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1. INTRODUCTION TO SECOND-ORDER DIFFERENTIAL EQUATIONS

1.1. The space of first jets in the plane. By the plane R? we mean
a smooth manifold with a fixed coordinate system (z,y).

Definition. The space of first jets, denoted J'(R?), is the set of all
one-dimensional subspaces (directions) in the tangent spaces to R2.

In other words,
JYR?) = {l, | I, is a one-dimensional subspace in T,R?}.
Let m: J'(R?) — R? denote the natural projection which takes [, to
the corresponding point p of the plane.

We shall now introduce two local coordinate systems (z,y, z1) and
(z,y,z2) in J'(R?). To this end, we note that every direction [, at the
point p = (z,y) is generated by a nonzero tangent vector aa% + ﬁa%,
a, 3 € R, which is unique up to a constant factor. Define

Ulz{lp:<oz(%—|—ﬁ§y> oz;«éO},
0 0
{58 o)

5
respectively. If we identify T,R? with R? then U; will contain all
1

Then (z,y,21 = ) and (2,y, zp = ) will be coordinates in U; and Us
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directions which are not parallel to the y-axis, while Uy will consist of
all those which are not parallel to the z-axis. The transition function
from U; to Us has obviously the form
1
p12: (2,9, 21) = (2,9, Z—)-
1

These coordinate charts make J'(R?) into a three-dimensional
smooth manifold. In the following, unless otherwise stated, we shall
use the local coordinate system (z,y,2;) in J'(R?), denoting it simply

by (z,y, 2).

Definition. Let N be a one-dimensional submanifold (= a non-
parametrized curve) in the plane. The prolongation N of N is a
curve in J!(R?) which has the form

NW ={T,N |pe N}.

Example. If N is the graph of some function y(z), that is, if N =
{(z,y(z)) | = € R}, then, in local coordinates, N') has the form

(1) {(z,y(2),¢/(2)) | z € R},

The tangent space to the curve (1) at the point (x,y,z) =
(z,y(x),y'(z)) is generated by the vector

o , .9 L, 0 9 0 ., 0
@) gty @g @) = gty @) g

Note that, irrespective of the function y(z), this tangent space always
lies in the two-dimensional subspace generated by the vectors a% + z%
and %.
Definition. The contact distribution C' on J'(R?) is the family

C, = (T,NY | NO 3 ¢)
of two-dimensional subspaces in the tangent spaces to J!(R?).

From (2) it immediately follows that in local coordinates

c 0 N o 0
=(—+4+z—,— ).
1 Ox oy’ 0z
Notice that the field % is tangent to the fibers of the projection
7 JY(R?*) — R?, so that kerd,m C C, for all ¢ € J*(R?).
By the definition of the contact distribution, the prolongation N

of any curve N in the plane is tangent to the contact distribution. It
turns out that the converse is also true.
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Lemma 1.1. If M is a curve in J'(R?) tangent to the contact distri-
bution and such that the projection mn: M — R? is nondegenerate,
then, viewed locally, M is the prolongation of some curve in the plane.

Proof. Without loss of generality we may assume that the projection
of M onto R?, locally, is the graph of some function y(z). Then

M = {(z,y(z),2(z)) | z € R}.

But the vector a%—f—y’a% —i—z’(x)a% lies in C'(4y(2),2(2)) if and only if z = ¢/
and M is the prolongation of the curve N = {(z,y(z)) |z € R}. O

Now let ¢: R? — R? be an arbitrary diffeomorphism of the plane.
Definition. The diffeomorphism ¢ : J'(R?) — J'(R?) defined by

90(1): Ly — (dpp)(lp)
is said to be the prolongation of .

It is easily verified that the following diagram is commutative:

o)

JH(R?) —— JH(R?)

R2 % R2
Lemma 1.2. For any diffeomorphism ¢ the prolongation ¢1) pre-
serves the contact distribution C (i.e., dyo™M(C,) = o (g Jfor all
g€ J'(R?)).

Proof. The proof is immediate from the definition of the contact
distribution and the fact that @M (NM) = o(N)D for any curve
N C R2 O

To find the expression for ¢() in local coordinates, we assume that
o(x,y) = (A(z,y), B(z,y)) for some smooth functions A and B in the
plane. Then ¢™ has the form

oW (2,y,2) = (Az,y), B(x,y), C(z,y,2)).
If we explicitly write down the condition that the contact distribution
is invariant under o), we get
B, + Byz
A A
where A,, Ay, B;, B, denote the partial derivatives of A and B with
respect to  and y.

C(z,y, 2)
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1.2. Second-order equations in the plane. Let

(3) y' = F(x,y,9)

be an arbitrary second-order differential equation solved for the high-
est derivative. Consider the direction field E in the chart U; with
coordinates (x,y, z) defined by

0 0 0
Elayy = <8_x + Za_y + F(m,y,z)$> )

Lemma 1.3. If N is the graph of the function y(x), then y(zx) is a
solution of equation (3) if and only if NV is an integral curve of the
direction field E.

Proof. Suppose y(x) is a solution of equation (3). Then N =
{(z,y(z),y/(z)) | = € R}, and the tangent space to N is given
by the vector
g 0 9 0
= il = - ~Z 4 F
5s TV, TY @Wg =5+ y+ (z,9,y
Now since the coordinate z is equal to 4’ for all points on NV, we see
that N is an integral manifold for E.
The converse is proved in a similar manner. U

Note that E is contained in the contact distribution and that the
projection of E onto R? by means of dr is always nondegenerate. Any
integral curve of the direction field E is therefore a lift of the graph of
a solution of equation (3).

Thus, there is a one-to-one correspondence between the so-
lutions of equation (3) and the integral curves of the direction
field E: the graphs of the solutions are projections of the in-
tegral curves, while the integral curves are of the graphs of
the solutions.

Let us now consider an arbitrary direction field £ in J'(R?) such
that

(i) E is contained in the contact distribution;
(ii) at each point ¢ € J'(R?), E, does not coincide with the vertical
field V, = ker d,m.

Then E may be regarded as a second-order equation whose solutions
are curves in the plane: a curve N C R? is by definition a solution of
this equation if N is an integral curve of the field E. Note that now
solutions need no longer be graphs of functions y(z).
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Thus, geometrically, the second-order differential equations (solved
for the highest derivative) may be identified with the direction fields in
J'(R?) satisfying conditions (i) and (ii).

Consider how (local) diffeomorphisms of the plane (i.e., “changes
of variables” z,y) act on these direction fields. Let E be a direction
field contained in the contact distribution and corresponding to some
second-order differential equation in the plane, and let ¢ be a local
diffeomorphism of the plane. Then ¢ extends to some local transfor-
mation ) of J*(R?), which acts on the field E in the following way

(QO(I)'E) eW(q) dq@(l)(Eq)

for all ¢ € J'(R?). It is easy to show that the resulting direction
field still satisfies conditions (i) and (ii) and defines a new second-order
differential equation.

Let Ei, E5 be two directions fields contained in the contact distribu-
tion and corresponding to two second-order differential equations. We
shall say that these equations are (locally) equivalent if there exists a
(local) diffeomorphism ¢ of the plane such that its prolongation o)
takes F; into Ej.

1.3. Pairs of direction fields in space. Let V' be the vertical di-
rection field in J'(R?) defined by V, = kerd,w for all ¢ € J'(R?).
As we mentioned before, the direction field V' is contained in the tan-
gent, distribution C. In accordance with the previous subsection, a
second-order differential equation can be considered as another direc-
tion field E, contained in C, such that

C,=V,®E, forallqe J'(R?.

Conversely, suppose we are given two arbitrary direction fields E}
and F5 in space that differ at each point of the space. Then E; and E5
define a two-dimensional distribution, denoted C' = E; & E,. We say
that a pair of directionNﬁelds E, and FE, is nondegenerate if the corre-
sponding distribution C' is not completely integrable.

We shall now show that the problem of local classification of pairs of
direction fields in space is equivalent to local classification of second-
order differential equations up to diffeomorphisms of the plane. We
shall need the following theorem.

Theorem 1. [fé is a_two-dimensional, not completely integrable dis-
tribution in space and V' is an arbitrary direction field contained in C,
then the pair (C, V') is locally equivalent to the pair (C, V') in the space
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JY(R?), that is, there exists a local diffeomorphism ¢: R3 — J'(R?)

such that dp(C) = C and dp(V) = V.
Proof. See, for example, [18, Chapter 11], [8]. O

Now let E;, F5 be a nondegenerate pair of direction fields in space
and let C = B, & Ey. If ¢: R® — JY(R?) is a local diffeomorphism
establishing the equivalence of the pairs (6’, Ey) and (C,V), then the
direction field £ = dp(FE,) determines a second-order equation in the

plane.

Theorem 2. Two nondegenerate pairs of direction fields are locally
equivalent if and only if so are the corresponding second-order differ-
ential equations in the plane.

Before proceeding to the proof of Theorem 2, we establish one aux-
iliary result.

Definition. A transformation of the space J!(R?) is called contact if
it preserves the contact distribution.

For example, the prolongation ¢ of any diffeomorphism ¢: R?* —
R? is a contact transformation.

Lemma 1.4. A contact transformation has the form o), where ¢ is
a diffeomorphism of the plane, if and only if it preserves the vertical
direction field V.

Proof. The necessity of this condition is obvious. Assume that ¢ is a
contact transformation preserving V. Then v defines, in the obvious
way, a diffeomorphism ¢ of the plane. Straightforward computation
shows that 1) is uniquely determined by ¢ and hence coincides with (.

O

Proof of Theorem 2. Let (Ey, Ey) and (E7, EY) be two nondegenerate
pairs of direction fields in space, and let E and E’ be the direction
fields, contained in C, that determine the corresponding differential
equations. It is clear that these two pairs of direction fields are locally
equivalent if and only if so are the pairs (V, E) and (V, E’).

If ¢ is a local diffeomorphism of the space J!(R?) carrying the pair
(V, E) into the pair (V, E’), then 9 preserves the contact distribution
C=VaE=V®E and, at the same time, leaves invariant the direc-
tion field V. Hence there exists a local diffeomorphism ¢ of the plane
such that ¢ = ¢, Then, by definition, ¢ establishes the equivalence
of the corresponding second-order differential equations.

The converse is obvious. U



THE GEOMETRY OF SECOND-ORDER EQUATIONS 7

1.4. Duality. Suppose that a direction field E, contained in the con-
tact distribution of J!(R?), determines a second-order equation in the
plane. Then, by Theorem 1, there exists a local diffeomorphism ¢ of
the space J'(R?) that takes the pair of distributions (C, E) into the pair
(C, V), so that the direction field F becomes vertical, while the vertical
direction field V' is transformed in some direction field E’ lying in the
contact distribution and satisfying conditions (i), (ii) of subsection 1.2.

Definition. The second-order differential equation defined by the
field E’ is said to be dual to the equation corresponding to E.

Example. Consider the differential equation y” = 0. The correspond-
ing direction field is

The Legendre transformation
(xaya Z) = (Zv Yy — Tz, —l‘)

is a contact transformation, and it takes the distribution E into the
vertical distribution V', while the latter is transformed into E. Thus
the equation y” = 0 coincides with its own dual equation.

Note that in general there exist several contact transformations car-
rying F into V. Moreover, if 1, and 1) are two such transformations,
then the mapping 11 o 1, ' preserves the pair (C,V) and hence has
the form ¢ for some local diffeomorphism ¢ of the plane. There-
fore the dual equation is well defined only up to equivalence by local
diffeomorphisms of the plane.

In the language of pairs of direction fields, the transition to the dual
equation is equivalent to interchanging the positions of the direction
fields of the pair. A description of the dual equation can also be given in
terms of the solutions of the initial second-order equation when they are
written in the form of a two-parameter family F'(z,y,u,v) = 0, where
u,v are parameters (say, u = y(0) and v = ¢(0)). If we now consider
x and y as parameters, v as an independent and v as a dependent
variable, we obtain a two-parameter family of curves in the plane, which
coincides with the family of solutions of the dual second-order equation.
(See [1] for details.)

2. CARTAN CONNECTIONS

In this section we give only basic definitions and list the results we
shall use later. For more detail see [14].
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2.1. Definitions. Let G be a finite-dimensional Lie group, G a closed
subgroup of G, and My = G/G the corresponding homogeneous space
of the Lie group G. Further, let g be the Lie algebra of G, and let g be
the subalgebra of g corresponding to G. We identify g with the tangent
space T,G.

Suppose M is a smooth manifold of dimension dim M, = codimg g,
and 7: P — M is a principal fiber bundle with structural group G
over M. For X € g, let X* denote the fundamental vector field on P,
corresponding to X; for g € G let R, denote the right translation of P
by the element g:

Ry,: P— P, p—pg, peckPl

Definition. A Cartan connection in the principal fiber bundle P is a
1-form w on P with values in g such that

1° w(X*) =X forall X € g;
2°. Riw = (Adg " )w for all g € G;
3°. wp: TP — g is a vector space isomorphism for all p € P.

Example. Suppose M = My; then P = G may be considered as a
principal fiber bundle over M with structural group G. We define w to
be the canonical left-invariant Maurer-Cartan form on G. It is easily
verified that w satisfies the conditions 1°-3° in the above definition, and
hence w is a Cartan connection. We shall call it the canonical Cartan
connection of the homogeneous space (G, My).

2.2. Coordinate notation. If s, is the section of 7: P — M defined
on an open subset U, C M, we can identify 7—(U,) with U, x G as
follows:

bo: Uy X G — 71 (Uy), (2,9) — s4(z)g.

Given some other section sg: Ug — P such that the intersection
U, N Us is non-empty, we can consider the transition function g,
which is a function on U, N Ug with values in G, uniquely defined by

ppo gt (Ua N Ug) x G — (Ua N Ug) X G, (x,9) — (z,%a39).

Any principal fiber bundle P is uniquely determined by a covering
{Uq }aer of the manifold M with given transition functions ¢,g: Uy N
U — G satisfying the obvious condition: ¥,y = ¥as13, for all o, 3,y €
I.

Let w be a Cartan connection on P. The section s,: U, — P deter-
mines the 1-form w, = siw on U, with values in g. It is easy to verify
that for any other section sz: Us — P and the corresponding form
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wp = spw, the following relation holds on the intersection U, N Upg:

(4) wp = Ad (Y35)wa + Vis0,
where 6 is the canonical left-invariant Maurer—Cartan form on G.

Remark 2.1. Formula (4) is completely identical with the correspond-
ing formula for ordinary connections on principal fiber bundles. The
difference is that in the latter case the forms w,,wg have their values
in g, not in g.

Conversely, suppose that on every submanifold U,, a € I, there is
given a 1-form w, with values in g, and

1°. for any «, 3 € I, we have (4);
2°. for any o € I and any point x € U,, the mapping

T,M — g/g, v— (wa)z(v) + 9

is a vector space isomorphism.

It is not hard to show that there exists a unique Cartan connection w
on P such that w, = siw for all o € 1.

2.3. Cartan connections and ordinary connections. Let w be a
Cartan connection on P. Consider the associated fiber bundle P =
P x¢ G, where G acts on G by left shifts. Denote by [(p, ¢)] the image
of the element (p, g) € P x G under the natural projection P x G — P.
The right action

(0, 90)]g2 = (P, 9192)], (P, 1)) € P, g2 € G,

of G on P provides the fiber bundle P with a natural structure of prin-
cipal fiber bundle over M with structural group G. We shall identify
P with a subbundle in P by means of the embedding

PP, p—|(pe)

It can be easily shown that there exists a unique connection form w
on P such that w = @|p. Conversely, if @ is a connection form on P
such that

(5) kerw, ® T,P =T,P forallp € P,

then the 1-form w = w|p with values in g is a Cartan connection on P.
Thus we obtain the following result:

Lemma 2.1. Cartan connections on P are in one-to-one correspon-
dence with the ordinary connections on P whose connection forms sat-
isfy condition (5).
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Remarks.

1. Condition (5) is equivalent to the condition that the form w = @|p
defines an absolute parallelism on P.

2. If {Uy}aer is a covering of M with given sections s,: U, — P,
then these sections may be extended to sections §,: U, — P,z —
[sa(x), €], for all a € I, z € U,, and it is clear that sfw = §:w. Thus,
in terms of “coordinates,” the connection form @ is defined by the same
family {wq taer of forms as the Cartan connections w.

2.4. Developments. In this subsection, by L, and R, we denote the
left and the right shifts of the Lie group G by the element g € G.
Consider the mapping

v: P—G/G, [p,g]l— g 'G.
It is well defined, because for h € G we have

Y(Iph™" hg]) = (hg) "G =¢7'G, [p.g] € P.
It follows immediately from the definition that v(pg) = g~*.v(p) for all
pe P, ged.

Let z(t) be an arbitrary curve in M, and u(t) its horizontal lift into
the fiber bundle P by means of the connection @ (i.e., 7(u(t)) = z(t)
and @y (u(t)) = 0 for all ¢). Note that u(t) is unique up to the right
action of G on P.

Definition. A development of the curve x(t) on the manifold M is a
curve of the form Z(¢) = ~(u(t)) in the homogeneous space G/G.

Hence the development of a curve in M is defined uniquely up to the
action of G on G/G.

Example. Suppose (G,G/G) is the projective space. Then a curve
x(t) in M is called a geodesic if its development is a segment of a
straight line. A similar definition is relevant in any homogeneous space
that can be included into the projective space, for example, in affine
and Euclidean spaces.

The above definition of development can be easily formulated for one-
dimensional submanifolds of M diffeomorphic to the line (or, locally,
for any one-dimensional submanifolds). In particular, in the above
example one can speak of one-dimensional geodesic submanifolds.

We shall need the following lemma.

Lemma 2.2. Let s,: U, — P be a section of the principal fiber bundle
P, and let w, = s*w. Assume that a smooth curve x(t) lies in U, and
consider the curve X (t) = wq(Z(t)) in the Lie algebra g. Then up to the
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action of G on My the development of x(t) has the form Z(t) = h(t)G,
where h(t) is the curve in G completely determined by the differential
equation

h(t) = d.Lno (X (t),  h(0) =e.

Proof. Let @ be the connection form on the principal G-bundle P cor-
responding to the Cartan connection w, and let 5,: U, — P be the
section generated by the section s,. Then, as was pointed out before,
Wo = Shw = 5,W.

Thanks to the section §,, we may assume, without loss of generality,
that P = U, x G is a trivial fiber bundle, and 5,(z) = (z,e€) for all
x € U,. Then the horizontal lift u(t) of z(t) with initial condition
u(0) = (2(0),e) has the form wu(t) = (x(t), g(t)), where g(t) is a curve
in G such that w(u(t)) = 0 for all t. But

W) (U(t)) = D(ag) (2(1), 9(1)) =
= Adg(t)™ 0w (2(1),d Ry (9(1)) =
= Adg(t) " (wa(@(t)) +de Ry (9(1)) = 0.
Therefore, g(t) is uniquely determined by the equation

9(t) = —deRyy (X (1)),  9(0) =e.
The development of the curve z(?) has the form Z(t) = h(t)G, where

h(t) = g(t)~1. Denote by 7: G — G the inversion in the Lie group G.
Then

h(t) = doyT(9(t)) = dgyT 0 de Ry (=X (1)) =
= de(7 0 Ryqr)) (— = de(Lgyr 0 7) (=X (1)) =
= de Ly (X (1)),
as was to be proved. O
2.5. Curvature. By the curvature form of a Cartan connection w on P
we understand the 2-form
Q=dw+1/2w,w|

on P with values in g. B

If @ is the curvature form on P corresponding to a Cartan connec-
tion w and (2 is the curvature of w, then the form € is precisely the
restriction of €2 to P.

The definitions of Cartan connection and of the form €2 immediately
imply that

Lemma 2.3. The curvature form € satisfies the following conditions:
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1°. R} = (Adg")Q for all g € G;
2. QX,Y) =0 if at least one of the tangent vectors X,Y is vertical.
3. (structure equation) dQ) = [dw,w].

Example. It is known that the canonical Maurer—Cartan form 6 on a
Lie group satisfies the equation df +1/2[0, 6] = 0. Hence the canonical
Cartan connection w of an arbitrary homogeneous space (G, My) has
zero curvature. Conversely, if some Cartan connection on the principal
fiber bundle P has zero curvature, using the Frobenius theorem, it
is easy to show that it is locally isomorphic to the canonical Cartan
connection.

We say that a Cartan connection w is a connection without torsion
(or connections of zero torsion), if Q(X,Y) € g for all tangent vectors
X, Y.

Remark 2.2. The torsion of a Cartan connection w may be defined
as the 2-form T on P with values in g/g resulting from the curva-
ture form 2 on passing to the quotient by g. In this case expression
“connection of zero curvature” has the literal meaning.

2.6. Structure function. Given an element X € g, let X* be the
vector field on P defined by

(X%)p = (wp)_l(X)-
This definition is in agreement with the definition of the fundamental
field X* for X € g. Moreover, the field X* is vertical if and only if
X* € g. Consider how X* changes along the fibers of the fiber bundle
m: P — G. From the definition of Cartan connection it follows that

wpg o dyR, =Adgtow, VYpeP geQG.
Applying both sides of this equality to the tangent vector X} for some
X € g, we get
wpg (dpRe(X7)) = Ad g™ (X).

Hence

*

(Adg’l(X))pg = dpRg(X;) Vpe P, geG

or, briefly, dR,(X*) = (Adg '(X))* Vg € G. Thus the right shift
R, transforms the fundamental vector field X* into the fundamental
vector field corresponding to the vector (Adg—!)X.

Definition. The structure function of a Cartan connection w is defined
as a function ¢: P — L£(g/g A 8/g, 8) such that

c(p): (X +g,Y +g)— QX" Y.



THE GEOMETRY OF SECOND-ORDER EQUATIONS 13

From Lemma 2.3, 2°, we see immediately that c(p) is well defined
for all p € P.

Recall that the group G acts on the space L£(g/g A g/g,8) in the
following natural way:

(9-0)(X +9.Y +9) = (Adg)p(Adg™(X) +g,Adg™ (V) + g)
for all X,Y € g.
Lemma 2.4. c(pg) = (g7 ').c(p) for allp € P, g € G.
Proof. For XY € g, we have

c(pg)(X +8,Y +9) = Qe(X,,, V) =
= Qp (dyRy(Ad g(X);), R <Adg(Y>*>) =
= (R;Q2),(Adg(X);, Adg(Y)5)
= Ad g™ (2 (Ad g(X);, Adg(Y); )) ((g7)ec)(X +9,Y +9),

as was to be proved. O

We fix a basis {e1,...,enym} of the Lie algebra g such that
{€nt1, - €nrm} form a basis of the subalgebra g. Then every ele-
ment ¢ € £(g/g A §/9,8) is defined by a set of structure constants c};

(1<i,j<n, 1<k<n+m), c =—ch, where

n+m

pleita,ej+9) = e

The structure function c¢: P — L(g/gAg/g, 8) defines a set of functions
cfj (p). These functions may be found from the decomposition of the
curvature tensor €2 in terms of the components of the form w. Indeed,

if we write the forms ) and w in the form

n+m n—+m
Q= Z Orep, w= Z w'e;,

k=1 i=1
then the forms w',...,w™™™ constitute a basis for the module of dif-
ferential forms on P, and hence the forms QF (k =1,...,n +m) can
be uniquely expressed in the form
(6) QF = Z cfjwi A w’

1<i<j<n+m

for some smooth functions c ~on P. By Lemma 2.3, 2°, we have cj 0
whenever ¢ > n or j < n. Applylng both sides of (6) to the pairs of
the form (ej,e}), i,j = 1,...,n, we get at once that cfj = cfj(p) are
precisely the coordinates of the structure function c.
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3. CARTAN CONNECTIONS AND PAIRS OF DIRECTION FIELDS

Supposg G = SL(3, ]R)_, G is the group of all upper—triangulir ma-
trices in G, and My = G//G. Then the homogeneous space (G, M)
admits the following two interpretations:

1) My = JY(RP?), the action of G is the natural lifting of the
standard action of SL(3,R) on RP?
2) My is the set of all flags

VicVacR® (dimV; =14, i =1,2),

the action of G is generated by the natural action of SL(3,R)
on R3.

The corresponding pair (g, g) of Lie algebras has the form

11 T12 T13
g=sl3,R), g= 0 Z9g o3 || T11+ T2+ 233 =0
0 0 33

Any differential form w with values in g can be uniquely written in the
form
Wil Wiz Wi3
w=|wan wrp was], witwptws=0,
W31 Ws2 Wss
where w;; are usual differential forms.

Let m: P — R3 be an arbitrary principal fiber bundle with structural
group (G, and let w be a Cartan connection on P. We shall now show
that w determines a pair of direction fields in R*®. Consider an arbitrary
(local) section s: R* — P and let

By = (s"wa, S*w31>L,
E2 = <3*w31, S*W32>L.

Any other section 5 has the form § = s, where ¢ is a smooth function
from the common domain of s and s to G. Then

(7) §'w = (Adp ) (s"w) + ¢*0,

where # is the Maurer—Cartan form on G. Simple calculation shows
that the forms 5*ws; and §*ws; are linear combinations of the forms
s*wop and s*wsz;. Hence the direction field F; is independent of the
choice of the section s. The proof that Es is also well defined is carried
out in a similar manner.

Definition. Let (Ej, F2) be a pair of direction fields in space. We
say that a Cartan connection w is associated with the pair (E;, Es) if
(E1, Es) coincides with the pair of direction fields corresponding to w.
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The next theorem is the central result of the present section.

Theorem 3. If (F1, Es) is an arbitrary nondegenerate pair of direction
fields in R3, then up to isomorphism there exist a unique principal fiber
bundle m: P — R3 and a unique Cartan connection w on P satisfying
the following conditions:
(i) w is associated with the pair (Ey, Ey);
(i1) for all p € P, the structure function ¢ of w lies in a subspace
W C L(g/g \§/g,8) of the form

0Oabd 00 c
W:{621A631r—> (888>,631/\632r—> <888>,621/\632r—>0|a,b,c,dER}.

(Here
000 000 000
621=<(1)88>+9, 631=<(1388>+9, 632=<8(1)8)+9

is a basis of the space g/g).

Remark 3.1. Condition (ii) is equivalent to the requirement that the
curvature form of w have the form

0 awo1 N W31 bw21 A\ ws1 + Cwsy A\ W32
Q= 0 0 dw31 AN W32
0 0 0

Remark 3.2. The space W is invariant under the action of the Lie
group G on L(g/g N g/g,8). Indeed, if

rz t v
g=10 v u]l eqG, zxzyz=1,
0 0 =z
and ¢ € W has the form
Oabd 00c
803621/\631'—>(888>7€31/\€32’—>(886l>7621/\€32'—>07

then, by straightforward Computation

0 az au+by
g.p: 621/\631|—> = 00
00
(8) .CL’ 0 0 cx+dt
631/\632}—>—3 00 dy ,
00 O

€21 N\ €32 —
In particular, g.p € W.

Proof. We shall first consider the local case and then the global one.
According to Theorem 1, we can always assume that locally P = R3x G
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is a trivial principal fiber bundle and that the direction fields £ and Es
have the form

0 0 0 0
B={ZY, B={(Z4i.2 -
1 <aZ>7 2 <ax+zay+f(‘r7y72)az>7
where f is a smooth function on R3.
Let s: R® — P, a+ (a,e) be the trivial section of the fiber bundle 7,
and @ = s*w a form on R3 with values in g. Note that the form @

uniquely determines the form w. Indeed, for points of the form p =
(a,e) € P (a € R), we have

(wp)|TaR3 = Wa, (wp) r.¢ = idg,

and from the definition of Cartan connection it follows that for any
point p = (a, 9),

w, = (Adg)o W(a,e) © A(a,g)Fg1.

Let Q = s*Q. Then, in just the same way, the form Q uniquely
determines the curvature form ).
Condition (i) on the Cartan connection w is equivalent to the follow-
ing conditions:
(1) Wo1 = adzx + §(dy — z dx);
W31 = v(dy — z dx);

W32 = Ndy — zdz) + p(dz — fdz).

Since the subspace W C L(g/g A g/g,¢) is G-invariant, condition (2)
needs to be verified only for the points p = s(a) for all @ € R®. Thus
condition (ii) is equivalent to the condition

0w Awsy bwyy A wsy + w3y A wsg
(17) Q=10 0 dws1 A wsa
0 0 0

Show that there is a unique connection w on P satisfying these condi-
tions.

Note that the identification P = R? x G is not canonical and that all
such identification are in one-to-one correspondence with the sections
5: R3 — P of the form s’ = sp, where ¢: R® — @ is an arbitrary
smooth function. Under an identification like this, the form © becomes

O = (s)'w=(Adg o+ ¢"0,

where 0 is the canonical Maurer—Cartan form on G.
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With a suitable choice of s, we can always ensure that
Wy = dux,
w3 = dy — zdx,
W39 = k(dz — fdx).

This determines s uniquely up to a transformation of the form s — sy,
where ¢: R® — (G is a transition function with values in the subgroup

1 0 =z
GOG = 010 z eR
0 01

Using the condition le = 0, we find that £ = 1 and @33 — @11 =
u(dy — z dz) for some smooth function v on R3.

The condition 29; = 0 implies that
(;)22 — (IJH =vdx + t(dy — Zdl’),
(o3 =t dx + w(dy — z dx),

where v,w,t € C*(R?). By a suitable choice of the section s, the
number ¢ can always be made equal to zero, and thus s is uniquely

defined.
of

Now from the condition 532 = 0 we obtain that v = 7> and

Q19 = g—gdx —u(dz — fdz) + Ndy — zdz), X OC™(R?).

Furthermore, the equality S~222 + (233 — 25211 = 0 implies that u =
2
— 190 and that

2 022
2 2
L O] dr — 1d <8—f> + p(dy — zdw), p€ C®(R?).

(:)13 = M\dx —

3 0y0z 6 \ 022
Similarly, from 622 — Qll = 0 it follows that
_10°f
YT 608
V20 L ()
30ydz 6dx \022)’

where % denotes the vector field 3% + Za% + f %.

Thus, if
_ 0 * x
(9) Q=0 0 x|,
000
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then
Wor =dr, w3 =dy— zdr, @3 =dz— fdx,
Wog — W11 = %dw, W33 — W11 = —%%(dy — zdx),
g = g—gdm + %g(dz — fdz)+ (;8(?/28]; - é%%) (dy — zdx),
W13 = (%aa;gz — é%%) de — éd (%) + p(dy — zdx),
(o3 = é%(dy — zdz).

The only arbitrary coefficient here is p.
From (9), taking into account the structure equation of curvature
from Lemma 2.3, we can obtain the following conditions:

w31 A ﬁ23 =0, wuA 512 =0,
W1 N 512 + w31 A ?213 =0, wpA 523 — w1 A 612 =0,
whence
Qo = divsg A D + 8y A D31,
ﬁ12 = AWy N\ W31 + ews; A Wsa,
513 — bigy A g1 + G5y A Qs + 6@y A (3
for some @, b, ¢, d,é € C(R3).
Finally, letting
1 93 10f O3f 1do3f
F=% Oyoz2 60z 023 6drdz3’
we can ensure that e = 0.

We now show that in the global case the fiber bundle 7: P — R3
and the Cartan connection w are, too, unique up to isomorphism. For
this purpose we take a covering {U, }nes of the three-dimensional space
and, using local consideration from the first part of the proof, construct
a Cartan connection w, on each trivial fiber bundle w,: U, x G — U,,.

Let s, 53 be the trivial sections of the fiber bundles 7, and g,
respectively, and let W, = Sjwa, W = sjwg. Show that for any two
disjoint domains U, Ug there exists a unique function

Vap: UaNUg — G

such that
(10) G5 = (Ad o) + @hh.
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Without loss of generality we can assume that the form @, has the
form stated above. The form wg on U, N Us also satisfies conditions
(1), (2) and, therefore, can be made &, by a suitable choice of section.
But, by the above, this section is uniquely defined. Thus there exists
a unique function p,z: U, N Uz — G satistying (10).

In its turn, the family of functions {¢as}a,ser uniquely (up to isomor-
phism) determines a principal fiber bundle 7: P — R? with structural
group G and a Cartan connection w on P. O

Theorem 3 implies that there is a one-to-one correspondence between
second-order differential equations and the Cartan connections w on
principal fiber bundles 7: P — J'(R?) with structural group G sat-
isfying condition (ii). In particular, two second-order equations are
(locally) equivalent if and only if so are the corresponding Cartan con-
nections. ~

Explicit calculations show that the functions a and d for the con-
structed form @ on R? have the form

. 1 1 2 1
a = _fyy + éffyzz + §fyfzz + gf:vyz - é,fzmzz_

1 1 1 2
- _foyzz - éf:r:fzzz - gff:czzz + ngyyz_

3

1 1 1 2

- 622fyyzz - ngyfzzz - ngfyzzz - gfzfyz+
1
6

1 1
+ _fszzz + azfzfyzz - 6f2fzzzz;

~ 1
d=—— 2zz2"
6f

Further, from the structure equation dQ2 = [(2, w] it follows that

-~ Oda . d - ~

b= 5. (= dx(d) 2f.d.
In particular, the conditions @ = 0 and d = 0 imply that b =0 and
¢ = 0, respectively.

From formulas (8) of the action of the Lie group G on the space W,
in which the structure function takes its values, it follows that the
equalities @ = 0 and d = 0 have invariant nature. To be precise, the
subspaces Wy and Wy in W defined by the equalities a = b = 0 and
¢ = d = 0, respectively, are also G-invariant. In particular, the classes
of second-order equations described by these equalities are stable under
the diffeomorphism group of the plane.



20 BORIS DOUBROV AND BORIS KOMRAKOV

The condition ¢ = d = 0 is equivalent to the condition that the
corresponding differential equation has the form

(11) y' =A\)’+ B(y)* +Cy + D,

where A, B, C, D are functions of z, y.

The condition @ = b = 0 implies that the dual differential equation
has the form (11). Later on we shall show that the whole structure
function is zero if and only if that the corresponding differential equa-
tion is locally equivalent to the equation y” = 0. Thus,

Theorem 4. A second-order differential equation is equivalent to the
equation y" = 0 if and only if both the equation itself and its dual have
the form (11).

The main results of this section are due to E. Cartan [4]. Modern
versions of these results from slightly different points of view can be
found in [7, 9, 10, 11, 18, 19].

4. PROJECTIVE CONNECTIONS IN THE PLANE AND EQUATIONS OF
DEGREE 3 WITH RESPECT TO ¥/

As shown in the previous section, the class of second-order equations
of the form

(12) y' =AW+ By)+Cy +D

is stable under the diffeomorphism group of the plane. In this section
we show that every equation of this form may be naturally associated
with some projective Cartan connection on the plane.

Let My = RP3, and let G = SL(3,R) be the group of projective
transformations of My. Fix the point o = [1 : 0 : 0] in M,. The
stationary subgroup G' = G, has the form

G = { <(det54)_l i)‘ AeGL2,R),B e Matm(R)} :

and the corresponding pair (g, g) of Lie algebras has the form

g=sl(3,R),g= { (‘ ‘gA i)‘ Acgl(2,R),B¢e Matlxg(R)} .

Definition. A projective connection in the plane is a Cartan connec-
tion with the model (G, Mp).
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Any differential form w with values in the Lie algebra g may be
expressed uniquely in the form

1 2

w= w! wli o wi
w? w? Wi

Suppose : P — R? s a principal fiber bundle with structural group G,
and w is a Cartan connections on P, and let (z,y) be a coordinate
system in the plane.

Lemma 4.1. Locally, in the neighborhood of any point (z,y) € R?
there exists a unique section s: R*> — P such that

0 * =x
sfw=|dr =
dy *

Proof. Let s be an arbitrary local section. Then s is defined up to
a transformation s — sp, where p: R?> — G is a smooth transition
function. If

(s*wh) = adx + B dy,
(s*w?®) = ydx + d dy,

then, choosing ¢ to have the form

' A2(det A)71 0
where
e B _ -1/3
A_<7 5),)\—(detA) ,
we get
* %
s'w=[dr =
dy * x

Then the section s is defined uniquely up to transformations of the
form s +— s, where p: R? — G takes values in the subgroup

csa-{(2 £)

Similarly, it is easy to show that there is a unique function ¢ such that
the section sy has the desired form. O

B e MathQ(R)} .
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Recall that a geodesic of a projective connection w is a curve in the
plane whose development is a segment of a straight line in RP2. Sim-
ilarly, a geodesic submanifold is a one-dimensional submanifold in the
plane whose development is a segment of a straight line in RP? irre-
spective of the parametrization. Suppose that a submanifold L in the
plane is the graph of some function y(z). Then L may be parametrized
like this:

t—x(t) = (t,y(t), teR.
We shall now determine when L is a geodesic submanifold.

Consider the section s: R? — P satisfying the conditions of the
above lemma, and let @ = s*w. Define a curve X () in the Lie algebra
g as
0 wi(d) wad)

i) (@)
P(@) wi(z)
Then the development of the curve z(t) has the form Z(t) = h(t).o,
where h(t) is the curve in SL(3,R) such that

h(t) = ()X (1), h(0) = Ej.

Passing to the section s’ = sy, where

—_
14

X(t) = w(@@) =

<
~ &

1 0 0
¢: (z,y)—~ [0 1 0],
0 ¢'(z) 1

we get
O = (8)'w=(Adp o + ¢ tdp.
Straightforward computation shows that

0 * *
X't)=a"(z(t)=[1 * *
0 "+ (@ +y/(@ — @) — (v)°@3) =
It follows that the tangent vector to the development Z(t) at the point o
in non-homogeneous coordinates is equal to (1,0). But in RP? there
exists a unique straight line [ through o with tangent vector (1,0),
namely [ = {[x : y : 0]}. Hence a necessary and sufficient condition
for L to be a geodesic submanifold is that Z(¢) € [ for all t € R. This
condition is equivalent to the requirement that A(t) lie in the subgroup
H C G preserving the straight line I:

H = glae —bd) =1

O QR
o 0 o
Q - 0O
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But this is possible if and only if the curve X’(¢) lies in the Lie algebra
of H, which has the form

at+e+g=0

==

Il
O QR
o o
Q - 0

Thus every geodesic submanifold satisfies the equation
(13) y' = (@] + (@5 - @r) = (y) @) ().
Assume that
=~y = aydr + fy dy,

= aydr + 3 dy,
07 = of dr + 31 dy.

~1
Wi
(;}1

2

Then equation (13) can be written explicitly as
y" = Bs(y)? + (28] + a3)(¥)? + (201 — By — of.

Any second-order equation of the form (12) can therefore be inter-
preted as an equation for geodesic submanifolds of some projective
connection in the plane.

We now formulate the main result of this section.

Theorem 5. Given a second-order differential equation of the form (12),
there exists a unique (up to isomorphism) principal fiber bundle 7: P —
R? with structural group G and a unique Cartan connection w on P
satisfying the following conditions:

(i) the geodesics of w satisfy the equation (12);
(1) the structure function c: P — L(g/g A §/9,8) takes values in the

subspace
0ab
W = {61/\62l—> (0 00>a,b€R}.
000
(Here e; = (ggé) +g, 2= (§§§> +g is a basis of the quotient space

g/9)-

Remark 4.1. Tt is easy to show that the subspace W is invariant under
the action of G on L(g/g A g/g,8).

Proof. The proof of this theorem is very similar to that of Theorem 3,
Section 3. We shall only construct the g-valued form @ = s*w on R%
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We can assume, without loss of generality, that

w' = dz,
o = dy,
@1 + @5 = 0.

Suppose

QO = —@5 = ajdx + (1 dy,

@y = aydx + G, dy,

0 = o2 dx + B dy.
Then condition (i) together with the equations Q! = @2 = 0 gives the
following system of equations for the coefficients o, (] (1,7 =1,2):

By = A

201 + ay = B, Bl = as,
20i — B = C, Bt = —ai.
—ai = D;

It immediately follows that
@) = -5 = %(de + Bdy),
Q3 = éBdl‘%—Ady,
0} = —Ddx — %C’dy.

The conditions QZ =0(:,j= 1, 2) uniquely determine the forms

oD 10C 2 10C 10B 1
5y = 272 _“BD 2Vde+ (= — ==— —B2 AD ) d
“ (&y 30r 3 i C ) i (3 Jdy 30z ) 4

10C 19B 1 10B 9A 2, 2
~ et —B AD | d —— —— 4+ B ZAC) dy.
w2 (3ay 50 T 90C T ) x+(38y or T9" T3 O) Y

O
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