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CONFORMAL STRUCTURES WITH EXPLICIT AMBIENT
METRICS AND CONFORMAL Gy, HOLONOMY

PAWEL NUROWSKI

ABsTrACT. Given a generic 2-plane field on a 5-dimensional manifold we con-
sider its (3, 2)-signature conformal metric [g] as defined in [7]. Every conformal
class [g] obtained in this way has very special conformal holonomy: it must
be contained in the split-real-form of the exceptional group G2. In this note
we show that for special 2-plane fields on 5-manifolds the conformal classes [g]
have the Fefferman-Graham ambient metrics which, contrary to the general
Fefferman-Graham metrics given as a formal power series [2], can be written
in an explicit form. We propose to study the relations between the conformal
G>-holonomy of metrics [g] and the possible pseudo-Riemannian G2-holonomy
of the corresponding ambient metrics.

1. THE (3,2)-SIGNATURE CONFORMAL METRICS

Consider an equation
(1.1) 2= F(z,y,y',y", 2) with vy 70,
for two real functions y = y(z ) z = z(x) of one real variable z. To simplify notation

introduce new symbols p = y' and ¢ = y"”. Equation (L) is totally encoded in the
system of three 1-forms:

wl = dz— }71(3372/7137q:z)dZE
(1.2) w? = dy — pdx
w? = dp— qdz,

living on a 5-dimensional manifold J parametrized by (x,y,p,q,z). In particular,
every solution to (L) is a curve y(¢) = (z(t), y(t), p(t), q(t), z(t)) C J on which all
the forms w', w?,w? identically vanish.

We introduce an equivalence relation between equations (1)) which identifies the

equations having the same set of solutions. This leads to the following definition:

Definition 1.1. Two equations 2’ = F(z,y,y',y",2) and 2’ = F(z,9,¢9',y", 2),
defined on spaces J and .J parametrized, respectively, by (z,y,p = v',q = v, 2)
and (Z,9,p = §',q = §",2), are said to be (locally) equivalent, iff there exists a
(local) diffeomorphism ¢ : J — J transforming the corresponding forms

1:dZ_F(337Z/=P7Q=2)d33 Ql:dz_F(i gﬁ7@:7)d
2 =dy — pdx and @% =djy — pdz
3 =dp — qdz w3 =dp — qdz
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via:
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aw' 4+ pw? + yw?
= dw' + ew? + \w?, with functions «, 3,7, 6, €, \, &, v on J such that
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(@) = kw! + pw? + vw?
a By
det [ ¢ A| #0.
K p v

It follows that equation (II]) considered modulo equivalence relation of Definition
[T uniquely defines a conformal class of (3,2)-signature metrics [gr] on the space
J. In coordinates (x,y, p, q, z) this class may be described as follows. Let

D =08, + pd, + q0, + FO.

be a total differential associated with equation (I on J. Then a representative
gr of the conformal class [gr] may be written as

gr = | DF},F; +6DF,DF,,F. — 6DF,,F,F. —
3DDF,F}, +9DF,F} —9F, Fy +
9DF,.F,F;, —18F,.F,F, + 3DF.F, —
6DFszquqlJP + 6FszquqlJP - SDFQDquququq +
8DF g FyFyqFygq + 3DDF,F. Fryg — 3DF,Fo Fqq —
3DF.F,F; Fyq +4(DF))*F;, —8DF,F,F. —
3(DFq)2ququqq + 4F;F(qu +O6DE FpFygFyqqq —
3F)FyqFyqqq — 6DF FyF. Foy. + 6F,F Fo Fyy. —
3DF,F} F,. +12F,F} F,. + 3F, F, F, —
6D FyqqFyFoyFs + 4D Fy Fo Fo + 6F, F o Fygp F. +
(1.3) 8DF, F,Fy Fyy F. —ADF,F. F,,F. —

qqq9+- z
9F,,F) F. + F,F. Fy F. —8DF,F,F; F. +
8F,FyFo F. + 6DF FyFyFuqqqF. — 6F,F FyqFyoqq F: +

3 2 72 3

18ququ + 6Fq ququze + 3Fququze -
4 72 2 2 272 72

2quFz +Fquququz +4Fququz B

3F§quququ3 - 9Fq2Fq3szz ] (@)% +

[ GDquszfq - 6szqu(11) - SDquququq +
8DF,F,,  —8F,F. —6DF,Fy Fq, +

6F, FyyFyqqq — 6F Fp Fyq: + 6F) Fy +

2F FuqqF. — 8F Fiy Fs + 6F Fyy Fugqo Fo ] @' 07 +
[ 10DFy F}), — 10DF,F Fyyq + 10F,F; Fyqy —

10F,, F. + 10F, F}, Foga - ] @'a% +
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30FY &' + [ 30DF,F? — 30F,F% — 30F,F3 F. | &' +
[ 454y = 3FgFygaq | (@7)° = 10F, Fyyy %607 + 30F7, 007 — 20Fy, (&)

aqq aq
wherd]
o' = dy — pdx
©? = dz— Fdz — F,(dp — qdz)
(1.4) @ = dp-—qdx
ot = dg
o = da.

It follows from the construction described in Ref. 7] that when the equation (L]
undergoes a diffeomorphism ¢ of Definition [l the above metric gr transforms
conformally.

The conformal class of metrics [gr] is very special among all the (3, 2)-signature
conformal metrics in dimension 5: the Cartan normal conformal connection for this
class, instead of having values in full so(4,3) Lie algebra, has values in its certain
14-dimensional subalgebra. This subalgebra turns out to be isomorphic to the split
real form of the exceptional Lie algebra go C so0(4,3). Thus, conformal metrics
[9r] provide an abundance of examples of metrics with an ezceptional conformal
holonomy. This holonomy is always a subgroup of the noncompact form of the
exceptional Lie group G2. We strongly believe that randomly chosen function F,
such that F, # 0, give rise to conformal metrics [gr] with conformal holonomy
equal to Gs.

It is interesting to study the conformal classes [gr] from the point of view of
the Fefferman-Graham ambient metric construction [2]. Since for each F' defining
equation (II)) we have a conformal class of metrics [gr] in dimension five, then since
five is odd, Fefferman-Graham guarantees that there is a unique formal power
series of a Ricci-flat metric of signature (4,3) corresponding to [gr]. Moreover,
since given F' the metric g is explicitely determined by formula ([L3]), we see that
starting with real analytic F', the metric gg is real analytic. Thus, every analytic
F of ([IJ) leads to analytic gr and then, in turn, via Fefferman-Graham, leads
to a unique real analytic ambient metric gr of signature (4,3). Since both the
Levi-Civita connection for gy and the Cartan normal conformal connection for the
corresponding 5-dimensional metric gr have values in (possibly subalgebras of) the
same Lie algebra so(4, 3), it is interesting to ask about the relations between them.
We discuss these relations on examples.

2. THE STRATEGY FOR CONSTRUCTING EXPLICIT EXAMPLES OF AMBIENT
METRICS

We start with the Fefferman-Graham result [2] adapted to the 5-dimensional
situation of conformal metrics [gF].

Let gp be a representative of the conformal class [gr] defined on J by ([I3).
Consider a manifold J x Ry x R. Introduce coordinates (0 < ¢t,u) on Ry x R in

INote that formula for gr differs from the one given in Ref. [7] by tilde signs over the all
omegas. In Ref. [7], when copying the calculated metric gp, by mistake, we forgot to put these
tilde signs over the omegas. Hence, in Ref. [7], formula for gg is true, provided that one puts the
tilde signs over the omegas and supplements it by the definitions (I4]) of the tilded omegas.
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J x Ry x R We have a natural projection 7 : J x R x R — J, which enables
us to pullback forms from J to J x Ry x R. Ommiting the pulback sign in the
expressions like 7*(gp) we define a formal power series

(2.1) gr = —2dtdu + t?gp — uta + u’f + udt 1ty + Z uk 2 F .

k=4
Here o, 8,7, ug, k = 4,5,6, ...., are pullbacks of symmetric bilinear forms «, 3, 7y, g
from J to J xRy xR. Thus gp is a formal bilinear form on J xRy xR. This formal
bilinear form has signature (4, 3) in some neighbourhood of u = 0. The following
theorem is due to Fefferman and Graham [2].

Theorem 2.1. Among all the bilinear forms §p which, via (Z1), are associated
with metric gp of (I.3) there is precisely one, say gr, satisfying the Ricci flatness
condition Ric(gr) = 0.

Given gy, all the bilinear forms a, 3, v, ux in §p are totally determined. Another
issue is to calculate them explicitely. For example, it is quite difficult to find the gen-
eral formulas for the higher order forms puy. Nevertherless the explicit expressions
for the forms «, 8,7 are known [4, 5]. We write them below in the form obtained
by C R Graham. We define the coefficients «;;, B;; and v;; by a = a;jdz’dad,
B = Bijdzida’, v = v;;daida?, where (z%) = (z,y,p,q,2) are coordinates on .J.
Then Graham’s expressions for a;j, f;; and v;; are [4]:

aij = 2Py,
Bij = —Bij + PP,
(2.2) 3vij = Bij;kk — 2Wiij B + 4pk(iBj)k —4P," By + 4Ple(ij)k;l _

20! Clji + C M Cjpy + 2P%,C ) — 2Wii PE P,

where

Pij = 3(Rij — §Rgrij),
is the Schouten tensor for the metric gp = gp;jdzida,

Wik = Rijii — 2(Pirgruj — Pjk9grii)
is its Weyl tensor,
Cijk = Pijik — Pik;j

is the Cotton tensor, and

Bij = CijpF — P*Wiiji

is the Bach tensor.

Of course all the above quantities can be explicitely calculated once F', and in
turn the metric gg, is chosen.

In the rest of the paper we will chose particular functions F' = F(z,y,p,q, z), and
we will calculate the corresponding forms a, 3,7 for them. We will give examples
of F’s for which the bilinear form ~ is identically vanishing,

(2.3) v=0.
Given such F’s we will consider

gr = —2dtdu + t’gr — uta + u*p.
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Note that gp coincides with the ambient metric gr up to the terms quadratic in
the ambient coordinates ¢,u. If by chance the bilinear form gp satisfies the Ricci
flatness condition

Ric(gr) =0,
then by the wniqueness of the ambient metric g stated in Theorem 211 it will
coicide with the ambient metric gp:
gr = gF-

The uniqueness result of Theorem [Z] together with the Ricci flatness of gp, is
powerfull enough to guarantee that not only the coefficient v in the ambient metric
gr identically vanishes, but that all the coefficients g, k = 4,5,6, ..., vanish too!

3

Thus the strategy of finding explicit ambient metrics g for gg is as follows:

e find F' = F(z,y,p,q, z) for which the corresponding metric gy has identi-
cally vanishing form « of ([2.2));

e calculate the approximate ambient metric g for such F

e check if the Ricci tensor Ric(gr) of gp is identically vanishing;

e if you have F' with the above properties then the approximate metric gg is
the ambient metric g for gp.

3. CONFORMALLY EINSTEIN EXAMPLE

As the first example, following Ref. [7], we calculate gp and its approximate
ambient metric gr for a very simple equation:

2 =F(y"), with  Fyu,n # 0.
It was shown in Ref. 7] that the conformal class [gr] may be represented byﬁ
_15(F”)10/39F _
30(F")* [ dgdy — pdgdz | + [4F®? —3F"F® | d2% +
2 [=5(F")?F®) —4F'F®2 L 3p'F"FW ] dpdz +
2 [15(F")? + 5q(F")?F®) —4FF®? 4 4qp' FG)? L 3pp" A
3¢F'F"FW | dzdz +
(3.1)  [-20(F")* + 10F"(F")2F®) 4 4(F")2F®? _ 3(F')2F"F® ] dp? +
2 [~15F'(F")? + 20q(F")* + 5F (F")2F®) — 10qF"(F")*F®) 4
AFF'F®? _ 4q(F")?F®? _3FF'F'"F® 4 3¢(F")?F"FY | dpdx +
[—30F(F")? + 30¢F"(F")? — 20¢*(F")* —
10gF(F")?F®) 4 10¢*F' (F")?F®) 4 4F2F(3)2 _
SqFF'F®)? 4 4¢?(F)? F®)2 32" ) 4
6gFF'F"FY — 3¢2(F")?F"FW ] da?.
27 (q)

As noted in Ref. [7] this metric is conformal to a Ricci flat metric gp = e
with a conformal scale Y = Y(q) satisfying second order ODE:

90F”2(T” o Tl2) o 60F”F(3)TI + 3FIIF(4) o 4F(3)2 =0.

gr

2The metric presented here differs from this of [7] by a convenient conformal factor equal to
715(F”)10/3.
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Thus, since for each F' = F(q) the conformal class [gr] contains a Ricci flat metric,
its conformal holonomy must be a proper subgroup of the noncompact form of G.
An interesting feature of this conformal class is that it is very special among all the
conformal classes associated with equation (I.I]). Not only has gp very special con-
formal holonomy, making it very similar to the Lorentzian 4-dimensional Brinkman
metrics; moreover, since its Weyl tensor has essentially only one nonvanishing com-
ponent (see Ref. [7] for details) it is not weakly generic (see Ref. [3] for definition).
This makes [gr] analogous to the Lorentzian type N metrics in 4-dimensions, such
as for example, Fefferman metrics.

Having gr of (B1) we used the symbolic computer calculation program Math-
ematica to calculate its associated form v of [Z2)). We checked that this form
identically vanishes. We further used Mathematica to calculate the corresponding
approximate ambient metric gr. On doing that we obsereved that, surprisingly,
the bilinear form [ is also identically vanishing. The explicit formula for the ap-
proximate ambient metric is given below:

(3.2) gr = t>gr — 2 dtdu — 2tuF"*/?Pdg?,

with
4F(3)2 o 3FIIF(4)
90(F11)10/3 ’

and gp given by (BI). The metric gp is defined locally on J x Ry x R with
coordiantes (z,y,p,q, z,t,u). It obviously has signature (4,3). We also checked,
again using Mathematica, that Ric(gr) = 0. Thus, we fulfiled the strategy outlined
in Section[2l This enables us to conclude that g of (8.2 coincides with the ambient
metric gp for gp. To give expressions for the Cartan normal conformal connection
for gr and the Levi-Civita connection for gr = g we first introduce a nonholonomic
coframe (01, 62,6%,6%,65) on J given by

P =

6" = dy — pdx
6? = dz — Fdz — F'(dp — qdx)
07 = —Z(F")'/(dp — qdz)
30(F")"30* = (3F'F"FW —4F'F®? — 10(F")?F®) (dp — qdz) +
(4F®? _3F"FW) (dz — Fdz) + 30(F")3dx
9> = —(F")?/3dq.
In this coframe the metric gp is simply:
gr = 20"6° — 260" + (6°).
By means of the canonical projection
m(2,y,p,4,2,t,u) = (2,9,p, 4, 2)

the coframe (A',62,6°,6%,6°) can be pulbacked to five linearly independent forms
(6',60%,6°,6%,0°) on J x Ry x R. They can be suplemented by

A = dt and 6% = du

to form a coframe (6°,0',62,6%,6* 6°,6%) on the ambient space J x Ry x R.
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The Cartan normal conformal connection, when written on J in the coframe

(61,0%,6%,6%,05) reads:

0 0 0 0 0 o 0

0 0 QO+ EPY o6t 6P 0 o

6> 0 0 750 0 — 550" 0
wg, = | 0* 0 —2V/3P§° 0 %05 7%94 0

6* 0 0 —2V3P¢° 0 Q0% + %PW 0

6> 0 0 0 0 0 0

0 6 —* 6> —6? 6! 0

Here:

A0F 33 — 45 F"FBI @) 4 g2 p(5)
Q = 90F”5

Now we use coframe (6°,6%, 62, 6% 6* 65, 6%) to write down the Levi-Civita connec-
tion for gr. We have

gr = 9i;0'07,
with the indices range: ¢,j = 0,1,2,...6, and the matrix g;; given by

0 0 0 0 0 0 -1
0 0 0 0 0 2 0
0 0 0 0 - 0 0
gyj=10 0 0 # o0 0 0
0 0 2 0 0 0 0
0 # 0 0 0 —2uP 0
1.0 0 0 0 0 0

The Levi-Civita connection for gr on J x Ry x R, when written in the coframe
(6°,0%,6%,6% 0%, 65,6°) reads:

0 0 0 0 0 —tPg°
10+ BP0 QO+ S PE o6t L6 BP0 — Q0 — {PE°
162 0 140 250" 0 —5i50°
wre = 16 0 —2v/3P6° 16" 750 v A
19 0 0 -2v/3P¢°>  1g° Q6* + 5 2=P6°
16° 0 0 0 0 16"

0 65 —t6* t6° —t6? o' — uP#°




8 PAWEL NUROWSKI

Note that on ¥ = {(z,y,p,q,z,t,u) : u =0, t = 1} we trivially have §° = 0 = §°.
Thus, restricting the formula for wy ¢ to ¥, we see that wg, = wpc|x. Off this set the
two connections: wy¢ and the pullbacked-by-m-connection wg,, differ significantly.
To see this it is enough to observe that contrary to wy,c, the connection 7*(we,)

has torsion. Indeed writing the first Cartan structure equations for the 7*(wg,) in
the coframe (6°,01,62,6% 6*,6°,6°) we find that the torsion is:

0
—0° NG — PO NGBS
—6° A 62
Ao’ + 7 (wa,)'; A = —ONG?
—68° A 6%
—6% AP
0
The vanishing of this torsion on the initial hypersurface ¥ confirms our earlier
statemant that the two connections wq, and wre coincide there.
It is interesting to note that the curvature dwrc + wro A wrc does not depend
on t, u and is anihilated by 0; and 8,. Thus it can be considered to be a 2-form on
Y. Assuch it is precisely equal to the curvature dwe, +wa, Awg, of the connection

Ve
00 0 00 0 0
00 A5 0 0 0 O
00 0 00 0 O
de2 + wa, Nwag, = dwre +wrecAwrec=10 0 0 0 0 0 O 6> /\05,
00 0 0 0 45 0
00 0 00 0 0
00 0 00 0 0
whertﬂ
y —224F ()4 4 336 G2 _ 51242 _ g2 G F() 4 103 F(6)
5 — .

100F"20/3
4. NON-CONFORMALLY EINSTEIN EXAMPLE

To get quite different example of [gr] we consider equation (II)) in the form:

"2

2 =y" 4+ agy’® + asy”® + asy™ + asy” + asy’? + a1y’ + ag + bz,

where a;,7 = 0,1,...,6, and b are real constants. This equation has the defining
function

F =q¢* + agp® + asp® + asp” + asp® + asp® + a1p + ag + bz
and, via (L3), leads to a conformal class [gy] represented by a metric
15(2)"2Pgp = [9as + 20% + 2Tasp + 54asp? + 90asp® + 135a4p*]dy> +
[15a0 4+ 2(b* — 3a2)p® — 3asp® + Yasp® + 30asp® + 60aep® —
(4.1)  20bpg + 5¢° + 15bz]dz” +
[15a1 4+ 4(3ay — b*)p — 9azp® — 48a4p® — 105a5p* — 180aep® +
3We use the letter A5 to denote the nonvanishing component of the curvature to be in accor-

dance with [7] and Cartan’s paper [I]. Note however that in order to avoid collision of notations
between the present and the next sections we use capital As instead of as of paper [7].
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20bg]dxdy + 20dp* —
10(bp + ¢)dpdz + 10bdpdy — 30dgdy — 15dzdz + 30pdgdz.

This metric is not conformal to an Einstein metric. The quickest way to check
this is the calculation of the Cotton, Cjj, and the Weyl, W;jz;, tensors for gp.
Once these tensors are calculated, it is easy to observe that they do not admit a
vector field K? such that Ciji + KlWlijk = 0. As a consequence the metric is not
a conformal C-space metric. This proves our statement since every conformally
Einstein metric is neccessarily a conformal C-space metric (see e.g. Ref. [3]).

Recall that gp of ([@J]), as a member of the family of metrics (L3)), defines a
conformal class [gp] with conformal holonomy H reduced to the noncompact group
G or to one of its subgroups. But since the metric (@) is not conformal to an
Einstein metric, we do not have an immediate reason to conclude that H # G.
We conjecture that H = G5 here and try to prove it in a subsequent paper [6].

It is remarkable that the ambient metric gp for gp of (AI) assumes a very
compact form:

gF = t2gF — 2 dtdu —
2 tu | %(72(12 + 4b® + 3asp + 6asp® — 20asp® — 120agp*)dz? —

35 (as — 10asp® — 40aep”)dady — f5(as + 5asp + 15aep°)dy* | +

u® [ 81

W(m — 10asp + 60agp?)dz? + 4(;;—2/3(% — 12agp)dzdy + maﬁdgf ]
This is checked by applying our strategy described in Section [ to the metric (4.1]).
As in the previous example, using Mathematica, we calculated the bilinear form

~ for [@J). It turned out to be equal to zero, v = 0. Then we calculated g,
and checked that it is Ricci flat. Thus we concluded that gr coincides with the
ambient metric for gr. The above given formula for gr is therefore just g, which
we calculated using ([2.2).

We find this example as a sort of miracle. Apriori there is no reason for gp
to have the ambient metric truncated at the second order in terms of the ambient
parameters ¢ and u. We are intrigued by this fact.

Now, following the general procedure outlined in [7], we introduce a special

coframe for gp given by:

6! = dy — pdz

6? = dz — Fdz — 2¢(dp — qdz)
54/3

07 = 2= (dp — qdu)

gt = 2713dy

15(2)136° = (9ay + 2b* + 27asp + 54asp® + 90asp” + 135a¢p*) (dy — pda) +
10b(dp — gdz) — 30dq +
15(a1 + 2asp + 3asp? + 4asp® + 5a5p* + 6agp” + 2bq)dz.
In this coframe the metric gp is:
gr = 206° — 2620* + (6°)2.
As in the previous section, we use the canonical projection

m(x,y,p,q, 2, t,u) = (z,y,p,q, 2)
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to pullback the coframe (61,602,603, 64, 6°) to five linearly independent forms (6,62, 63,6, 6°)
on J x Ry x R, which are further suplemented by

A = dt and 6% = du

to form a coframe (6°,6',62,6°%,6*,6°,6°%) on the ambient space .J x R, x R.

It turns out that if b = 0 the coframes on J and J x Ry x R defined in this
way are suitable to analyze the relations between the Cartan normal conformal
connection weg, for [gr] and the Levi-Civita connection wyeo for gp. If b # 0
the conection wg, in the coframe (8',62%,6%,6*, 6°) and the connection wy,c in the
coframe (6°,6',60%,6°,6*,6°,6%) do not coincide on ¢t = 1, u = 0. We will not
analyze this case here.

Restricting to the

b=0
case we find the following:

e the connections wg, in the coframe (6,62, 6° 6* 6°) and the connection
wrc in the coframe (6°,0',62%,60%,6*,6°,0%) coincide on t = 1, u = 0.

e the torsion of 7*(wg,) in the coframe (6°,0',62%,6%,6%,6°,6°) is nonvanish-
ing off the set t =1, u =0

e unlike the example of the previous section the curvature dwrc +wro Awre
siginificantly depends on ¢ and wu.

e even on t =1, u = 0, the curvature dwg, + wa, A wg, and the restriction
of dwrc +wre N wie do not coincide.
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