.

Theorem[Goursat]. The quadratic term pq in the equation

s+a(x,y, u)pq + B(x,y, u)p +(x,y, u)q + delta(x, y, u)

can be eliminated with change of variables & = [ alphadu.

This leads to the "better” choice of invariant
X'y’

U= /Og(m)

and the equation
Uy = exp(U)
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Calculate the SL2 differential invariants in just the variables
X, XX, X" and Y, YY", Y. These are well-known:

_ 2X! X" — 3(X//)2

2y _ y! 2
= _ 3(Y")

(X/)4 and J = (y/)4

Because these are SL2 invariants we can express then in terms of
Ua UX’ Uy7 Uxxa Uyy-

1 1
I:/2:UXX—§Uf J:JQZUyy—§U§
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Calculate the SL2 differential invariants in just the variables
X, XX, X" and Y, YY", Y. These are well-known:

_ 2X! X" — 3(X//)2

2y _ y! 2
_ _ 3(Y")

(X/)4 and J = (y/)4

Because these are SL2 invariants we can express then in terms of
Ua UX’ Uy7 Uxxa Uyy-

1 1
I:/2:UXX—§Uf J:J2:Uyy—§Uy2

Differential Invariants <= Intermediate Integrals

This is an important observation. It already suggests that Dl is
really a group theoretic phenomena.
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Summary.

J3><J3 C3XC3 M1XM2 W1XW2

qsL2 l qsL2 l Ll J{ q6 l

M L M z
Step 1. Form the sum of 2 differential systems.

Step 2. Definite a diagonal symmetry group.
Step 3. Calculate the reduction of the sum by the diagonal action.

Steps 4-5. Try to recognize the reduction as a PDE system. Put
into a good form (Optional).

Step 6. Calculate the intermediate integrals for the PDE and hence
establish that it DI (Optional).
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Example 2

In this example, we address the inverse problem. Given the Liouville
equation, how would we discover that it is the quotient of jets
spaces by an action of SL2.

Symmetry Reduc-
tion and Darboux

Historical Notes
Goals
Intermediate [
Main Results
Example 1
Example 2
Example 3
Example 4
Summary
Exercises
Overview

References

111



Example 2

In this example, we address the inverse problem. Given the Liouville
equation, how would we discover that it is the quotient of jets
spaces by an action of SL2.

More generally, let Z be any DI exterior differential system. How
will we represent it as the quotient of W; + W, by the diagonal act
of a group G?

Symmetry Reduc-
tion and Darboux

Historical Notes
Goals
Intermediate [
Main Results
Example 1
Example 2
Example 3
Example 4
Summary
Exercises
Overview

References

111



Example 2

In this example, we address the inverse problem. Given the Liouville
equation, how would we discover that it is the quotient of jets
spaces by an action of SL2.

More generally, let Z be any DI exterior differential system. How
will we represent it as the quotient of W; + W, by the diagonal act
of a group G?

The differential systems W; and W, are easy to define. They are
always given by the restriction of the original system Z to a fixed
level set of the immediate integrals.
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In this example, we address the inverse problem. Given the Liouville
equation, how would we discover that it is the quotient of jets
spaces by an action of SL2.

More generally, let Z be any DI exterior differential system. How
will we represent it as the quotient of W; + W, by the diagonal act
of a group G?

The differential systems W; and W, are easy to define. They are
always given by the restriction of the original system Z to a fixed
level set of the immediate integrals.

For the classical case of a PDE in the plane, the systems WW; and
W, are rank s Pfaffian systems on manifolds of dimension
s + 2,that is, rank 2 distributions.
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Example 2

In this example, we address the inverse problem. Given the Liouville
equation, how would we discover that it is the quotient of jets
spaces by an action of SL2.

More generally, let Z be any DI exterior differential system. How
will we represent it as the quotient of W; + W, by the diagonal act
of a group G?

The differential systems W; and W, are easy to define. They are
always given by the restriction of the original system Z to a fixed
level set of the immediate integrals.

For the classical case of a PDE in the plane, the systems WW; and
W, are rank s Pfaffian systems on manifolds of dimension
s + 2,that is, rank 2 distributions.

What is not always so easy to do is to put these differential systems
into a good normal form.
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The Liouville equation is encoded on a 7-manifold, with coordinates

(x,y,u,p,q,r,t) as a rank 3 Pfaffian system

| =

P AN
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{61 =du—pdx—qdy,0, =dp—rdx —e"dy,03 = dqg — e" dx — t dy }istorical Notes

The restriction to x =0, r = %p2 gives
W ={w; =du—qdy, wo=dp—e"dy,ws =dq—tdy}
We calculate:

dmW =3 dimW =2, dmW’ =1, dimW" =0,
dmC(W')=1 dimC(W")=2.

We can conclude that W is the canonical contact system on J3.

The explicit diffeomorphism is

y:y7Y:p7Y1:e“’Y2:e“q7Y3:e”(t+q2),
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Example 3

Now consider the fully non-linear equation 3rt> +1 = 0. The
corresponding Pfaffian systems is

I:{01a92303}
1
{du— pdx—qdy, dp—i—@dx—sdy, dg—sdx—tdy}
The intermediate integrals are
1 1
/1:S+P h=xh —q, les—? h=xh—q

The restriction of | to s = —, g = 0 gives

~ | =

W:
{ du dx d—l—ldx 1d 1dx tdy}
w1 = — wo = — —_ — w3 = —— - .
1 P ) 2 P 3t3 t Yy, 3 t y
This time we find that
dimW =3 dimW =2, dimW" =0,

so that W is of generic type.
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We use Maple to analyze this system further. For generic rank 3
Pfaffian systems in 5 variables, the the fundamental invariant is the
Cartan tensor.
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We use Maple to analyze this system further. For generic rank 3
Pfaffian systems in 5 variables, the the fundamental invariant is the
Cartan tensor.

For this system the Cartan tensor vanishes and therefore W is
diffeomorphic to the Pfaffian system for the Hilbert-Cartan equation
V/ — (U//)Q_
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We use Maple to analyze this system further. For generic rank 3
Pfaffian systems in 5 variables, the the fundamental invariant is the
Cartan tensor.

For this system the Cartan tensor vanishes and therefore W is
diffeomorphic to the Pfaffian system for the Hilbert-Cartan equation
V/ — (U//)Q_

Alternatively, it suffices to calculate the infinitesimal symmetry
algebra of W. We find that that this is a 14 dimensional, simple Lie
algebra which also implies that W is diffeomorphic to the Pfaffian
system for the Hilbert-Cartan equation V'’ = (U")2.
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We use Maple to analyze this system further. For generic rank 3
Pfaffian systems in 5 variables, the the fundamental invariant is the P AN
Cartan tensor.
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For this system the Cartan tensor vanishes and therefore W is Historical Notes

diffeomorphic to the Pfaffian system for the Hilbert-Cartan equation  coass

V/ = (UH)Q_ Intermediate [
Main Results

Alternatively, it suffices to calculate the infinitesimal symmetry Bxample 1

algebra of W. We find that that this is a 14 dimensional, simple Lie "2
algebra which also implies that W is diffeomorphic to the Pfaffian pample 3
system for the Hilbert-Cartan equation V'’ = (U")2.

Example 4
Summary
Exercises
An explicit diffeomorphism is
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References

2x xU, 1, xV
X 0 y U + > u U XU1+3X U, + Uy’
1 1 2
=V - xU3 t=
P=2"V """ Us
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Example 4

An interesting class of equations, studied in 2 papers by Goursat, is

provided by
s = A(x,¥)VPg. (1)

2
With A = Tn this equation becomes Darboux integrable with
X

intermediate integrals of order n + 1.
Here are the intermediate integrals /, for small values of n(where
p = sqrt(uyx)) :

2p 4px
b= + + Pxx
S R R P I
6p 18px 9Px><
I3 = + Jr pXXX
(x+y)3P  (x+y)? (x+y)
24p 96px 72pyx 16psxx
= + + Proocx
S L R R PRI PR B
120P 600px 600pxx 200pxxx 25pxxxx
Is = + Prooox

(x+y)P®  (x+y)* (x+y)P (x+y)? x+y
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We set this equation up as a rank 2n 4+ 1 Pfaffian / system on a
manifold M of dimension 2n + 5. Let W be the restriction of / to
the level set x =0, I, = 0. This a rank 2n 4 1 Pfaffian system on
an manifold @ of dimension 2n + 3.
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We set this equation up as a rank 2n 4+ 1 Pfaffian / system on a
manifold M of dimension 2n + 5. Let W be the restriction of / to
the level set x =0, I, = 0. This a rank 2n 4 1 Pfaffian system on
an manifold @ of dimension 2n + 3.

We find that we can deprolong these systems n times to arrive at
rank n+ 1 Pfaffian systems W™ on manifolds Q~ of dimension
n+ 3 — that is, rank 2 distributions. Here are some basis invariants:
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W= | W~ | Derived Flag | Sym Levi
rk dm | Growth dim ss - rad
3 5 [2,1,2] 14 92
4 6 [2,1,2 1] 11 slp-[8,7,1,0]
5 7 [2,1,21, 1] 13 | s/p-[10,9,1,0]
6 8 [21,21,1,1] | 15 | s/p-[12,11,1,0]
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n| W~ | W~ | Derived Flag | Sym Levi

rk dm | Growth dim ss - rad
2 3 5 [2,1,2] 14 92
3| 4 6 [2,1,2 1] 11 slp-[8,7,1,0]
41 5 7 [2,1,21, 1] 13 | s/p-[10,9,1,0]
5 6 8 [21,21,1,1] | 15 | s/p-[12,11,1,0]

A result of Dubrov and Zelenko and state that only the Pfaffian

systems W™ with this data are

u = (V(n))z

This are flat models in the Tanaka sense. Perhaps then
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n| W~ | W~ | Derived Flag | Sym Levi

rk dm | Growth dim ss - rad
2 3 5 [2,1,2] 14 92
3| 4 6 [2,1,2 1] 11 slp-[8,7,1,0]
41 5 7 [2,1,21, 1] 13 | s/p-[10,9,1,0]
5 6 8 [21,21,1,1] | 15 | s/p-[12,11,1,0]

A result of Dubrov and Zelenko and state that only the Pfaffian

systems W™ with this data are

u = (V(n))z

This are flat models in the Tanaka sense. Perhaps then

ny =

2n
X+y

/pq < Flat DI 777
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For example, for n = 3, the Pfaffian system for the Goursat

equation is P AN
q Syrnmetry Reduc-
0, = du — p2 dx q2 dy, 0, — dp _ 5 dx — =9 dy, tion and Darboux
X + .y Historical Notes
3p Goals
03 - dq - X + y dX - qy dy7 Intermediate [
3(_q + 3p) Main Results
0 — d _ dX _—_—— 5 xample
4 Px — Pxx X2 + 2xy + y2 Exam:ei
3(p - 3q) Example 3
B S g KT
3(—3pxx +9p — 29 — 3pxy) s
0 — d — d xercises
6 Prx — Pxoxx AX + x3 + 3x2y + 3xy2 + y3 ’ Zven’iew
3 3q X — 9q + 3q y + 2P eferences
b7 = dqy, — Bay . )dx_qyyydy~ .

x3 +3x2y + 3xy? + y3
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The restricted system W is

3
61 = du — q° dy, 92:dp—7qdy, 03 = dq — qy dy,

3(—gq+3p
(y2) dy, 0s=dq, —qy,dy

3(9p — 2qg — 3p,y)
3

04 = dpx -

96 = dpxx +

dy, 6= dqyy — Qyyy dy

This de-prolongations to {61, 62, 03,606} which is mapped by the
transformation
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The restricted system W is

3
01 = du — q* dy, 92:dp—7qdy, 03 = dg — q, dy,

3 +3
04 = dpx — M dy, 0s=dq, —qy,dy
06 = dpxx + ( y3 Y) dy, 67 =dqy, —qy,dy

This de-prolongations to {61, 62, 03,606} which is mapped by the
transformation

74 \@Uz \/E
y_—2/X7 U—g,[)— 2 ) q__?XU:ia
2
Py = %(XU2 +8U1), P = %(2OU + 16xU; + x*Us)

to the canonical Pfaffian system for V/ = (U"")2.
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Summary

If Z is a DI differential system, then the restriction W of 7 to the
level sets of the intermediate integrals are very important invariants
of the DI system.
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Summary

If Z is a DI differential system, then the restriction W of 7 to the
level sets of the intermediate integrals are very important invariants Symmetry Reduc-
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Summary

If Z is a DI differential system, then the restriction W of 7 to the
level sets of the intermediate integrals are very important invariants
of the DI system.

In many cases W defines a codimension 2 Pfaffian system. We have
seen that for

es=¢e"Y; W=Con B3(R,R).
e 3rt3+1=0; W is the canonical Pfaffian system for
V/ — (U”)2.
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Summary

If Z is a DI differential system, then the restriction W of 7 to the
level sets of the intermediate integrals are very important invariants
of the DI system.

In many cases W defines a codimension 2 Pfaffian system. We have
seen that for

es=¢e"Y; W=Con B3(R,R).
e 3rt3+1=0; W is the canonical Pfaffian system for
V/ — (U//)2

e 5= v/Pq; W is the prolongation of the canonical
X+y k 2

Pfaffian system for V' = (U(M)2.
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Exercises

Formulate each of the following PDE as a Pfaffian system /. Check
that the given functions are intermediate integrals. Describe the
restrictions W of | to the level sets of the intermediate integrals.

1.s=PY withh=x =P p=—"_4+_ P
u—x u—x u—x (u—x)?
h=y, b=%L-y
XXX 3 1
2.5:pu,withl1:x,12:up —EL—Z,ley,Jzzq—if

3.r=1s>, withlh=y, h=t+s Ji=y—xs, h=s.
4. Consider here the Pfaffian system | =
{du—p dx—qdy, dp+ (tan7—7) dx—s dy, dg—s dx—(7+cot7) dy }

Find the associated PDE. The invariantsare h = s+ 71, J1 =s — 7,
h=—-(x+yh+q+p, ., h=—-(x=-y)h+qg—p
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Overview

e |.Introduction
e |I. Symmetry Reduction of Exterior Differential Systems.
o |ll. The Method of Darboux

e VI. Conclusions
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