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ABSTRACT. We prove several theorems concerning the con-
nection between the local CR embeddability of 3-dimensional
CR manifolds, and the existence of algebraically special Maxwell
and gravitational fields. We reduce the Einstein equations for
spacetimes associated with such fields to a system of CR in-
variant equations on a 3-dimensional CR manifold defined by
the fields. Using the reduced Einstein equations we construct
two independent CR functions for the corresponding CR man-
ifold. We also point out that the Einstein equations, imposed
on spacetimes associated with a 3-dimensional CR manifold,
imply that the spacetime metric, after an appropriate rescaling,
becomes well defined on a circle bundle over the CR manifold.
The circle bundle itself emerges as a consequence of Einstein’s

equations.
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1. INTRODUCTION

1.1. 3-dimensional CR structures. Let M be an open set in R3, with real
coordinates (x, ¥, z). We consider a complex vector field

0 0 0
(11) Z=aa+b@+C$.

Here the coefficients
a=a(x,y,z), b=bx,y,2z), c=c(x,y,2)

are complex-valued functions on M. We assume that the vector field Z and its
complex conjugate Z are linearly independent at each point of M. The vector field
Z spans a 1-dimensional complex distribution T!'? in CTM. By definition the pair
(M, T40) is an abstract 3-dimensional CR manifold. The CR structure (M, TLO)
on M is said to be of class C¥ iff the coefficients a = a(x,y,z), b = b(x,y,z)
and ¢ = c(x,y, z) are of differentiability class C¥.

If the vector fields Z, Z and [Z, Z] are linearly independent at each point of
M then the CR structure (M, T'0) is called strictly pseudoconvex. When [Z, 7]
is linearly dependent on Z and Z at a point p, the Levi form of the structure
(M, T19) vanishes at p.

Natural examples of 3-dimensional CR manifolds are hypersurfaces M of one
real codimension embedded in C2. They acquire a CR structure T"’M from the
ambient space by T'"'M = {X—iJX | X € TMNJ(TM)}, where J is the standard
complex structure on C2.

Given an abstract CR manifold (M, T!0) one asks if there exists a local dif-
feomorphism

(:M - (M) cC?
such that
1T = TLO (M),

Such a diffeomorphism is called a local CR embedding of (M, T19) into C2.
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The question of whether or not a given 3-dimensional CR manifold (M, T'9)
can be locally CR embedded as a hypersurface in C? is related to the problem of
the local existence of solutions to the /inear partial differential equation

(1.2) ZC =0,

where

- _0 :20 _ 0

Z—aax +bay +caz
is a section of the bundle T'* = T%!, The solution € = C(x,y,z) is called a
CR function. Of course any holomorphic function h = h(T) of a CR function is
a CR function. When speaking about different CR functions, we will mean only
those which are not functionally related to each other by a holomorphic function
in this sense.

If the CR structure (M, T!'0) on M is real analytic, then by the Cauchy-

Kowalewska theorem, equation (1.2) locally admits zwo functionally independent
CR functions

C=C(x,v,2), n=nx,y,2)

such that
dC Adn # 0.

Then the CR manifold is locally CR embeddable with the local CR embedding
being real analytic, and given by [1,24]

(:M >3 (x,y,2) — (L,n) = (C(x,y,2),n(x,y,2)) € C*.

The situation in which (1.2) has two functionally independent solutions may
also happen when the CR structure on M is sufficiently smooth but 7oz real an-
alytic. The important thing is that the requirement that (1.2) locally admits two
functionally independent CR functions is equivalent to the local embeddability of
M. The real analyticity is not needed for this equivalence to hold.

It turns out that if one abandons the assumption about the real analyticity of
(M, ThO), e.g. if one assumes that (M, T'0) is only of class C*®, then the equa-
tion (1.2) may have no other local solutions than the trivial ones C = const. This
remarkable result is due to Louis Nirenberg [26,27], where he gave the first exam-
ple of a Z having C® coeflicients such that (1.2) has only constant local solutions.
As a consequence such abstract CR manifolds are 7oz locally CR embeddable as
hypersurfaces in C2.

There are a few situations in which a C® 3-dimensional abstract CR manifold
is locally embeddable. Among them are the Levi flat structures (those whose Levi
form vanishes identically in a neighborhood), as well as those which admit a local
symmetry (i.e. alocal real vector field X such that [X,Z] A Z = 0, in a neighbor-
hood). It is also possible to find C* 3-dimensional abstract CR structures on M



3134 C. DENSON HILL, JERZY LEWANDOWSKI ¢ PAWEL. NUROWSKI

which have one CR function €, with dC # 0, but such that any other local CR
function is functionally dependent on T hence such structures are also not locally
CR embeddable.

However the surprising and remarkable thing about C* 3-dimensional CR
structures is that the generic situation is like the example of Nirenberg: The comp-
lex vector fields Z, having only locally constant solutions, are dense (in the C*
topology). This is a consequence of a Baire category argument.

Given a strictly pseudoconvex structure (M, T'%) on M which is locally CR
embeddable, an arbitrary small randomly chosen C*® perturbation of it will no
longer be locally CR embeddable, see [14].

Consequently, for smooth 3-dimensional CR structures, those which are lo-
cally embeddable form a #hin set (in the sense of Baire category) in the space of all
such structures. So we have the question: What sort of conditions (aside from real
analyticity) can be imposed on a sufficiently smooth 3-dimensional CR structure
in order to guarantee local CR embedding? In this paper, among other things, we
show how imposing the vacuum Einstein equations on an associated space time
can single out elements of this thin set.

1.2. The dual formulation. Since we have Z A Z # 0 we can supplement
these two complex vector fields by one real vector field Zy on M so that the triple
(Zo,Z,Z) constitutes a basis for complex vector fields on M. Associated to the
basis (Zy, Z, Z) there is its dual basis of 1-forms (A, u, ft) on M satisfying

ZodA=1, Ziu=1, Zip=1,

all other contractions being identically equal to zero. Note that the form A is real
valued.

The forms (A, , f1) are determined by the CR structure (M, T"?) up to the
following transformations:

(1.3) A =fA p—u =hu+pd, [~ @ =hi+pa,

where f # 0 (real) and h # 0, p (complex) are functions on M.
It is obvious that the differential equation

dCAAAU=0

for a complex valued function € on M is invariant under the transformations (1.3).
It is the dual version of the tangential CR equation (1.2) and its solutions are just
CR functions.

The Levi form of a 3-dimensional CR structure (M, T!:) at a point is a non-
vanishing multiple of the value of the real valued function w defined by

(1.4) AMAdA =iwA Au' A Q.
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Thus the CR structure is strictly pseudoconvex iff
AANdA =0

on M. (Note that this statement is independent of the choice of the representative
A"in (1.3).)

This enables us to formulate an equivalent definition of a 3-dimensional CR
structure, the original one, that was actually used by Elie Cartan [4]:

Definition 1.1. A 3-dimensional CR structure is a 3-dimensional real mani-
fold M equipped with an equivalence class of pairs of 1-forms (A, u) such that:

e A is real-valued, p is complex-valued;
o AApAf#0at each point of M;
e two pairs (A, u) and (A’, u’) are in the same class iff there exists functions

f> h, p such that (1.3) holds.

We will use this definition in the following and, rather than (M, T?), we will
write (M, (A, 1)) to stress that a CR structure is associated with a class [ (A, u)].

1.3. Lifting CR manifolds to Lorentzian spacetimes. Three dimensional
CR structures are very closely related to the so-called congruences! of null geodesics
without shear in a spacetime [306, 45, 52]. These are well known in general rela-
tivity theory and proved to be very useful in the process of constructing nontrivial
solutions to the vacuum Einstein equations in 4-dimensional manifolds equipped
with Lorentzian metrics.

Given a 3-dimensional CR manifold M, we consider a representative (A, ()
of the class [(A, p)] defining the CR structure on it. On the Cartesian product
M = M X R we have a distinguished field of directions k, which is tangent to the
R factor in M. The four manifold M = M X R naturally projects onto M with a
projection 71 : M — M and 14 (k) = 0. We choose a coordinate * along the R
factor, so that that k may be represented by k = 0,. Omitting the pullbacks 77*
when expressing the forms on M, i.e. for example, denoting by u the pullback
T (1), we equip M with a class of metrics [45,46, 50]

(1.5) g=2P> [ ujg+Adr + Wu+ Wi+ HAX) ],

where P + 0, H (real) and W (complex) are arbitrary functions on M; the expres-
sions like e.g. pfi denote the symmetrized tensor product: pfit = % (uep+peu).
We note that that the coordinate 7 has no geometrical meaning; it can be replaced
by any other function ¥" = ¥’ (v, x, ), z) such that 0r'/0r # 0.

Now we consider the entire c/ass of metrics (1.5), which depends on arbitrary
functions P, W, H and the class of coordinates ¥’'. We claim that this class is

Tn mathematical language the physicists’ term ‘congruence’ means: ‘foliation of a manifold by
curves’; in this particular situation it means: ‘foliation by means of a three parameter family of null
and shearfree geodesics’.
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naturally attached to the CR structure (M, (A, 4)). To see this, start with another
representative (A’, ") of the class [ (A, 1) ]). The new forms (A’, u’) are related to
the previous choice (A, u) via (1.3). Now, maintaining the same P, W, H and 7,
write a metric g” using formula (1.5) with (A, y, 1) replaced by (A", u’, fi"). Using
definitions (1.3) the metric g’ can be reexpressed in terms of the original forms
(A, i, f1). A short calculation shows that after this, g has again form (1.5) with
merely the functions P,W,H and the coordinate * being changed. Thus with
each 3-dimensional CR structure (M, (A, i) there is an associated 4-dimensional
manifold M = M x R with a class of Lorentzian metrics g as in (1.5). Now we
can compare g and g'. It follows that there exists a nonvanishing real function «
and a 1-form @ on M such that

(1.6) g =g +29(k)e.

Here g(k) is the 1-form on M such that X 1g(k) = g(k,X). The class of
Lorentzian 4-dimensional metrics [g] with the equivalence relation g ~ g’ iff
g and g’ are related by (1.5), (1.6) is called the class of metrics adapred to the CR
structure (M, (A, u)).

In each of the metrics from this class the lines tangent to the integral curves

of the vector field k = 0, are null. They have the further property of satisfying
(1.7) L19 =09 +2g(k)9,

with a real function 0, the expansion, and a real 1-form ¢ on M. This equation
in particular means that the integral curves of k are geodesics. It also implies that
the curves are shearfree, meaning that they preserve the natural conformal metric
defined by the class [g] in the quotient space k* /k.

In the traditional language of physicsts M = M x R is equipped with a con-
gruence of null and shearfree geodesics tangent to k. Physicists say that this con-
gruence is diverging at a point of M iff the expansion O in (1.7) is nonvanishing
at this point.

The leaf space of integral curves of the congruence generated by k can be
identified with M. The property of the congruence of being null geodesic and
shearfree means precisely that the 3-dimensional leaf space M of its integral curves
has an abstract CR structure.

The above described procedure of associating a metric g from [g], to a 3-
dimensional CR structure (M, (A, 4)), will be called a /i of the CR structure to a
spacetime [44,45,56].

Given a lift of a CR structure (M, (A, t)) to a spacetime, we now briefly define
two concepts, which are important for the formulation of our main results. More
detailed definitions are to be found in Section 3.1 and Section 3.3.1, respectively.

The first notion (see the end of Section 3.1) is defined as follows:

Having chosen a representative (A, u) of [(A,u)] we pull it back to M =
R x M by *. Then we observe that the 2-dimensional complex distribution N,
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consisting of complex vector fields Y on M satisfying Y 1 7t* (A A ) = 0 is well
defined. This is because the 2-forms m* (A A p) and T* (A" A ') corresponding
to different representatives of the class [(A, )] merely differ by the scale of a
nonvanishing complex function. The distribution N is called the distribution of
& planes associated with the CR structure (M, (A, ut)) in the lifted spacetime M.

The second notion we define here (again skipping the details to Section 3.3.1,
which includes a beatiful example due to Ivor Robinson) is a null Maxwell field
aligned with the congruence. Sometimes we will use the term ‘a null aligned Maxwell
field’, for short. Suppose that in the class of forms [ (A, u)] there is a pair (A", u")
with the property that d(1t* (A" A u")) = 0. Then we say that the CR structure
(M, (A, 1)) admits a null aligned Maxwell field F = m* (A" A p').

1.4. From congruences of shearfree and null geodesics to CR manifolds.
The fact that any 3-dimensional CR manifold (M, (A, u)) locally defines a class of
Lorentzian metrics (1.5) on M X R in which the lines tangent to the R factor are
null and shearfree geodesics has also its converse. This is given by the following

theorem [36, 44, 45,49,52,56].

Theorem 1.2. Ler (M,g) be a 4-dimensional manifold equipped with a
Lorentzian metric. Suppose that M is foliated by a 3-parameter family of curves which
are null geodesics without shear. Then M is locally a cartesian product M = M x R
with M being a 3-dimensional CR manifold. The CR structure (M, (A, u)) on M is
uniquely determined by (M, g) and the shearfree congruence on M. If v is a real coor-
dinate such that k = 0, is tangent to the congruence, then the Lorentzian metric g on
M can be locally represented by (1.5) with some specific functions P, W, H depending
on the choice of the representatives (A, 1) of the corresponding CR structure.

It should be noticed that 4-dimensional Lorentzian metrics of the form (1.5)
have been studied by physicists since the late 1950s. In particular physicists found
a lot of examples of such metrics which satisfy Einstein’s equations Ric(g) = Ag.
Among them is the Schwarzschild solution (the corresponding CR manifold is
Levi flat), the Taub-NUT solution (the corresponding CR manifold is almost ev-
erywhere CR equivalent to the Heisenberg group CR structure), the Kerr rotating
black hole solution (the corresponding CR manifold is almost everywhere strictly
pseudoconvex and has only a 2-dimensional group of local CR symmetries; so it is
not CR equivalent to the Heisenberg group CR structure), and many others (see
[15], sections devoted to algebraically special solutions, for huge families of Ein-
stein examples with various CR structures). Physicists were looking for the Ein-
stein solutions among the metrics (1.5) because such metrics were believed to cor-
respond to gravitational radiation. Although the understanding of the mathemat-
ical fact that there is a CR structure behind the scenes came much later, physicists
were from the very begining aware that radiative Maxwell or Einstein fields impose
a sort of a complex structure in the underlying spacetimes. The notion of a CR
structure was implicit in such papers as [6,9, 17,28, 34, 35,40-43,47-50, 54, 55],

but physicists did not manage to abstract the concept for about twenty years
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(50, 52, 56]. Ironically, at about the same time when the systematic work on
gravitational radiation started, the notion of a CR structure was being revived in
mathematics, due to the discovery of the nonsolvability of equations of Hans Lewy
type [25]. Mathematicians were however unaware of the developement in general
relativity theory and also did not make the connection. We hope that this paper
fills the gap between these two areas of mathematics and physics.

Our main motivation is the paper [22] and the research on relations between
3-dimensional CR structures and algebraically special gravitational fields under-
taken by the Warsaw Relativity Group in the 1980s [18-21,23,29, 30, 32, 4446,
52,53,56,57]. We are also inspired and impressed by the works of relativists on
gravitational radiation; in particular by the contributions of Andrzej Trautman,
Ivor Robinson, Roger Penrose, Ray Sachs, Roy Kerr, Ted Newman and Jacek Tafel.

2. LocAL CR EMBEDDABILITY THEOREMS

In the sequel we assume our CR structures have a sufficiently high finite order of
differentiability, in particular they need 7oz be real analytic. All considerations are
local on M.

Theorem 2.1. Let M be a sufficiently smooth 3-dimensional CR manifold. If ir
has a lift to a spacetime whose congruence of null and shearfree geodesics is diverging
over the points where the Levi form vanishes, and whose complexified Ricci tensor
vanishes on the distribution of X planes associated with the congruence, then M admits

a CR function T such that dC A dZ is nowhere zero.

In particular Theorem 2.1 applies to the strictly pseudoconvex case. Thus it
rules out the generic situation, like the example of Nirenberg, in which all CR
functions are locally constant.

Actually, in the strictly pseudoconvex case, we have a stronger theorem.

Theorem 2.2. Let M be a sufficiently smooth strictly pseudoconvex 3-dimensional
CR manifold. Then the following two conditions are equivalent.

() M admits a lift to a spacetime whose complexified Ricci tensor vanishes on the
corresponding distribution of & planes.

(ii) M admits one CR function C such that AT A dZ is nowhere zero.

Our next result gives an if and only if criterion for the local embeddabil-

ity of a sufficiently smooth, 7ot necessarily real analytic, strictly pseudoconvex
3-dimensional CR manifold:

Theorem 2.3. Let M be a sufficiently smooth strictly pseudoconvex 3-dimensional
CR manifold. It is locally CR embeddable as a hypersurface in C* if and only if:

(i) 7t admits a lift to a spacetime whose complexified Ricci tensor vanishes on the
corresponding distribution of & planes, and

(i) it admits a nontrivial null Maxwell field aligned with the null congruence of
shearfree geodesics corresponding to the CR structure on M.
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Next we abandon the requirement about the existence of a null Maxwell field
and replace it by further assumptions about the curvature of the lifted spacetime.
This leads to a remarkable theorem.

Theorem 2.4. Let M be a sufficiently smooth strictly pseudoconvex 3-dimensional
CR manifold. If M admits a lift to a Ricci flat spacetime which has locally constant
Petrov type, then it is locally CR embeddable as a hypersurface in C2.

The hypothesis of locally constant Petrov type is a technical assumption, which
will be explained in detail in Section 3.1. Here we only mention that according to
the theory of exact solutions of Einstein equations, a spacetime metric at a point
can have one of the six Petrov types 3, 34, 38]. These are: Petrov types I, II, D,
III, N or 0, and they may change from point to point in the spacetime. With this
information we may formulate the following theorem.

Theorem 2.5. Let (M, (A, 1)) be a real analytic strictly pseudoconvex 3-dimen-
sional CR manifold. Then it always has a lift to a spacetime satsifying the Einstein
equations Ric(g) = Ag + ®A ® A whose Petrov type is I1 or D.

Here A is the cosmological constant and the function ® corresponds to the en-
ergy momentum tensor of pure radiation. We believe that this theorem is also true
when we replace the term ‘real analytic’ with ‘sufficiently smooth embeddable’ (see

Remark 3.25).

The proofs of the above theorems will emerge in the discussion which fol-
lows. Actually the theorems stated above, constitute only a selection of the results
we prove in the paper. In special cases, which are systematically studied in the
main body of the paper, we obtain sharper results than stated here.

We close this section with a remark about the nontriviality of Theorems 2.1
and 2.4. As was already mentioned after Theorem 1.2 both theorems are far from
being empty. There is an abundance of Ricci flat Lorentzian 4-metrics which
admit a congruence of null and shearfree geodesics. The encyclopedia book [15]
gives an up to date catalog of such metrics in the sections devoted to algebraically
special vacuum solutions (Sections 26 through 30 in the second edition). Every
Ricci flat metric in these sections of the book has a corresponding 3-dimensional
CR structure. This may be Levi flat everywhere (as is the case for the Schwarzschild
metric) or strictly pseudoconvex in 3-dimensional regions and Levi flat on some
lower dimmensional sets as in the following example:

We consider the metric

g= 2(.’1’2;1[1 +AdY + W+ Wi +5—[2\)>,
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where
A:du+i(2b+(a+b)C§) ar - +(a+b)§§ Z u-dc,
(1+5) f( 7)
e (b a+(b+aCZ>
2= +
g\’ cC
(”7) & 2)
, @
mr’+b2—ab 2.
N C
W:L-z’ g{:_1+ 2
(1+§> : (b a+(b+a)§>
2 " 2
v+

49
(1 + > )
and m, a, b are real constants.

Clearly this metric is in the form (1.5), and as such may be considered as the
lift of a CR structure (A, u) which is defined on the 3-dimensional manifold M
parametrized by (u, Re(C),Im(Q)).

The interesting feature of this scarry-looking 3-parameter family of metrics is
that it is Ricci flar for all values of the coordinates (1, Re(Z), Im(Z),7") in which
g is not singular [15]. Actually if b = 0 the above metric is just the Kerr rotating
black hole with mass m and the angular momentum parameter a; if a = b = 0
the metric g describes the Schwarzsschild black hole with mass m. If m =a =0
the corresponding metric is the Taub-NUT vacuum metric.

Calculating A A dA, we get

(a+b)CC-2(a-Db)
(1+§2§>

This means that for each value of the three parameters (m, a, b) the corre-
sponding CR structure (M, (A, p)) is strictly pseudoconvex everywhere except the
points where

AAdA =i du A dC A dC.

(a+b)CT—2(a—-Db) =0.
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Note that if @ > b and a # —D, there is an entire cylinder

- 2(a-Db)

="

in M on which A A dA = 0. In such case the corresponding CR structure is
Levi flat on this cylinder and strictly pseudoconvex outside it. A short calculation
shows that on this cylinder the shearfree congruence of null geodesics tangent to
k = 0, is diverging everywhere. So this case is a nontrivial example of a metric
which appears in Theorem 2.1. Many more such examples can be found in the
appropriate sections of [15].

3. THE EINSTEIN EQUATIONS AND CR FUNCTIONS

3.1. The first CR function. Here we prove Theorem 2.1 by adapting the
argument presented in [15].

We consider a general 4-dimensional spacetime M, i.e. a 4-manifold equipped
with a metric g of Lorentzian signature (+, +, +, —). We assume that the space-
time M admits a null congruence of shearfree and null geodesics. This may be
described as follows:

The congruence is tangent to a nonvanishing vector field k which is null,
g(k, k) = 0. Having k, we introduce a coframe (61, 6%, 63, 04) on M such that

(3.1) g=2(0"0*+0%0%, 0°>=g(k,), and kJ0'=k_16?>=0.

Note that, due to the signature of the metric g, this definition implies that the
1-forms 03, 0% are real valued, whereas the 1-forms 0', 0% are complex valued

with 62 = 01. Note also that the coframe (01, 82, 03, 04) is not uniquely defined
by (3.1). It is given up to a linear transformation associated with a 4-dimensional
parabolic subgroup of the Lorentz group preserving the null direction k. Explic-
itly:

0! =e'?(6' + BO?)
(3.2) 0% =e % (0% + BO?)
0% = AQ?
0% = A~1(0* - BO' — BO? — BBO?),
where A # 0, @ are real functions, and B is a complex function. The coframes

(3.2) are said to be adapted to k.

Imagine now that we have k, which in some adapted coframe (01, 62, 03, 6%)
satisfies:

(3.3) dOPAOAOP = -k O AO*AO3 A0
dO* A O A0 = -G 0' A OF A O3 A 04
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with some complex functions k and o. Then, it follows that in any other adapted
coframe (3.2) we have

dO® A OV AOY = —A2e PR OV A 02 A O A OV

dOY A OY A 0¥ = —APP(BR +0) 0V A 0¥ A O3 A OV,

as can be easily checked. This means that the simultaneous vanishing or not of both
coefficients K, 0 at a point, is independent of the choice of the adapted coframe,
and thus is a property of a null congruence associated with k. If

(3.4) k=0=0

everywhere, the null congruence associated with k is called a shearfree congruence
of null geodesics. We mention in addition that the vanishing of k alone at a point,
is also an invariant property of the congruence. If we assume nothing about o
but require that k = 0 everywhere, such a congruence turns out to consist of null
geodesics, which may or may not be shearfree.

It is also worthwhile to look at the transformations of d0> A 63. To be consis-
tent with (3.3) we write it as:

(3.5) dO® A 0% =iQO A 02 A 03 — (kKO! + RO%) A 03 A 0%
with a real function Q on M. Changing the adapted coframe to (3.2) we get:
d03’ A0 = A(Bk-BKk+iQ)0" AO* A0 —A%(e 1P KOV +eiP kO ) A O AOY.

In the case of a geodesic null congruence, k = 0, these equations reduce respec-
tively to:

(3.6) do® A 0% =iQ0' A 02 A 07
and
dO* A 05" =iAQOY A O¥ A O
This proves that in such case the vanishing or not of Q at a point is also an in-
variant property of k, and thus, of the congruence. Consider a nu// and geodesic
congruence at a point X € M. If
Q=+0

at x, we say that the congruence is twisting there. If

Q=0
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at x, we say that the congruence is not rwisting at x.

From now on we assume that we have k with k = 0 = 0 everywhere, i.e. that
we have a null congruence of shearfree geodesics in M. Our next step is to give
the geometric interpretation of (3.4).

Choosing an adapted coframe (3.1), using Cartan’s formula £,0 = k 1d0 +
d(k 1 0) for the Lie derivative of a 1-form 6, and the respective equations (3.6),
(3.3)2 with o = 0, we easily get

(L:OHYA03=0 and (Lx0H) A0 AO3 =0,

everywhere in M. The meaning of these two equations is obvious: the real 1-form
03, when Lie transported by the flow @ generated by the congruence, transforms
as @;(0%) = f03, where f is a real function on I x M, t € I; the complex
1-form 0! transforms as @; (0!) = hO' + p03, where h, p are complex functions
on I X M. Since @; is a local diffeomorphism, the functions f and h are locally
nonvanishing.

Now, taking any hypersurface M in M transversal to k, we equip it with a CR
structure (A", p’, ') as in (1.3) by setting

AN =15(0%), p=1*0h, @ =1"07.

Here t : M — M is the natural inclusion of M in M, so that t*6 is just the
restriction of O to M. The above discussed changes of 0% and 0! along k imply
that the CR structures on any two transversal hypersurfaces are CR equivalent.
The pseudoconvexity property of these CR structures is easily described by means
of equation (3.6). Indeed, pulling back this equation by means of t*, from the
spacetime to M, we get

dA AN =i ( Q) A’ AN

This means that the Levi form w, as defined by (1.4), is w = (*(Q). Thus the
CR structure (A’, u’, fi") has a nonvanishing Levi form w + 0 at p € M iff the
unique congruence curve passing through p is twisting at ((p).

Summarizing we have the following lemma [45].

Lemma 3.1. The 3-dimensional leaf space of a null congruence of shearfree
geodesics in spacetime is locally a CR manifold. This CR manifold is strictly pseu-
doconvex at a point iff the congruence curve is twisting at the corresponding point in
spacetime.

It is convenient to choose a real function ¥ on M, so that k = P~19,, where
P # 0 is a real function on M. Then our Lemma guarantees that the adapted



3144 C. DENSON HILL, JERZY LEWANDOWSKI ¢ PAWEL. NUROWSKI

coframe (01, 02, 03, 0%) can be chosen in such a way that

0! =Pu
0’ =Pii
(3.7) 03 = PA

0 =P(dr + Wu + Wi + H]A),

where locally M = R x M, A, u are the 1-forms on M which define the CR
structure there, and the functions H (real) and W (complex) are functions on
M. This in particular means that in addition to k JA = k= 0 we also have
k dA = kJdu = 0. Thus we just demonstrated how a shearfree congruence of
null geodesics in spacetime restricts the spacetime metric to the form (1.5). As we
already mentioned in Section 1.3, we also have the statement in the opposite di-
rection: given a 3-dimensional CR structure represented on M via forms (A, u, f1)
we lift it to a spacetime M = R x M with metric (1.5) and with a null congruence
of shearfree geodesics represented by k = P~10,.

Whether we start with a 3-dimensional CR structure and then define the
spacetime with a null congruence of shearfree geodesics, or immediately start with
a spacetime with such congruence, we may try to impose some curvature con-
ditions on g. The question arises if these conditions say something about the
underlying CR geometry.

To study this question we consider Cartan’s structure equations for the metric
(1.5), written in an adapted coframe (3.7). These are:

(3.8) do' +T% A 0% =0

(3.9) drt, +Th AT = JR', 6% A 0°.

Here the 1-forms l"ij are the Levi-Civita connection 1-forms. They define I3; =
gikl"]j-, which satisfy I;j = —Tji. Modulo the symmetry the only nonzero compo-
nents of the metric are gi12 = gs4 = 1. Its inverse g%/, again modulo symmetry,

has g'2 = g3* = 1 as the only nonvanishing components. The coeffcients Rijkrg

are the Riemann tensor coeffcients. The Ricci tensor is defined as Ri; = R¥, -
Using the metric g;; we also define R;jxp = gimRT;lk ¢- This can be used to define

the covariant components of the Weyl tensor C ijk o via
(3.10)  Cijke = Rijie + tR(gikguj — gi1gx;)
+ 3(giRkj — gikRij + gjkRii — gjoRki)-

Here R = R;jg" is the Ricci scalar. The Weyl tensor CJi'k,e = g"™MCpyjrp carries
the conformal information about the spacetime.
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Remark 3.2. Note that, due to the reality conditions: ' = 62, % = 63,
0% = 0% we have Ri3 = Ry3, R33 = Rs3, [14 = D4, etc. This means that comp-
lex conjugation interchanges the indices 1 ~ 2 and leaves the indices 3 and 4
unchanged.

Now, since Kk = 0 = 0, the connection 1-form T4 satisfying Cartan’s first
structure equation (3.8) and, being compatible with our conventions (3.3) and
(3.5), must be a linear combination of 6! and 62 only:

(3.11) Dy = —-pO0' — T63.

This equation defines complex functions p and T. Our conventions do not give
any restrictions on T. On the other hand, to be compatible with (1.7) and (3.6)
the function p has to assume the form

p=5(-0+iQ),

with real Q being the twist, and real ® being the expansion of the congruence.
Now we pass to the curvature analysis. The first option is to impose the
Einstein equations

(3.12) Rij = Agij, 1,j=1,2,3,4

on g. These equations conveniently split into three types of equations [15]:
(@) Ryz = R4 = R4 =0,
(b) Ri2 = R34(=A),
(c) R33 =Ry =0.
According to Remark 3.2 the set (a) consists of five real equations (R44 is real!), the
set (b) consists of two real equations and the set (c) consists of three real equations.
To proceed with the proof of Theorem 2.1 we now focus our attention on
equations (a).
First, using the definition of the Ricci tensor, we write equations (a) in terms
of the Riemann tensor coefficients. A short calculation shows that, modulo the
symmetries of the Riemann tensor, they are equivalent to:

Ris=0 < Ry4=0
Ry =0 < Ry —Roa34=0
Ry =0 <  Rypz=0.

Second, we invoke the celebrated theorem due to Goldberg and Sachs [9]. We
will need this theorem in a very technical version. Before giving its formulation
suitable for our purposes it is worthwhile to present its original meaning.

As noted by Cartan [3], every 4-dimensional spacetime M distinguishes at
each point at most four null directions - the principal null directions, as they are
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nowadays called. If at a point p € M the Weyl tensor of the metric is not zero,
then the number s of distinct directions is 1 < s < 4. The number s at a point de-
pends on the Weyl tensor in an algebraic fashion: it is the number of distinct roots
of a certain fourth order complex polynomial associated with the Weyl tensor. If
s =4 at p € M the spacetime is called algebraically general at p. If 1 < s < 3, the
spacetime is called algebraically special at p. If 1 < s < 3, then at least two of Car-
tan’s principal null directions coincide. The coinciding principal null directions
are called multiple principal null directions.

All the possible degeneracies of the principal null directions at a point can be
enumerated by the possible partitions of the number four. Thus we have cases
[1111], [112], [22], [13], [4]. The algebraically general case corresponds to
[1111]. The case where there is only one doubly degenerate principal null direc-
tion corresponds to [112]. The case with two doubly degenerate principal null
direction coresponds to [22], and so on. This classification of points in a space-
time, is known as the Pesrov types [38], although it was known to Elie Cartan [3],
and was brought to its contemporary form by Roger Penrose [34]. In Penrose’s
formulation it reads as follows:

(i) Petrov type I (‘non-degenerate’) [1111], I
(ii) Petrov type II [112], / l
(iii) Petrov type III [13], I —D
(iv) Petrov type D (‘degenerate’) [22], / l / l
(v) Petrov type N (‘null’) [4]. II— N—>0

The 0 in the diagram above, the Penrose diagram as it is called, represents a van-
ishing Weyl tensor at a point. The arrows point towards more special cases.

A convenient way to determine the Petrov type is to calculate the Wey/ scalars
Yo, Y1, Y2, V3, Y4 at a point. These quantities are complex numbers at a point,
which fully determine the 10 independent components of the Weyl tensor at this
point. In a frame (ey, e, e3,e4) = (m,m, ¥, k), dual to the coframe adapted to a
null vector field k, they are defined by

¥y = Cijrekim/kkm? = Ci141 = Rarar

Y1 = Cijrek 07 k*m? = Ciza1 = 3 (Raza1 + Ruaa1)
¥, = Cijrek'm/ i = Cy3

¥ = Cijpel kI 0¥mY = Caasn = 3 (Ras32 + Raz1a)

¥y = Cijrel'm?/ 08 m’ = 3232 = R3zo.

For the convenience of the reader, we we have used here formula (3.10), to reex-
press Yo, Y1, ¥3 and ¥4 in terms of the Riemann tensor components.



Einsteins Equations and the Embedding of 3-dimensional CR Manifolds 3147

The importance of the Weyl scalars for the Petrov classification consists in the
following observations:

e ¥y = 0 < k is a principal null direction;

Yo=Y =0, Y,+0 < khasdegeneracy [112] or [22];
Yo=Y =¥ =0, Y¥3+#0 < khasdegeneracy [13];
Yo=Y1=¥=Y3=0, Y40 < k has degeneracy [4];
Yo=Y =¥, =¥; =¥ = 0 < Weyl tensor is zero.

We will use them in Sections 3.2 and 3.3.

In turns out, and this has been known for years by physicists, that if the space-
time admits a congruence of shearfree and null geodesics, then tangent vectors to
the congruence at a point should be aligned with one of the principal null direc-
tions. The Goldberg-Sachs theorem says more [9]:

Theorem 3.3 (Goldberg-Sachs). Suppose that a 4-dimensional spacetime satis-
fies Einsteins equations Ric(g) = Ag. Then the following conditions are equivalent:

() The spacetime admits a null congruence of shearfree geodesics tangent to a vector
freld k.

(i) The spacetime is algebraically special with a multiple principal null direction
tangent to k.

Algebraically special fields are important in physics because they are connected
with what gravitational radiation could be. By this we mean the following.

Roughly speaking, if one observes a general gravitational field far from the
sources and measures the ‘distance’ from the sources by means of ¥ > 0, then
studying the 7-dependence of the Weyl tensor C of the metric (which in the empzy
spacetime describes the gravitational field strength), he will discover a

N III II+D I 1
C= Tt a0 (55)
behavior, as ¥ — .

Here N, III, II, D and I are tensorial quantities with all the symmetries of
the Weyl tensor. They have the respective algebraic Petrov type denoted by the
corresponding symbols. Thus, a general gravitational field far from the sources
is of Petrov type N, as first observed in [54]. Approaching the sources, the field
becomes less and less algebraically special. This is the so called peeling property of
the gravitational field [47, 48]. It gives an algebraic criterion for a gravitational
field to be ‘radiative’.

Since the original paper of Goldberg and Sachs [9] the theorem was strength-
end in various ways. In particular, it is known that to achieve the implication
(i) = (i) in Theorem 3.3 the full set of the Einstein equations is not needed.
One can weaken Ric(g) = Ag to our equations (a) and the implication (i) = (ii)
in Theorem 3.3 is still true. Also the geometric condition about algebraic special-
ity can be reformulated directly in terms of the vanishing of certain components of



3148 C. DENSON HILL, JERZY LEWANDOWSKI ¢ PAWEL. NUROWSKI

the Weyl tensor, and in turn, of the Riemann tensor. Such a form of the theorem
is needed for proving our Theorem 2.1. We quote it below [10] (see also Lemma

2.2 onp. 577 in [39]):

Theorem 3.4. Suppose that a 4-dimensional manifold M is equipped with a
Lorentzian metric which in a null coframe (0', 0%, 03, 0%) has the form

g=2(0"0>+ 0°0Y),

with 0' = 02, 03 = 03, 04 = 04, Let k and o be given by (3.3).
Assume that the Ricci tensor of g, in the coframe (01, 0%, 63, 04), satisfres

Ry =Rys =R44 =0

everywhere on M. Then:

(i) k = o = 0 everywhere on M
implies

(ii) Yo = Y1 = 0 everywhere on M.

Third, using this theorem, and the definitions of ¥y and ¥, we conclude that
if our metric (3.1), (3.7) satisfies (a), then, in our adapted coframe it has:

(3.13) R2412 = Ra424 = Ro414 = Ro423 = Ra434 = 0,

everywhere on M.
Fourth, we write down explicitly the second Cartan’s structure equations for
indices {24}:
dlog + (=T +134) ATog = % Raar1 0% A 6.

Due to (3.13) the r.h.s. of the above equality has only one nonvanishing term:
TR24k10% A 0 = Ryg130' A 0,
Thus, assuming equations (a) we have an identity:
dTog + (=T12 + T34) A g — Rp4130' A 0% = 0.

Since 4 as given by (3.11) is a linear combination of 0! and 63, after wedging
this identity with I4, we conclude that:

(314) dlbs AT =0
everywhere on M. A short calculation shows that

(3.15) Dy Al = [p|?0" A 0> + pTO A O3 — pTO? A O,
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From now on we assume that
p=0

at every point on M. This is equivalent to saying that the congruence of null and
shearfree geodesics is diverging at points where the associated CR structure has
vanishing Levi form.

Our assumption about nonvanishing p, when compared with (3.15), implies
that

(316) | LY 1:24 =0

at every point on M.
Now we need the following lemma.

Lemma 3.5. Let @ be a smooth complex valued 1-form defined locally in R™,
n = 3, such that @ A @ + 0. Then

dp A@ =0 ifandonlyif @ = hdC,

where C is a smooth complex function such that dC A dC = 0, and h is a smooth
nonvanishing complex function.

Proof. Consider an open set U € R™ in which we have @ such thatdp A @ =
0and @ A @ + 0. We define rea/ 1-forms ¢! = Re(@) and @? = Im(g). They
satisfy @' A @2 # 0 in U. Our assumption d@ A @ = 0, when written in terms
of the real 1-forms @', @? is:

dp' A ! —de? A @? +i(de? A @! +dep! A @?) =0.
Taking the real and imaginary parts we have

dp' A @l —d@? A@?=0
dp? A @' +dp! A @? =0.

Now the argument splits into two cases. For dimension n > 4 we wedge the first
equality, and then the second equality with @2, and get

(3.17) dp' A @' A@? =0, dp’A@!A@?=0.

If n = 3 these equations are trivially satisfied. In whatever dimension n > 3 we
are in, once we have noticed that (3.17) is true, we see that the rea/ forms @!,
@? form a closed differential ideal. Thus we can use the rea/ Frobenius theorem,
which implies that there exists a coordinate chart (x,y,u"), v = 3,4,..n,in U
such that @ = t;1dx + t;ody and @? = tr1dx + trdy, with some rea/ functions
tij in U such that t; £y — t12t21 # 0. Thus in the coordinates (x,y,u") the
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form @ = @! + i@? can be written as @ = ¢;dx + ¢,dy, where now ¢y, ¢; are
complex functions such that ¢;¢, — ¢i1c2 # 0 on U, so neither ¢; nor ¢ can be
zero. The dp A @ = 0 condition for @ written in this representation is simply
c3d(c1/c2) Adx Ady = 0. Thus all the partial derivatives

dy

ouv

=0, Vv=34,.,n.

This means that the ratio ¢;/c, does not depend on u. This ratio defines a
nonvanishing complex function F(x,y) = c1/c, of only awo real variables x and
. Returning to @ we see that it is of the form @ = c,(dy + F(x,y)dx).
Consider the real bilinear symmetric form

G =20 = |2} (dy? + 2(F(x,») + F(x,¥)) dxdy + |F(x, ) |*dx?).

Invoking the classical theorem on the existence of isothermal coordinates we are
able to find an open set U’ C U with new coordinates (§,n,u") in which G =
h2(d€2 + dn?), where h = h(&,n,uY) is a real function in U’. This means that
in these coordinates @ = hd(& + in) = hdC, and because of A @ # 0 we have
dZ A d€ # 0. The proof in the other direction is obvious. O

Since the connection 1-form D4 satisfies (3.14) and (3.16), we can apply the
above Lemma for @ = I4. Now, n = 4 and we have

L4 =hdl withdC A dC #0on U’ C M.

Using (3.11), which relates I4 to the coframe 1-forms 0! and 62, and expressing
these two in terms of the 1-forms (A, i, ft) by (3.7), we get:

hdC =I5 = —P(pu + TA).

Since the function P is nowhere vanishing we can write this last equation as
—P7'hdC = pu + TA. Wedging this with dC A A, we get p AT AAA U =0
on U’. Because of our assumption that p is nowhere vanishing we finally obtain

(3.18) dCAAAU=0 withdCAdC #00nU’ C M.

The last equation pullsback to the CR manifold M providing a CR function there.

Our construction of € obviously works if the CR structure is of class C3.
Actually we think that class C?! suffices, see [13].

The last part of the proof consists in giving a geometric interpretation to the
Einstein conditions (a).

To discuss this we go back to a general spacetime M equipped with a null con-
gruence associated with a vector field k. We do not require that this congruence is
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geodesic and shearfree here. Such a congruence defines a class of adapted coframes
(3.1), (3.2). It follows from equations (3.2) that although k does not specify the
coframe 1-forms 01, 03 uniquely, we have

0V A 0% = Ae'P0! A 0°.
This may be used to define complex valued vector fields Y on M such that
Y (0! A 0% =0.

The complex valued distribution N consisting of all such vector fields is uniquely
defined by the null congruence on M. It follows that

N = {ae; + bey}

where a, b are arbitrary complex valued functions on M and e, e4 is a part of
the null frame (e1, ez, e3,e4) dual to (0%, 02,03, 0%), i.e. ;1607 = §’; and, in
particular, e4 A k = 0.

Thus a null congruence defines at each point x € M a 2-complex-dimensional
plane Ny. These planes are called « planes. They have the property of being rozally
null:

g(Y,Y;) =0, VY,Y,eN.

Thus all vectors in Ny are null and orthogonal to each other.

The Ricci tensor of a spacetime may be considered as a symmetric bilinear
form. We extend it to the complexification by linearity.

Now combining these two facts we may require that we have a spacetime in
which the Ricci tensor, extended to the complexification, has a similar property
with respect to N as the metric. We say that the complexified Ricci tensor Ric(g)
vanishes on the distribution N iff

Ric(g)(Y1,Y2) =0, VY, Y,€eN.
We will denote this condition by Ric(g)|ny = 0. Obviously it is weaker than the
Ricci flatness condition. Actually if N is the distribution of « planes associated
with the congruence, then in an adapted coframe (01, 62, 63, 0%)

Ric(g)in =0 & Ry = Rys = R4s = 0.

Hence the vanishing of Ricci on N is precisely equivalent to our conditions (a).
This completes the proof of Theorem 2.1. O
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3.2. Reduction of the Einstein equations to the CR manifold. In this
section we derive a maximally reduced system corresponding to the Einstein equa-
tions for a spacetime admitting a congruence of null and shearfree geodesics. We
will assume that the congruence has nonvanishing twist at every point of the space-
time. This is the same as to assume that the underlying CR structure is strictly
pseudoconvex.

As we know, the Einstein equations for such spacetimes split conveniently into
three types of equations, which in Section 3.1 were denoted by (a), (b) and (c).
Our reduction procedure will follow this split: we first impose equations (a), then
(b) and finally (c).

We start with equations (a). They will be reduced according to the following
scheme. As we have proven in Section 3.1 equations (a) imply that the corre-
sponding CR structure admits at least one CR-function. This result enables us to
start our reduction procedure with a 4-manifold M = R X M by taking the metric
in the form

(3.19) g =2(0'6%+0%0%),
where

0' =Pu, 6>=Ph, 0>=PA, 0*=P[dr+ Wu+ Wi+ HA],
with the 1-forms (A, p, f1) satisfying

(3.20) du =0, di =0,
(3.21) dA =iu A1+ (cu+Ca) AA.

The forms (A, u, fi) define the CR structure on M. Note that formula (3.20)
follows from our result on the existence of one CR function. This result enables
us to put

p =dg,

where T is the first CR function obtained in (3.18). We remain with this choice
for p in the rest of this section. Formula (3.21), which says that there is a choice
of A such that the coefficient of the iu A fi term is equal to one, is equivalent to
our assumption about strict pseudoconvexity.

At this stage we introduce a basis

(20,9,0)

of vector ﬁel_ds on M, which is dual to the coframe (A, u, i) on M. The complex
vector field 0 is the rangential CR operator on M.
We also note that the closure of the system (3.20)-(3.21) implies that:

(3.22) d¢ = dc,
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so that 0¢ is real.

Thus from now on we assume that we have a CR manifold M with the defin-
ing forms (A, p, f1) satisfying (3.20)-(3.21). Our goal is to lift this CR structure to
an Einstein spacetime.

Remark 3.6. We stress that although we did not impose the full equations
(a) on our spacetime, we already used in (3.20)-(3.21) a consequence of these
equations, which enabled us to assume that (A, p, f1) are in the form (3.21). Itis a
justified procedure: since ultimately we are interested in the maximal reduction of
the full system (a), we may freely use its consequence at any stage of the reduction
procedure.

The reduction of equations (a) goes as follows:

o We first use the Goldberg-Sachs theorem, which says that if equations (a)
are satisfied then Ry412 + Ra434 = 0. Modulo complex conjugation this is
equivalent to the requirement that the function W satisfies:

W‘r - iWrr = 0.

This equation may be easily integrated, proving that the most general form
of a W satistying (a) is given by

(3.23) W=ie "x+y,

where the complex functions x and y are r-independent, x, = y, = 0.
Thus the requirement that our spacetime is algebraically special (the require-
ment that is implied by (a)) is equivalent to the form (3.23) of the function
w.
e The first of equations (a), namely R44 = 0, is equivalent to the differential
equation on P:
—4PP,, + P2 + P2 = 0.

This again can be easily solved to get:
__pr
cos (T + s) ’
2
with real functions p # 0 and s satisfying p, = s, = 0.
o Equation Ry4 = 0 is equivalent to

(3.24) P =

y = —ic —2idlogp + 0s + 2ie"x,

i.e., to an equation which expresses the function  in terms of the unknowns
p, S, x and the CR quantities ¢ and 0.
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e Now it is convenient to introduce a new unknown t, a complex valued
function on M, which replaces the unknown x. The quantity x is related to
t via:

(3.25) ex =c+2dlogp —t.
This enables us to write y as
(3.26) y =ic +2idlogp + 0s — 2it.
e In terms of t the Einstein equation Ry, = 0 is equivalent to
(3.27) ot + (¢ —t)t = 0.

We summarize this in the following proposition.

Proposition 3.7. The metric (3.19)-(3.21) satisfies the Einstein equations Ri4 =
Ro4 = Ryy = 0 if and only if the function W is given by (3.23), the function P is given
by (3.24) with p, s (real), x, ¥, t (complex) satisfying pr = sy = Xy = Yy =t =
0, definitions (3.25), (3.26) and the differential equation ((3.27)).

Observe that equation (3.27) always has the solution t = 0. Using this ob-
servation we prove the converse of Theorem 2.1 in the strictly pseudoconvex case.
Indeed if we have a strictly pseudoconvex 3-dimensional CR manifold with one
CR function T such that dC A dT # 0, we define u = dC. We next choose A
so that (3.21) is satisfied. Then we take t = 0 and choose sufficiently smooth
arbitrary real functions p and s. Using them we define a lift to a spacetime having
the metric g as in (3.19), with P given by (3.24), and W given by (3.23), (3.25),
(3.26). Then it follows that such a metric satisfies Einstein’s equations (a), inde-
pendently of the choice of a real function H on M. Combining this with Theorem
2.1, we have proved Theorem 2.2. O

We now pass to the reduction of equations (b). The steps here are:

 Assuming equations (a) to be satisfied, so that the metric is given by Propo-
sition 3.7, we first impose a consequence of (b), namely Ri2 + R34 = 2A =
const, which is just the condition that the Ricci scalar is constant and equal
to 4A. This equation determines the ¥ dependence of the function H. It
reads:

(3.28) H = %eZi(Vﬂ) n %e—Zi(Vﬂ) +QelT) £ Qe i+ 4
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with

_3m+1fh+g , 20pdp —p(ddp + ddp)

Q=" 3P 2p?
—ial —2top — tol +§5t—ét—lcf+§tf+af—a—c
590 ogp p ogp 3 3 ) ,
m+m 20pdp — p(3dp + 00p)

h=3 +2Ap? +
p* P p?

— 3(tologp + tdlogp) + %(af +0t) + 6tL — %(cf +t) — 20c + Dps.

Note that h is real due to (3.22). The unknown m is complex and satisfies
my = 0.

o At this stage we have found the explicit ¥ dependence of the entire metric
(3.19)-(3.21). For the full determination of this dependence we only needed
equations (a) and the subset of equations (b) given by Ri2 + R34 = 2A =
const.

e We now impose another consequence of (b), namely R12 — R34 = 0. This,
together with R12 + R34 = 2A = const, is equivalent to (b). The reduction of
this equation gives the following differential equation connecting p, t and
m:

(3.29) [aé +00+C0+co+ %cc’ + %(66 +0c) — %(ah ot + tf)] p

_om+m
=3

+ 2AP3.

This completes the reduction of equations (b).
We summarize this in the following theorem.

Theorem 3.8. A strictly pseudoconvex CR structure (M, (A, 1)) lifts to a space-
time satisfying Einstein equations (a) and (b) if and only if it admits at least one CR
function T with dC AdT # 0 and, in addition, it admits a solution to equation (3.29)
for a real function p on M, with ¢, t obeying respectively (3.21) and (3.27).

If we do not insist on the full system (a) and (b), we conclude with the fol-
lowing remarkable theorem.

Theorem 3.9. A strictly pseudoconvex CR structure (M, (A, 1)) lifis to a space-
time having constant Ricci scalar and satisfying equations (a) if and only if it admits
at least one CR function C with dC A dC # 0. In such case the spacetime metric satis-
Jying (a) and having constant Ricci scalar equal ro 4/ s (3.19)-(3.21) with W given
by (3.23), P given by (3.24), x, v given by (3.25), (3.26), and H, Q, h given by
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(3.28). The functions m (complex), p (real) are arbitrary, and the complex function
t satisfies the partial differential equation (3.27).

This theorem is remarkable for the reasons highlighted in the following re-
marks.

Remark 3.10. Given a CR structure with one CR function, to determine the
most general lift to a spacetime with a metric satisfying the Ricci conditions of
Theorem (3.9), we need to have a general solution for only oze complex equa-
tion (3.27) for the complex function t on the CR manifold. This equation has
always one solution, namely t = 0. Surprisingly the question if this equation has
other solutions is equivalent to the question if the CR structure admits more CR
functions, and hence is locally embeddable. To see this take the CR manifold
(M, (A, 1)) satisfying (3.20)-(3.21) and consider the complex 1-form @ defined
by:

(3.30) @ = u+ itA.
Then due to (3.20)-(3.21) we have
dpA@=i[0t+(C—DtIuAfAA

Thus d A @ = 0 is equivalent to the Einstein equation (3.27). Since obviously
@ A @ # 0, then according to Lemma 3.5, @ defines a CR function n such that
hdn = @. Thus the equation

(3.31) hdn = p +itA

relates the CR functions n and solutions t of the Einstein equation (3.27). As
an example take the trivial solution t = 0 of (3.27). Since y = dT and since
for t = 0 equation (3.31) gives hdn = p, the CR function n is dependent on
the CR function T of (3.18). To get a C-independent CR function n we need a
nonzero solution of (3.27). That this requirement is also sufficient follows from
the relation hdn A dC = itA A p implied by (3.31). This proves the following
corollary.

Corollary 3.11. Every nonzero solution t of the Einstein equation (3.27) pro-
vides a second CR function n such thar dn A dC + 0. Also the converse is true: every
CR function 1 defines a complex function t satisfying the Einstein equation (3.27).
The transformation between n and t is given by hdn = dC + itA.

Thus, in particular, if the starting CR structure is locally embedded, which
means that the general solution to the tangential CR equation is explicitly known,
we may write the general solution for t satisfying (3.27) and obtain the most
general solution for the metric satisfying the highly nonlinear system of equations
(a) and R13 + R34 = 2A = const.
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Remark 3.12. Another remarkable feature of Theorem 3.9 is that the met-
rics (3.19)-(3.21) satisfying (a) and Ry + R34 = 2A = const have an explicit
dependence which is very particular. Note that the functions W of (3.23) and H
of (3.28) are periodic in v with period 217. If we forget about the conformal factor
we may write the metrics in the form [30]

(3.32) §=2p {up +A [dr +(le"x+y)u+ (—ie"x + y)ia

N < % Q2i(r+s) | % e 21+s) L Qelr+s) | Qe ir+s) 4 h)}] ;

which is periodic and regular in ¥. Thus, what the Einstein equations (a) and
Ri2 + R34 = 2A = const impose on the spacetime M = R X M is a circle bundle
structure S' — M — M on the Lorentzian manifold (M,é) which has M as its
universal cover. The Lorentzian manifold (M, 9) is called by physicists a conformal
(fiberwise) compactification of (M, g). It is used by them to study the asymptotic
behavior of a gravitational field. We summarize in the following corollary.

Corollary 3.13. The Einstein equations (a) and the constancy of the Ricci scalar
imposed on the metrics (3.19)-(3.21) imply that all the metric functions are periodic in

the v coordinate, so that there is a natural circle bundle over the strictly pseudoconvex
CR manifold onto which all the Einstein metrics (3.19)-(3.21) descend.

Remark 3.14. In 1976 Fefferman [7] introduced a natural conformal Lorentz-

ian metric gr on a circle bundle S' — My — M over any strictly pseudoconvex
3-dimensional CR manifold (M, (A, ¢)) embedded in C2. A natural question is

how his circle bundle and his Lorentzian metrics are related to our (.’M, g) above.
The answer is the following:

e Fefferman metrics constitute a simple subclass of our metrics (3.32).

e They happen to be conformally Einstein only in the case when the corre-
sponding CR manifold is locally CR equivalent to the Heisenberg group
CR structure [18]; in such case gr is conformally flat.

¢ Given a CR structure as in (3.20)-(3.21) the Fefferman metric gr is obtained
from our g by puttingx =m =Q =0,y = —%C, h = —ﬁ(ac' +0¢).

e Thus, in our setting, the Fefferman metrics (or, strictly speaking, their gen-
eralizations to strictly pseudoconvex CR manifolds which admit one CR
function) are represented by

(3.33) Jgr =2 [uﬂ +A [dr _ L cu +

3 %én—%(ama‘c))z\”

Note that the Fefferman metrics are 7-independent. This reflects the well-known
fact [18,30,31,51] that the null congruence of shearfree geodesics associated with
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the k = 0, direction is a conformal Killing vector for each Fefferman metric. Ac-
tually, the above formula for the Fefferman metric for CR manifolds having one
CR function is obtained by

(i) imposing the requirement that the metric (3.32) has a conformal Killing
vector alligned with k = 0, (this forces x, m and Q to vanish), and

(ii) imposing another requirement that the metrics (3.32) be of Petrov type N
(this specifies that )y and h must be expressed in terms of ¢ as above).

That the requirements (i) and (ii) are neccessary and sufficient to distinguish the
Fefferman metrics among metrics (3.32) is a well-known fact [18,30,31,51].

Looking at the Fefferman metrics (3.33) one may say that the circle bundle
structure of the spacetime is not visible, since the metrics are constant along the
r-direction. Only if a more general class of metrics (3.19)-(3.21) is taken into
account does the circle bundle structure emerge. And it emerges in a natural way,
as a consequence of the Einstein equations (a) and Rz + R34 = 2A = const.

The fact that the Fefferman metrics are of Petrov type N everywhere essentially
means that the Weyl tensor has only one nonvanishing complex component. This
is proportional to

V4 = 000c + 3¢ddc — 7icdyc — 3i0dgc + (dc + 2¢?)dc.

The vanishing or not of ¥4 is a CR invariant property. It is also a conformal
invariant property. In the CR context, vanishing of ¥4 is an if and only if condition
for the CR structure (3.20)-(3.21) to be CR equivalent to the Heisenberg group
CR structure [2,18]. In the conformal context, the vanishing of ¥4 means that g is
conformally flat. Thus the ¥4 component of the Weyl tensor for g is proportional
to Cartan’s lowest order invariant [4] of a strictly pseudoconvex CR structure.

We thus have the following corollary.

Corollary 3.15. The CR structure (3.20)-(3.21) is locally CR equivalent to the
Heisenberg group CR structure if and only if the function c in (3.21) satisfies

900c + 3¢ddc — Ticdyc — 3i0dyc + (dc + 2¢2)dc = 0.

Remark 3.16. We are now prepared to give the geometric interpretation of
the leading terms in the partial differential equation (3.29). Having chosen a
strictly pseudoconvex CR structure (M, (A, 4)) and functions t and m on M this
is a partial differential equation for a real function p on M. Below we give the
interpretation of the /inear operator on its left hand side.

Since the Fefferman metrics gr are defined up to a conformal scale it is rea-
sonable to consider the conformally invariant wave operator (- *d *d— £R), with
— % d * d being the D’Alembert operator and R being the Ricci scalar; both being
calculated in the Fefferman metric gr. Let us apply this operator to a real function

f on the Fefferman bundle Mg, which is constant along the fibres. Remarkably
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we get [30]:
(3.34) (—*dxd-¢R)f= [aé+5a+ca_+c'a+%cc’+%(6c‘+éc)]f.

It is worthwhile to add that R = —3¢¢ — %(85 + 0c¢) and that *d * df =
—_(68_ +00 + 0 + ¢d) f, but neither R nor the 3-dimensional operator 90 + 00 +
€0 + €0 has a CR geometrical meaning. Only their sum

AcCRr =aa_+5a+ca_+c'a+%cc'+%(ac'+5c)
is CR meaningful.

Using (3.34), we rewrite the Einstein equation (3.29) in the following equiv-
alent form:

[ACR + %(ac‘+ oc) — %(ah ot + tf)] p =

The appearence of the 2 (3¢ + dc) term here in the potential is unpleasent, but we
can not avoid it.

Finally we pass to equations (c):

e Assuming (a) and (b) are satisfied, we first reduce the complex equation
Ri3 = 0. This is equivalent to one complex equation

(3.35) om+3(c—t)ym=0,

for the complex function m of (3.28).

e Now assuming that the metric (3.19)-(3.21) satisfies the Einstein equations
(3.23), (3.24), (3.25), (3.26), (3.27), (3.28), (3.29) and (3.35) we calculate
the Weyl tensor. Since, via Goldberg-Sachs, the metric is algebraically spe-
cial, only three of the five Weyl scalars ¥y, ¥1, ¥2, V3, ¥4 are in principle
nonvanishing. These are: ¥3, ¥3, ¥4. The Weyl spinor ¥, whose vanishing
means that the metric is of Petrov type III, N or 0, has a particularly neat
form:

( 1+ ei(r+s) )3

(3.36) v, 28

e Although we succeded in reducing the last equation R33 = 0, the explicit
reduced form of it is too complicated to be presented here.

The following remark is in order.
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Remark 3.17. 1f alift to the spacetime (M, g) of any CR structure (M, (A, p))
is considered, one can try to write down curvature conditions that are compatible
with the underlying CR geometry of the associated congruence of shearfree and
null geodesics. We already met the curvature conditions that respect the under-
lying CR geometry. These are the Einstein equations (a), or in more geometric
terms, conditions forcing the complexified Ricci tensor to be identically zero on
the associated distribution of « planes. It turns out that the Einstein conditions
(a), (b) and R13 = 0 also have geometric meaning. They are equivalent to

(3.37) Ric(g) = Ag + PA ® A,

where ® is an arbitrary real function on M. Physicists call these equations the cos-
mological constant Einsteins equations with a pure radiation field, since they describe
gravitational fields with the energy momentum tensor in which all the energy is
propagated with the speed of light along the direction determined by the congru-
ence of shearfree geodesics defined by M.

3.3. The second CR function. We start this section by considering a 3-
dimensional CR manifold which lifts to a spacetime with a twisting congruence of
null and shearfree geodesics and which satisfies Einstein equations (a). Theorem
2.1 assures that such a CR manifold has at least one CR function, say T, with
dZ A dC # 0. Our approach to the problem of obtaining an independent CR
function, say n, is by finding a complex equation, let us call it (224CR), which
when assumed to be satisfied, guarantees that n exists. The main idea here is
to find (224CR) among the full system of Einstein equations (a), (b) and (c),
especially among the reduced Einstein’s equations of Section 3.2.

It turns out that, depending on some additional assumptions about the lifted
spacetime, various choices of (2*4CR) are possible. Among all of these choices
the simplest is to consider equation (3.27) as the (2°4CR). Indeed, if our CR
manifold lifts to a spacetime whose metric (3.19)-(3.21) has nonvanishing t in
(3.27) then, as we already noticed in Corollary (3.11), it is locally embeddable,
with an embedding given by means of the CR functions T of (3.18) and n of
(3.31). The trouble with equation (3.27) is that the Einstein equations (a) do not
guarantee that (3.27) has any other solution than t = 0. Nevertheless equation
(3.27) may be used as a criterion for embeddability. Suppose one knows that

(i) a 3-dimensional strictly pseudoconvex CR manifold admits a CR function
C such that dC A AT # 0 and, in addition, one knows that

(i) this manifold lifts to a spacetime with a metric g which satisfies Einstein’s
equations (a).

Then he can write the metric g in the form (3.19)-(3.21) with y = dC and sim-
ply caleulate the function t. If he finds that t # 0, then he concludes that the
CR structure is locally embeddable. This is due to the fact that the calculated ¢
automatically satisfies (3.27) since g satisfies (a).
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Remark 3.18. At this stage we remark that equation (3.27) is interesting
on its own, without any reference to the fact that it originates from the Einstein
equation for the lifted spacetime. Indeed, it follows from our discusion above, that
one can use this equation to get a sharp criterion for the embeddability of a strictly
pseudoconvex CR structure that admits one CR function. Here the procedure is
as follows:

e Suppose we are given a strictly pseudoconvex 3-dimensional CR manifold

M which has one CR function € such that d A dT = 0.
e Given T, we write g = dC, and choose A so that equation (3.21) is satisfied.
This, in particular, defines the function ¢ on M.

e Define (3,9, do) as dual to (i, 1, A).

o Consider the equation 0t + (¢ — t)t = 0 for a complex function t on M.

e Then we have the following theorem.

Theorem 3.19. The CR structure (M, (A, 4 = dQ)) is locally embeddable if and
only if the equation 0t + (¢ — t)t = 0 has a solution t such thatt + 0.

We may combine this result with a result of Hanges [11], who found another
criterion for the existence of the second CR function for a 3-dimensional strictly
pseudoconvex CR manifold. It is well known, that if a 3-dimensional strictly
pseudoconvex CR manifold M admits one CR function T as above, then one can
supplement € and € by a real function u on M so that (Re,ImZ,u) constitute
a coordinate system on M, in which

du + LdC + LdC

_dC, and A= GWfLdoH
H=dg, an i(3L — oL)

’

and in which the complex valued function L = L(T, C,u) vanishes at the origin,
L(0,0,0) = 0. Hanges’ result is that the CR structure (M, (_?\, u)) is locally em-
beddable near the origin if and only if the function L = L(T, €, u) is the boundary

value of a function L = L(C,C, w) which is holomorphic in the complex variable
w = u+iv. Using this result and writing the differential equation 0t +(c—t)t = 0

in the local coordinates (C,C, u) we get the following remarkable corollary.

Corollary 3.20. The nonlinear partial differential equation
(0L - 9L)dt — [3(3L — OL) + (8L — OL)(Ly + t)]t = 0,

with 0 = 0¢g — L0y, and with the complex valued function L = L(T, Z,u) vanishing
at the origin, is locally solvable near the origin for a complex function t + 0 if and
only if L is the boundary value of a function L=L(C,C,w) which is holomorphic in
the variable w. If this is the case the CR structure (M, (A, 1)) is locally embeddable.

Returning to our discussion of the relations between the second CR function
and the Einstein equations of the lifted spacetime, we are now in a position to
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say that, if we have a solution t # 0 of equation (3.27), the problem of the local
embeddability of a 3-dimensional manifold M is solved. If we are in an unlucky
situation which negates the existence of a solution t # 0, two things may happen:

o cither the only solution to (3.27) is t vanishing everywhere,
e ort = 0 at a point around which we want to embedd M into C2.

In the first case, we can put t = 0 in all the equations we have derived in
Section 3.2. In the second case, some care is needed, and we need some prepa-
rations. In what follows, our considerations will be of a bit more general nature
than is required to treat this case, but at a certain moment, they will lead us to the
conclusion that the case t = 0 at a point is, actually, the same as the case t = 0.

To get to this conclusion, consider a situation in which we have a 3-dimensional
CR structure (M, (A, p)) with p and A satisfying (3.20)-(3.21). Assume, in addi-
tion, that the CR structure admits complex functions h # 0 and ¢ such that the
complex valued 1-form

(3.38) u =hYu+itgd) isclosed, du’ =0.
We assume it is the case. If we have such h and ty, we define
(3.39) A= |h|72A.

The forms (A", u’, ii’) define the same CR structure on M as the forms (A, u, f).
Moreover, because of our choice of ', we have dA” = ip Aft" + (c'p’ +¢"ft") AN,
with ¢’ = h(c — ty — dlog(hh)). Thus, if our CR structure admits u’ of (3.38)
then (A, u’, i) satisfy, qualitatively, the same structural equations (3.20)-(3.21)
as (A, u, ft). Therefore, in such a situation, when lifting the CR manifold M to a
spacetime satisfying Einstein equations (a), we can use (A, i, f1) and (A", u’, fi") on
the same footing. We know that if we start with (A, p, f1), we get our conclusions
(3.23)-(3.27). Similarly, using (A", u’, fi") we get the same conclusions, with the
mere change that all the variables in (3.23)-(3.27) have now primes. It is easy to
get the relations between the ‘primed’ and the ‘nonprimed’ variables. For us the
most important is the relation between t calculated for (A, p, f1) and t” calculated
for (A", u’, ii"). This, when calculated, is

(3.40) t' = h(t —ty).

The hypothetic situation, in which we have ' as in (3.38), is realized in
practice if we have a CR structure as in Section 3.2 which satisfies equations (a).
For such a structure, chosing u = dC, we get t satisfying (3.27). Then, given
such a t, we define @ = p + itA as in (3.30). Since, as we know, this @ satisfies
dp A@ =0, p A @ # 0, then by Lemma 3.5, we are guaranteed an existence
of h # 0 such that ' = h™'(u + itA) is closed, du’ = 0. Thus, passing from
(A, p, 1) to (A = |h|72A, (', (1), as in (3.39), we must use ty = ¢ (compare the
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present y’ with this of (3.38)). This means that, after transforming all the variables
appearing in (3.23)-(3.27) to their primed counterparts, we get, in particular,

t'=h(t—ty)) =h(t—t)=0, everywhere.

This shows that even if t is not identically zero, including the case when it is zero
at a point and nonzero off this point, we can transform t to zero everywhere by an
appropriate choice of the adapted coframe.

Remark 3.21. That t may be gauged to zero everywhere was subconciously
known to physicists, and used by them [15,43], in their derivations of the max-
imally reduced system of equations for the algebraically special Einstein metrics.
Actually they have never encountered our variable ¢, since at the very beginning of
their considerations, they used a very specific choice of the adapted coframe, that
forbidded t to ever appear. Being aware of this ‘physicists trick’ [43], we were not
gauging t to zero here up to now, since nonzero t, if it exists, provides us with a
second CR function. However, if t does not give us a second CR function at the
point around which we want to embedd our CR manifold (because, for example,
it is vanishing at this point), we use the argument above to gauge t to zero every-
where. In this way we proved that the two cases: t = 0, and t = 0 at a point, differ
by the choice of an adapted coframe.

We summarize this in the following corollary.

Corollary 3.22. If a strictly pseudoconvex CR structure can be lifted to a space-
time which satisfies Einstein’s equations (a) then, without loss of generality, we may
assume that the variable t is identically equal to zero in all of the reduced Einstein
equations (3.23), (3.24), (3.25), (3.26), (3.27), (3.28), (3.29), (3.35) and in the
equation R33 = 0.

In accordance with this corollary, we now put t = 0 everywhere and look for
the second CR function in terms of other quantities than t. In the rest of the
paper we will frequently use the following crucial lemma.

Lemma 3.23. Suppose that a strictly pseudoconvex CR manifold M is represented
by forms A and p = dC, with p A i # 0, as in (3.20)~(3.21). Then, if in addition,
M admits a solution to the equation

(3.41) ooon’ =0,
for a complex valued function N’ on M such that
(3.42) oo # 0,

then (M, (A, ) is locally embeddable. Here, as always, the operators (0, 0,00) are
dual to (u, i1, A).
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Proof. Since 0 is a real operator, we can always find a real function s on M
such that locally (T, T, s) are coordinates on M and 9y = 98/ds. Given a solution
n' to (3.41) we calculate Z = —91" obtaining z = z(C, C,s). We restrict this
function to the hypersurface s = 0 in M getting zg = z(C, C,0). We search for a
function wo = wo(Z,C) on s = 0 in M, such that

0wy — 29 = 0.

This equation, as the conjugate of the inhomogeneous CR equation in the comp-
lex plane, can always be locally solved for wy. Given such an wy on s = 0 we
extend it to a complex valued function w in M by the requirement that it is con-
stant along s,

iw=0 w =w
s =Y |s=0 = Wo.

Now we define
n=n+uw.

We have 0901 = 0p0n’ + 990, and since dp0n" = 0 and the commutator
(343) aoa - 880 = Cao,
we get 0p01 = 00p + c0yp@ = 0. Thus our complex function n satisfies

0 ..

everywhere. Since we have chosen w so that
(0N)|s=0 = (07" + 0W)|s=0 = —Zo + 0wy = 0,

then equation (3.44), considered as a differential equation for the unknown 07,
satisfies the initial condition (01)s-90 = 0. Thus, 0 must vanish everywhere,
on = 0. This proves that if n’ satisfies (3.41) we have a CR function n associated
with it. Moreover, because of our assumption (3.42) we have

dnpAadCAap=dnAapuAfp=(dn +dw)Aunf=(0on)AAuAfp=+D0.

This in particular means that dC A dn # 0. Thus the CR functions € and n are
independent and as such they provide a local embedding of the CR manifold M
in C2. This finishes the proof of the lemma. O

The rest of the paper uses this lemma, under various further assumptions
about the lifted spacetime, to produce a new CR function which, together with

the T of (3.18), provides the embedding of the CR manifold.
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3.3.1. Existence of a null Maxwell field aligned with the congruence. As a warm
up we start with a CR manifold M and assume it lifts to a spacetime that merely
satisfies Einstein equations (a). As we know, in such a case, we automatically have
the CR function T of (3.18) which can be used to choose the forms A and u as
in (3.20)-(3.21). Next we add the assumption about the corresponding spacetime
metric (3.19). We will assume for a while that the lifted spacetime (M, g) ad-
mits a null Maxwell field which is aligned with the congruence of null geodesics
corresponding to (M, (A, 4)). The terms in itallics mean the following:

e In any oriented spacetime (M, g) a Maxwell field is a real 2-form F such
that dF = d * F = 0, where * is the Hodge star operator associated with the
metric g.

e Every real 2-form F in spacetime defines a complex 2-form F = F + i * F.
This is antiselfdual, i.e. by definition, it satisfies *F = —iF. Also the
converse is true. Every complex antiselfdual 2-form F defines a real 2-form
F,via F = Ref. The so defined F has the property that ImF = *F.

o Thus Maxwell fields are in one to one correspondence with closed antiselfd-
ual complex 2-forms F in M. From now on we will identify Maxwell fields
with such Fs.

¢ A nonzero Maxwell field F is called null iff F A F = 0. Thus a null Maxwell
is algebraically special.

 An example of a null Maxwell field is given by a plane electromagnetic wave,
in which the electric field E and the magnetic field B are orthogonal to
each other EB = 0 and have equal length E? — B2 = 0. In this case F =
dt A (Edr) + %dr A (B x dr) and *F is obtained from F by the replacement
E - BandB — -E.

A nontrivial example is due to Ivor Robinson [58]. We present it here, due
to its influence on the entire subject:

In Minkowski spacetime M = R4, with the metric g = 2(du'dr +
dCdZ), consider the following (complex) change of variables:

u=u-rzz, C=@wr+iz, CT=@wr-1i)z.

After this transformation the metric is g = 2(Adv + 2(r? + 1)uf), with
A =du + i(zdz — zdz) and u = dz. Now consider an antiselfdual 2-form
F = fA A p with a nonvanishing (sufficiently smooth) complex valued
function f in M. It is obviously null, and it defines a Maxwell field, i.e. it
satisfies dF = 0, if and only if
o f = f(u,r,z,2) is independent of the real coordinate 7, f, = 0, and
o f satisfies the linear PDE: (0f/0z) + iz(0f/ou) = 0.
The beauty of this example is that

2 + izi
0z ou

is the Hans Lewy operator [25, 58].
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o Null Maxwell fields are radiative in a similar sense as the algebraically spe-
cial gravitational fields. Far from the sources the leading term of the field
strength F behaves as

F:N—uu+0(%), as v — oo,
r r

e A null Maxwell field is always of the form F = FA A fi, with some real

1-form A, some complex 1-form fi and a complex function f on M.

e One of the implications of the Robinson theorem [41] is that if the space-
time M admits a null Maxwell field F = fA A i, then it is locally a product
M = R x M, with M being a CR manifold. The CR structure on M is in-
duced by the forms A, p on M such that A = 1% (A) and i = 1*(u), with
™ : M — M being the projection which forgets about the R factor in M.

e Since a null Maxwell field in the spacetime induces the CR structure as
above, then the congruence in M, being tangent to the R factor, is null
geodesic and shearfree.

e Now the construction in the other direction can be attempted. Given a
3-dimensional CR structure (M, (A, 4)) one considers its lift to the space-
time M = R x M, which is then naturally equipped with a null congruence
of shearfree geodesics tangent to the R factor. Then the null Maxwell field
F = fA A uis called aligned with this congruence.

Thus let us assume that in addition to the strict pseudoconvexity, and to the as-
sumption that the lifted spacetime satisfies equations (a), we also have a nonva-
nishing null Maxwell field aligned with the congruence associated to CR struc-
ture (M, (A, u)). This additional assumption will play the role of our equation
(2ndCR). Assuming this, we are guaranteed the existence of a complex function
f on M such that

d(fA A ) = 0.

For (M, (A, 1)) as in (3.20)-(3.21) we easily check that this equation is equivalent
to

@Of +¢f)AAUA 1 =0.
This in turn is equivalent to a single complex equation [52]
(3.45) 0f +cf -0

on M, which is our new (2"4CR). If we now introduce a function 77’ related to f

by
(3.46) don’ = f,

we have 091" # 0, since otherwise the Maxwell field would vanish. Moreover,
inserting the definition (3.46) in the Maxwell equation (3.45), we see that if a
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nonvanishing f satisfies (3.45), then the corresponding n’ satisfies
(3.47) 00on)" + coon’ = 0.

Using the commutator (3.43) we conclude that this equation is finally equivalent
to 000" = 0. Since, as we have already noticed dpn" # 0, our present n’ sat-
isfies all the assumptions of Lemma 3.23. Using it we define a CR function n
which is independent of . Thus we have proven Theorem 2.3 in the direction
(i) and (ii) = embeddability.

To get the converse we do as follows. Assuming embeddability, we have two
independent CR functions. Let us choose one, say T, such that dC A dT # 0.
Then, using €, we construct a spacetime whose Ricci tensor satisfies equations
(a), as in the proof of Theorem 2.2. After achieving this we, in particular, have
embeddability = (i). In addition, we have y = dC and A of (3.21). Now we
take an independent CR function, say n. Because of the independence condition
dC A dn # 0, we have that dyn # 0. Then we define f = d9n # 0 and observe
that F = fA A p satsifies dF = 0. This provides us with a nontrivial null aligned
Maxwell field, proving that embeddability = (ii). Thus Theorem 2.3 is proven.

This completes our discussion of the existence of a null Maxwell field in the
spacetime. We mention however that Trautman [57] has conjectured that Theo-
rem 2.3 remains valid without condition (i).

3.3.2. Petrov type Il or D. We now return to the pure Einstein situation,
in which we have a strictly pseudoconvex CR manifold M whose lifted spacetime
(M, g) satisfies Einstein equations (a). We work in the gauge t = 0 and we impose
further Einstein equations on the lifted spacetime. From now on we will always
assume that the lifted spacetime satsifies Einstein’s equation (a), (b) and one of the
equations (c), namely Ri3 = 0. These, according to Remark 3.17 are equivalent
to Ric(g) = Ag + ®A ® A. As a consequence we are guaranteed the existence of a
complex function m on the CR manifold M such that

(3.48) om+3cm=0

(compare with (3.35) assuming t = 0).

Einstein’s equations (a), (b) and Ri3 = 0 do not guarantee that m is nonva-
nishing. This shall be assumed, and the equation (3.48) with m # 0 will be our
new (2"4CR).

The assumption about the existence of a nonvanishing m has a clear spacetime
meaning. This is due to equation (3.36). It says that m + 0 at a point if and only
if the spacetime metric at this point is of no more special Petrov type than IT or D.
So let us assume that a strictly pseudoconvex 3-dimensional CR manifold M lifts
to a spacetime of Petrov type II or D, but no more algebraically special, which in
addition satisfies Einstein’s equations (a), (b) and Ry3 = 0. Having assumed this
we replace equation (3.48) with an equation for the complex function ” such that
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[22]

(3.49) m = (doR')>.

By our assumption about the Petrov type we have
oo’ # 0.

Moreover, inserting (3.49) into (3.48), after the trivial simplification which uses
the assumed 0pn" # 0, we get 00pn’ + cdpn’ = 0. This is again equation (3.47) for
n’ satisfying 09n" # 0. This means that the argument from the previous subsection
applies, and using Lemma 3.23, we can modify n’ to n being the second CR
function on M. This proves the following theorem.

Theorem 3.24. Assume that a strictly pseudoconvex CR manifold M
(i) admirts a lift to a spacetime satisfying Einstein’s equations Ric(g) = Ag+PA®A,
and
(ii) has Petrov type II or D, but no more special.

Then such a CR structure is locally CR embeddable.

At this stage it is worthwhile to note that if we have m satisfying (3.35) we
can use its associated " to define f by formula (3.46). Then we can use this f
to define a Maxwell 2-form F by F = fA A u. Due to (3.47) this F satisfies the
Maxwell equations dF = 0. Thus the lifted spacetime of Theorem 3.24 admits
an aligned null Maxwell field.

Also the converse to Theorem 3.24, namely Theorem 2.5, can now be proven,
using a similar argument.

Proof of Theorem 2.5. Indeed, given an embeddable strictly pseudoconvex CR
manifold M, we choose one of its CR functions € such that dC AdC # 0 to define
p = dC and A satisfying (3.21). Then we take t = 0 and s = 0. To construct
an Einstein spacetime satisfying Ric(g) = Ag + ®A ® A we need first to find a
complex function m such that equation (3.35) with t = 0 is satisfied. We can do
it in two ways. Either we choose m = 0, or we can prove that we can find m + 0
satisfying (3.35).

Let us first consider the second possibility. Since our real analytic CR manifold
is locally embeddable [1] we are guaranteed that a second CR function 1, inde-
pendent of T exists on M. Thus we have dyn = 0. Then we define m = (9on)°>,
which obviously does not vanish. Because n satisfies the tangential CR equation,
we easily get that our m satsifies 9m + 3cm = 0. After determining n we must
solve the last of the reduced Einstein equations Ric(g) = Ag + ®A ® A, namely
equation (3.29) for p. This is a real equation for a real function on the CR man-
ifold M. Looking at (3.29) we see that if we specify a real constant A, the only
unknown in this equation is p, since now ¢, t = 0 and m, as well as 0 and 0
are just specified. For every fixed constant A, this equation is a second order real
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PDE in 3-dimensions, with a quite well behaved nonlinear part. We do not know
for sure about its solvability unless we assume real analyticity in the variables ap-
pearing in it. To have this it is enough to assume that the CR manifold M is real
analytic. Then we can always find a local solution for p. Inserting this p, and
m,t =0,s =0, c into (3.19), with functions P, W and H as in (3.23), (3.24),
(3.25), (3.26), (3.28) we define a metric g. This satisfies Ric(g) = Ag + PA ® A,
with our fixed A and some real function ®, which is determined by all our choices.
Due to the comitted choice of ), we have m + 0, therefore the lifted spacetime is
of Petrov type IT or D. This proves Theorem 2.5. O

Remark 3.25. We strongly believe that equation (3.29) with arbitrary suffi-
ciently smooth functions t, ¢, m and arbitrary real constant A, has a local non-
vanishing solution for p on any sufliciently smooth CR manifold M, and that it
could be proved by standard methods. If this is true then we could replace The-
orem 2.5 with a stronger one, in which the term ‘real analytic’ would be replaced
by ‘sufhciently smooth embeddable’.

The authors are unaware of a precise reference to the literature in which the
existence of nonzero solutions to (3.29), without the real analyticity assumption,
is proved. In the rest of this section we will assume that it is true.

Let us now discuss the first possibility mentioned above. Actually, instead of
using the second CR function, we could have chosen m = 0 in addition to t = 0
and s = 0. Then inserting these functions into the equation (3.29) for p and fixing
a constant A, we conclude that it admits a local solution. Thus defining the metric
as before we again get a spacetime with Ric(g) = Ag + ®A ® A. There is however
an important difference between this situation and the one considered before. The
spacetime now has m = 0, so that it is of Petrov III or its specialization. Even
more important is the fact that in constructing the metric now we did not use the
second CR function. Thus, modulo our current assumption, we have the following
corollary.

Corollary 3.26. Every sufficiently smooth strictly pseudoconvex 3-dimensional
CR structure which admits one CR function T such that dC A AT # 0 has a lifi to a
spacetime which satisfies Einstein equations Ric(g) = Ag + PA ® A and which is of
Petrov type 111, or its specializations N or 0.

This means that for the price of generality in the Petrov type, we may replace
the embeddability assumption in Theorem 2.5, by a weaker assumption about the
mere existence of one CR function, and still get the Einstein condition Ric(g) =
Ag + ®A ® A for the lift.

3.3.3. Ric(g) = 0 and Petrov type I1I. 1f we assume that our strictly pseudo-
convex CR structure (M, (A, 1)) has a lift to a spacetime (M, g) satisfying Ein-
stein’s equations Ric(g) = Ag + ®A ® A, which in addition, is of Petrov type IT1
or its specializations, then without further assumptions about (M, g) we are unable
to produce the second CR function for M. Of course, to get the embeddability of
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M, we may assume that our spacetime admits an aligned null Maxwell field and
then use Theorem 2.3. But, if we lack a Maxwell field detector, we need to invent
anew (2"4CR) equation that guarantees the existence of a second CR function n.
This can be done by imposing more special restrictions on Ric(g), as we will do
in this section.

So now we assume that the lifted spacetime of our CR manifold (M, (A, u))
is of Petrov type III or more special, and that it satsifies Einstein’s equations (a),
(b) and the first of equations (c), namely R13 = 0. We work in the gauge

t=0

and, due to our assumption about the Petrov type, we have
m = 0.

Then, guided by the theory of exact solutions of Einstein equations we introduce
a function

(3.50) I=0(@logp+c)+ (@logp + )%

This enable us to significantly simplify the formulae for the last componenent of
the Ricci tensor and the Weyl scalar coefficient ¥3. These are given in the following
proposition.

Proposition 3.27. If the lified spacetime satsifies the Einstein equations (3.23),
(3.24), (3.25), (3.26), (3.27), (3.28), (3.29), (3.35), then the Ricci tensor component
R33 is given by

Y +s
COS4( )

(3.51) Ry = 8T2 (2 +2¢)(p23D) + O(A)

and the Weyl scalar Y5 is given by

_ ali(r+s))/2
(3.52) ¥y=2i 00 S o’ (557) +ow,

as \ — 0.
Remark 3.28. The omitted O (A) term in R33 reads

O(A) = —8A cos* (T ; S) (g!\pz +6(¢0 + cd) logp + 120 logpdlogp

+ 3¢ — %(ac' +0c) — 2idy 1ogp) ,
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and the omitted A term in V3 is

O(A) = _4iA(25 logp ) e(i(1’+5))/2 cosd (7’ ;— 5) .

We note that the O(A) term in R33 is complex. It includes the purely imaginary
—2i09 logp. Thus the first term in R33 is also complex, since R33 is real. This
means that the first term in R33 includes a purely imaginary A term which cancels

—2i0p logp. If A = 0 the first term in R33 becomes real, and R33 becomes real as
it should be.

The appearance of the unwanted O(A) terms in (3.51) and (3.52) forces us
to assume that A = 0. So in our search for the second CR function we will assume
from now on that the lifted spacetime has vanishing cosmological constant

A =0.

Then, if we in addidtion assume that the lifted spacetime is Ricci flat, we may
easily use the function 91 to construct the second CR function.

Let us thus assume that the lifted spacetime has A = 0 and R33 = 0 every-
where, and that in addition it is of strictly Petrov type I1I. This last assumption
means that 81 # 0. Moreover, since R33 = 0 and A = 0 guarantees that

(3.53) (0 +2¢)(p*al) =0,
we may use our standard trick of considering n’ related to I via:
p*ol = (i7"’

Inserting this into (3.53) and utilising the assumption yo1)" # 0 about the Petrov
type, we again obtain 0p0n" = 0, which is enough to conclude that the following
theorem is true:

Theorem 3.29. Assume that a strictly pseudoconvex CR manifold M
(1) admirts a lift to the spacetime satisfying Einstein’s equations Ric(g) = 0, and
(ii) has Petrov type I11, bur no more special.
Then such a CR structure is locally embeddable.

Of course, as in the end of the last subsection we can now use our second CR
function, to construct an aligned null Maxwell field in our Ricci flat spacetime of
type I11.

3.3.4. Petrov type N. Staying in the gauge t = 0, with the cosmological con-
stant set to A = 0, an assumption that our spacetime is of type N means that
m = 0 and 0I = 0 everywhere (see (3.36) and (3.52)). In the context of our
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search for the second CR function this is a very fortunate Petrov type. Indeed,
assuming type N we have
ol

0,

which not only implies that R33 = 0, but also implies that I is a CR function! The
only question is if this CR function is independent of C. For this we need

To conclude the independence we calculate the last Weyl scalar ¥4. Assuming that
t=0,A=0,m=0and ol =0 we get:

_ e (i(r+s))/2 +
‘I’4=2i501672cos3 (1’ S>.
p 2

Thus the condition (3.54) for I to be an independent CR function is equivalent
to the condition on Petrov type not to be degenerate to the conformally flat type
0. Thus we have the following theorem.

Theorem 3.30. Assume that a strictly pseudoconvex CR manifold M
(i) admits a lift to a spacetime satisfying Einstein equations (a), (b) with A = 0
and R13 = 0 and which, in addition,
(ii) has Petrov type N and is nowhere degenerate to Petrov type 0.

Then such a CR structure is locally embeddable. Moreover, in such case the spacetime
is Ricci flat.

The remark about the existence of the aligned Maxwell field, as at the end of
the previous subsections, applies here also.

3.3.5. Conformally flat case. 1f we only know that among the lifted space-
times of a strictly pseudoconvex CR structure there is a Minkowski metric, we
may proceed with our search for the second function in the same spirit as we were
doing in the previous subsections. However, in such a case there is a simpler more
elegant geometric way of achieving our goal. This comes from Penrose’s rwistor
theory.

Let us now forget about all the results from the entire Section 3 and as-
sume that we are given a 3-dimensional CR structure (M, (A, 1)), not necces-
sarily strictly pseudoconvex (1), which has a lift to a conformally flar spacetime
M. We do not need the Einstein equations for the rest of the argument. It is
known (see e.g. [36]) that the space of all null geodesics in a neighbourhood in
M is a 5-dimensional CR manifold N, which is naturally locally CR embedded in
C3. Actually N may be identified with an open set in the following rea/ projective
quadric

PN = {CP? > (Wy : Wy : W3 : W) | W12 + [W,]? — [W3]3 — [Wg4|? = 0}
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CR embedded in CP?. The manifold PN is called the space of projective twistors.

Since points of N are null geodesics in M then a congruence of null geodesics
in M is just a 3-dimensional manifold My in N. Crucial to our argument is
the fact that if a congruence of null geodesics in M is shearfree then My is a CR
submanifold [33] of the 5-dimensional embedded CR manifold N. Thus having
a congruence of null and shearfree geodesics in M we first are guaranteed that M
is locally CR embedded as a submanifold My in C3. But this implies that M also
has a local CR embedding in a C2, see [1,12]. The argument is very simple:

Take a point p € My, and define C? to be the smallest complex vector space
which contains TpMy. The local projection 7t : C3 — C? is holomorphic, hence
its restriction @ = Ty, is 2 CR map, whose image in C? is the desired CR
embedding. This proves the following theorem.

Theorem 3.31. Every 3-dimensional CR manifold which has a lift to a confor-
mally flat spacetime is locally embeddable.

Using Theorems 3.24, 3.29, 3.30, and 3.31 we obtain Theorem 2.4.
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