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1. Introduction

Early in the development of the structure theory for simple Lie algebras, W. Killing
[9,10] conjectured that there exists a rank 2, 14-dimensional simple Lie algebra go which
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admits a realization as a Lie algebra of vector fields on a 5-dimensional manifold. This
realization was discovered independently by F. Engel and E. Cartan' and is given by the
infinitesimal symmetries of the rank 2 distribution in 5 variables for the under-determined
ordinary differential equation

dz [der (1.1)

do | da?
Recall that for any distribution D defined on a manifold M, the Lie algebra of infinitesi-
mal symmetries X(D) is the set of vector fields X on M such that [X,D] C D. Eq. (1.1)
subsequently re-appeared as the flat model in Cartan’s solution [4] to the equivalence
problem for rank 2 distributions in 5 variables and in papers by Hilbert [11] and Car-
tan [6] on the problem of closed form integration of under-determined ODE systems.

It is therefore natural to ask if all simple Lie algebras admit such elegant realizations as
the infinitesimal symmetries of under-determined systems of ordinary differential equa-
tions. We shall formulate this question within the context of parabolic geometry and
give a complete answer in terms of the novel concept of a parabolic geometry of Monge
type. These geometries are defined intrinsically in terms of the —1 grading component
and exist for all types of simple Lie algebras. In this paper we shall [i] completely classify
all parabolic geometries of Monge type; [ii] identify those geometries which are non-rigid
and describe the spaces of fundamental curvatures in terms of the second Lie algebra
cohomology; [iii] give under-determined ODE realizations for the standard models; and
[iv] explicitly calculate the infinitesimal symmetries for the standard models. For each
classical simple Lie algebra, one particular parabolic Monge geometry of depth 3 stands
out from all the others. We believe that these particular geometries, listed in Theo-
rem A, merit further study similar to that for the well-known |1|-gradations and contact
gradations.

To explain this work in more detail, we first recall a few basic definitions from the
general theory of parabolic geometry. As presented in [1,17], the underlying structure for
any parabolic geometry is a semi-simple Lie algebra g and a vector space decomposition

=0 D Do DPYP DI 1D - DY (1.2)

Such a decomposition is called a |k|-grading if: [i] [g;, 9;] C gi+;; [ii] the negative part of
this grading

g_ :g_l@...@g_k
is generated by g_1, that is, [g_1,9¢] = g_14¢ for £ < 0; and [iii] g # 0 and g_; # 0.

The negatively graded part g_ is a graded nilpotent Lie algebra while the non-negative
part of this grading

! Their articles appear sequentially in 1893 in Comptes Rendu [2,7].
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is always a parabolic subalgebra. We remark that for a fixed choice of simple roots AY
of g, there is a one-to-one correspondence between the subsets 3 of A? and the gradings
of g [1, pp. 292-293]. We will denote the corresponding parabolic geometry constructed
this way by (g, ).

For every |k|-grading of a simple Lie algebra g, there is unique element E € g, called
the grading element, such that [E,z] = jz for all z € g; and —k < j < k. Let A9(g_, g)
be the vector space of ¢-forms on g_ with values in g and set A%(g_,g), to be the
subspace of g-forms which are homogeneous of weight p, that is,

A(g_,9)p, ={w e A (g-,9) | Le(w) =pw}.

The spaces A*(g_, g), define a co-chain complex with respect to the standard Lie al-
gebra differential. The cohomology of this co-chain complex is denoted by* H(g_, g),.
A parabolic geometry is called rigid if all the degree 2 cohomology spaces in positive
weights vanish and non-rigid otherwise. The cohomology spaces H?(g_, g), can be cal-
culated by the celebrated method of Kostant [13] (see also [1, §3.3] and [17, §5.1]).

With these preliminaries dispatched, fix a |k|-grading of g, let N be the simply con-
nected Lie group with Lie algebra g_ and let D(g_1) be the distribution on N generated
by the left invariant vector fields corresponding to the g_; component of g_. This dis-
tribution is called the standard differential system associated to the given parabolic
geometry.

It is a fundamental result of N. Tanaka (see [17, Sections 2 and 5], especially pages 432
and 475) that if H'(g_, g), = 0 for p > 0, then the Tanaka prolongation of g_ coincides
with g and we have the following Lie algebra isomorphism

X(D(g-1)) = 9. (1.3)

In this way, one can construct many examples of distributions D whose symmetry algebra
X(D) is a given finite dimensional simple Lie algebra g. Indeed, pick a subset ¥ C A® of
the simple roots and construct the associated grading (1.2), which we require to satisfy
H'(g_,g), =0 for p > 0. This cohomology condition is generally satisfied, with the few
exceptions enumerated in [1, Proposition 4.3.1] or [17, Proposition 5.1]. Then calculate
the left invariant vector fields on the nilpotent Lie group N. By (1.3) the Lie algebra
of the infinitesimal symmetries of the standard differential system D(g_1) is the given
simple Lie algebra g. Finally write down a system of ordinary or partial differential
equations whose canonical differential system is D(g_1).

All of these calculations can be done with the Maple DifferentialGeometry package
and this allowed the authors to generate many examples of differential equations with

2 The notation in Yamaguchi [17] is H”%(g_,g) = HI(g—, 8)pt+q—1-
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prescribed simple Lie algebras of infinitesimal symmetries. For each classical simple Lie
algebra one particular parabolic geometry immediately stood out from all the others.
These are listed in the following theorem.

Theorem A. The standard differential systems for the parabolic geometries Ag{ay, oo, as},
Ce{lap—1,04}, Be{ar,as} and De{aq,as}, are realized as the canonical differential sys-
tems for the under-determined ordinary differential equations

I: Ao, az,a3}, >3, =% 1<i<l-2. (1.4)
IT: C{ay 1,04}, £>3, =gyl 1<i<j<l—1. (1.5)
1 2¢0—3 o
III: B{og,a0}, £>3, t=3 > ki (1.6)
i,j=1
20—4
. 1 Y
IVZ D[{ a1, Qi }, g Z 4, D3{0[1,0é2,0&3 }, z = 5 Z I{ijy Y. (17)
i,j=1

Here (k;j) is a symmetric, non-degenerate constant matriz of an arbitrary signature
(r,s), where r+s =20 —3 for By orr+ s =20—4 for Dy,. The symmetry algebras of 1
through IV are isomorphic, as real Lie algebras, to sl(¢ + 1,R), sp(¢,R), so(r+2,s+2),
and so(r + 2, s + 2), respectively.

We note that the only repetition in the above list is A3 and D3, where the matrix
(kij) has signature (1,1), corresponding to the isomorphism s[(4,R) = so0(3, 3).

Evidently, Eqgs. (1.6) and (1.7) are the differential equations for a curve y(z) =
(2,9 (x), z(x)) to lie on the null cone of the metric

1 o
g=drdz — 3 Zfzijdyz dy’.

ij

Similarly, the Monge equations (1.4) and (1.5) can be interpreted as the differential
equations for curves to lie on the common null cones of families of (degenerate) quadratic
forms

{dedz' — dy® dy'} and {dxdz" — dy' dy’}.

The geometric characterization of these families of quadratic forms and their roles as
geometric structures associated to parabolic geometries are interesting problems in their
own right, which we hope to address in a future publication.

The main result of this paper is an intrinsic characterization of those parabolic geome-
tries arising in Theorem A, as well as the go parabolic geometries defining Eq. (1.1). To
motivate this result, two key observations are needed. First, under-determined systems
of ordinary differential equations such as I-IV are often referred to, in the geometric
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differential equation literature, as Monge equations. As distributions these Monge equa-
tions are all generated by vector fields {X,Y1,Y5, ..., Yy} such that [Y;,Y;] = 0 and such
that the 2d 4+ 1 vector fields {X,Y;,[X,Y;]} are all point-wise independent. This first
observation suggests the following fundamental definition.

Definition 1.1. A parabolic geometry

9=0rD - D1 DPPIDPI_1D--- DIk

is of Monge type if its —1 grading component g_; contains a co-dimension 1 non-zero
abelian subalgebra ) and dim g_» = dim .

The second observation is that each of the parabolic geometries arising in Theorem A,
as well as the Hilbert—Cartan equation (1.1), is non-rigid. These two observations moti-
vate our second theorem.

Theorem B. Let g be a split simple Lie algebra of rank ¢ with simple roots {a1, aa, ..., ayu}.
The following is a complete list of non-rigid parabolic geometries of Monge type.

Ia: A{ar,a,a3}, >3 Ib: A{aj,an}, £>2

IMa: Co{lap_1,a0}, £>3 IIb: C3{aj,as, a3}
IMla: Bi{ag, a0}, £>2 IIIb : Bo{as} IIlc: Bs{as,a3}
ITId : B3{ay,as,a3}
IVa: Di{aq, a0}, £ >4

Va: Gof{ag} Vb : Go{ aj,as }.

A number of remarks concerning Theorem B are in order.

1. The standard differential systems for cases Ia, IIa, ..., Va are precisely those given
by Egs. (1.4), (1.5), (1.6) and (1.7) (for x;; with split signature), and (1.1). Cases Ib,
IIIb, and IIIa with ¢ = 2 are the only cases where H'(g_, g), # 0 for some p > 0. The
standard models for Ib and IIIb are easily seen to be the jet spaces J'(R',R¢~1) and
JYH(RY,RY). The standard models for IIb, ITlc, and IIId are respectively

d=ylt P=ait F=@ et =yl (1.8)
2 =49, and (1.9)

012 2 Looa g Lo g Loy gy
d=glt 2 =500 P =097 2 =50t -yl - 20'y?)- (1.10)

Finally, the standard differential system in case Vb is simply a partial prolongation of
the standard differential system for (1.1) (see also [17, §1.3]). We provide the details for
these calculations in Section 4.
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2. It is a relatively straightforward matter to extend this classification of non-rigid
parabolic Monge geometries to all real simple Lie algebras. In the real case the
|k|-gradings are defined by those subsets of simple roots which are disjoint from the
compact roots and invariant under the Satake involution [1, Theorem 3.2.9]. This re-
quirement, our classification of parabolic Monge gradations in Theorem 2.4 and the
classification of real simple Lie algebras (see, for example, [1, Table Appendix B.4]),
show that, in addition to the split real forms listed in Theorem B, one only has to in-
clude the real parabolic geometries listed in Theorem A III and IV for x;; of general
signature.

3. It is rather disappointing that none of the exceptional Lie algebras fy4, ¢g, ¢7, ¢g appear
in Theorem B but, simply stated, there are rather few non-rigid parabolic geometries for
these algebras [17] and none of these satisfy the Monge criteria of Theorem 2.4. (See,
however, Cartan [3] for the standard differential system for f4{c} which is not of Monge
type. In the same spirit, see [17, p. 480] for some other linear PDE systems with simple
Lie algebras of symmetries.)

4. We remark also that just as the Hilbert—Cartan equation (1.1) arises as the reduction
of the parabolic Goursat equation

3 2 2 2 3 _
32u$y — 12uyyuxy + 9uZ, — 30Uz Upylyy + 12umuyy =

0

(see [5] and [15]), one also finds in [5, p. 414] that Eq. (1.6), with ¢ = 3, appears as the
reduction of a certain second order system of 3 non-linear partial differential equations
for 1 unknown function in 3 independent variables. See the Ph.D. thesis of S. Sitton [14]
for details.

5. With regards to the Cartan equivalence problem associated to each of these non-rigid
parabolic geometries of Monge type, it hardly needs to be said that the go parabolic
geometry defined by {a;} was solved in full detail by Cartan [4]. For the remaining
interesting cases, that is, except cases Ib, Illb, and Illa with ¢ = 2, we remark that,
unlike the gy equivalence problem, all fundamental invariants appear in the solution to
the equivalence problem as torsion.® The equivalence problems associated to the parabolic
geometries ITb and ITId are quite remarkably simple — each admits only a scalar torsion
invariant and no curvature invariants.

6. As pointed out by the referee, the papers [18] and [19] by Yamaguchi and Yatsui are
closely related to the subject of this article. Let us recall that for any regular distribution
D on a manifold M one can associate a graded nilpotent Lie algebra

o(D)=0_1B0_2® - Do_g

called the symbol algebra. In accordance with Definition 1.1, we then say that D is a
Monge distribution if o_; admits a co-dimension 1 abelian subalgebra 1. More generally,

3 For the definition of the torsion of a Cartan connection, see [1, p. 85].
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one says that D defines a pseudo-product structure on M if o_; is the vector space
direct sum of two 2 abelian subalgebras ¢ and y. A general method of constructing
pseudo-product structures is given in [18] which produces, from a different viewpoint,
the Monge gradations in cases IIa, IIIa, and IVa of Theorem B.

For pseudo-product structures there is a duality construction for the standard models
— one can view either one of the subalgebras ¢ or y as defining the horizontal distribution
of total vector fields for a system of differential equations. In this paper we have taken this
horizontal distribution to be the 1-dimensional complement to the codimension-1 abelian
sub-algebra, resulting in the realization of the standard models as under-determined non-
linear ODE or Monge equations. In [19], the co-dimension 1 abelian subalgebra is taken
as the horizontal space, leading to realization of the standard models as over-determined
linear PDE. The dual systems to the Monge equations IIT and IV corresponding to By
and Dy in Theorem A are

0%y 0%y

S a5 — Bpga o> 1< 5 S’/l,
Ox,0xy 1022 =P

where y is the unknown function and the z, for 1 < p < n are the independent vari-
ables with n = 2¢ — 3 for By and n = 2¢ — 4 for D,. For the dual systems to Monge
equations II corresponding to Cy, we refer the reader to Eqgs. (3.6) and (3.7) in [19]. It is
an interesting and instructive exercise to explicitly exhibit the transformations between
these two realizations.

The paper is organized as follows. In Section 2 we give a complete classification of
the grading subsets 3 for parabolic geometries of Monge type. We show, in particular,
that for simple Lie algebras of rank ¢ > 3, there is a unique simple root ¢ € ¥ which is
connected in the Dynkin diagram to every other element of ¥. In Section 3, we adapt the
arguments of Yamaguchi [17] to describe all the non-rigid parabolic geometries of Monge
type, thereby proving Theorem B. We also describe the cohomology spaces H2(g_, g),
with positive homogeneity weights (as irreducible representations of gg) for each non-rigid
parabolic geometry. This gives a characterization of the curvature for the normal Cartan
connection which will play an important role in our subsequent study of the Cartan
equivalence problem for non-rigid parabolic geometries of Monge type. In Section 4,
we explicitly give the structure equations for the nilpotent Lie algebras g_ for each
non-rigid parabolic geometry of Monge type. In each case we integrate these structure
equations to obtain the Monge equation realizations of the standard differential systems.
This establishes Theorem A. Finally in Section 5 we use standard methods to explicitly
calculate the infinitesimal symmetry generators for our standard models in Theorem A.
Remarkably, these infinitesimal symmetries are all prolonged point transformations.

2. Parabolic geometries of Monge type

In the introduction we defined the notion of a parabolic geometry of Monge type
(Definition 1.1) as one for which the g_; component contains a co-dimension 1 non-zero
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abelian subalgebra t satisfying dim g_o = dimy. In this section we obtain a remarkable
intrinsic classification of these parabolic geometries in terms of the defining set of simple
roots X. The key to this classification is the fact that the set ¥ must contain a distin-
guished root ¢ which is adjacent to all the other roots of ¥ in the Dynkin diagram of g
(see Theorem 2.4).

Let g be a complex semi-simple Lie algebra of rank ¢ with Cartan subalgebra h and
roots A, positive roots A1 and simple roots AY. The height of a root 8 = Z N with

a€eAO
respect to ¥ is defined as htx(5) = Z Nq, and the set of roots with height j is denoted
acd

by Aji. The j-th grading component in (1.2) is

g; = @ 93 fOT]?éO and gozf)@ @ 93-

BeAl BEAS,

It is clear that dimg; = dimg_;.

While we shall primarily be concerned with the case dimg_; > 2, we shall, never-
theless, be required to carefully analyze the case dimg_; = 2 since this contains the
exceptional Lie algebra go for the Hilbert—Cartan equation (1.1). For this special case,
we shall use the following.

Lemma 2.1. Let g be a |k|-graded simple Lie algebra. If dimg_y = 2, then rank g = 2.

Proof. We show that if rankg > 2 then dimg; > 2. Let ¥ C A° be any non-empty
subset of the simple roots A® for g. If rankg > 2, then the set ¥ must non-trivially
intersect a set of 3 connected simple roots {a, 3,v}. Then a, o+ 8, a+8+7, 8, B+,
and y are all roots. Regardless of which of these 3 simple roots «, 3, v are in X, there
will always be at least 3 roots with height 1 relative to ¥ and therefore dimg_; > 3. For
example, if the intersection with ¥ contains just 3, then 5, a + 3, and g+~ have height
1 while if the intersection contains « and <, then the roots o and a4+ 3, 8 + v, and ~
have height 1. O

Theorem 2.2. Let g be a |k|-graded simple Lie algebra of Monge type with dimg_; = 2.
Then the possibilities are:

1. Aof{ar, s} 2. Bo{an} (the short root) 3. Ba{ai,az}

4. Go{ar} (the short root) 5. Ga{ag,as}
Proof. By the above lemma rank g = 2 and hence g is of type Ay, Bo = Cy, or Ga. The
gradations not in the above list are Aa{1}, As{as}, Ba{a1} and Ga2{as}, and they are

not of Monge type; specifically, the gradations As{ay}, Aa{as}, and Ba{a;} have depth
k =1 while for Ga{as} one easily checks that dimg_; =4 and dimg_o=1. O

For the rest of this section we focus on the case dimg_; > 2.
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Proposition 2.3. Let g be a |k|-graded semi-simple Lie algebra of Monge type with
dimg_1 > 2, and let 3 be the subset of simple roots which defines the gradation of g.

[i] The abelian subalgebra vy C g_1 is go-invariant.

[ii] There is a 1-dimensional go-invariant subspace r such that g_1 = ®v.

[iii] There is a unique simple root ¢ € ¥ and roots {f1, B2 ,...,Ba} C AL such that

r=g¢ and Y=g 5 ©g 4, D Dg_p,- (2.1)

[iv] The set & consists precisely of the oot ¢ and all roots adjacent to ¢ in the Dynkin
diagram for g.
[v] If go contains no simple ideal of g, then the Lie algebra g is simple.

Proof. [i] Let {y1,y2,...,y4} be a basis for y and let {z,y1,y2,...,ya} be a basis for
g—1. The generating condition [g_1,g-1] = g—2 and the fact that dimg_» = dimy imply
that

ad; : § — g_o is an isomorphism. (2.2)

This implies that the vectors z; = [z,y;] form a basis for g_o. Let u € go. Since the
action of gy on g preserves the |k|-grading, it follows that

[, 4] = a;z + bly;.
Since the vectors y; commute, the Jacobi identity for the vectors u, y;, y; yields
aizj —ajz; =0 foralll1<i<j<d.

Since d > 1 this implies that a; = 0 and hence [u, y;] € y. This proves [i].

[ii] Since g is a complex semi-simple Lie algebra, gg is a reductive Lie algebra and the
center 3(go) C b by [1, Theorem 3.2.1]. Hence the center acts on g_; by semi-simple
endomorphisms. Therefore the representation of gg on g_; is completely reducible (see
for example [1, p. 316]). Thus the go-invariant subspace y admits a go-invariant comple-
ment r.

[iii] Since the Cartan subalgebra b of g used to define the root space decomposition of g
is, by definition, contained in gg, the go-invariant subspaces ¢ and 1y must be direct sums
of the (1-dimensional) root spaces corresponding to roots in AL. This proves Eq. (2.1).

Put ¢ = g_¢. In order to complete the proof of [iii], we must verify that ¢ is a simple
root. Suppose not. Since ¢ is a positive root of height 1, we can therefore write ¢ = ¢'+(”,
where (' is a positive root of height 0 and ¢” is a positive root of height 1. Then, on the
one hand,

l9¢» 8] = [8¢r,8-¢] = 9—¢r-
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On the other hand, g¢» C go and so [g¢r, x| C r since ¢ is go-invariant. This contradicts
the above equation and therefore ( must be a simple root which belongs to X.

[iv] Let 8 € ¥\( and let z € g_¢ and y € g_p be non-zero vectors. By (2.2), [x,y] € g_2
is non-zero, ¢ + 8 must be a root, and therefore 3 is adjacent to ¢ in the Dynkin diagram
for g. Conversely, let 8 be any simple root adjacent to (. Then S + ( is a root and
9-5,0-¢c] = 9—p—¢c. If B ¢ X, then B € A) and therefore, by the go-invariance of g_,
[9-3,0-¢] C g—¢. This is a contradiction and hence € X.

[v] Suppose that g = [ ¢, where [ and € are semi-simple. The condition that gy contains
no simple ideal of g implies that ¥ must contain simple roots of [ and €. Therefore X is
disconnected in the Dynkin diagram of g, which contradicts [iv]. O

In view of [v], we henceforth assume that (g,¥) is a parabolic geometry of Monge
type with g simple. By Proposition 2.3, there is a simple root ¢ such that all the other
roots in X are connected to ¢ in the Dynkin diagram for g. We say that the root ( is
the leader of ¥. However not every simple root of g can serve as a leader for a parabolic
geometry of Monge type. To complete our characterization, we now turn our attention
to the gradation of g by the leader ( itself, and in particular to the decomposition of
the semi-simple part g% of its O0-grading component. By virtue of the connectivity of X,
there is a one-to-one correspondence between the remaining roots X\ ¢ and the connected
components of graph obtained by removing the node ¢ in the Dynkin diagram for g. Label
these connected components by T, for o € 3\ so that

A'={¢u |J Ta.

a€eX\¢

Let g(Y,) be the complex simple Lie algebra with Dynkin diagram Y,. Then by [1,
Proposition 3.2.2] we have the following decomposition

92;50: @ g(Ta)'

a€B\¢

Theorem 2.4. Let g be a parabolic geometry of a complex simple Lie algebra as determined
by the set of simple roots ¥. If dimg_1 > 2, then g is a parabolic geometry of Monge
type if and only if

[i] there is root ¢ € X which is adjacent to every other root in 3 in the Dynkin diagram
of g; and

[ii] For each a € Y\, the parabolic geometry for the complex simple Lie algebra g(Ty)
defined by the root {a} is |1|-graded.

Condition [ii] of Theorem 2.4 excludes just two possibilities. The first is Fy with
¢ = ay, the short root, and the other exclusion is Cy, with ( = ay, for 1 <i < m — 2,
m > 3. (See Corollary 2.6 for details.) Therefore there are many Monge gradations, and
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the condition of non-rigidity is essential for arriving at the short list of Monge gradations
in Theorem B.

In order to prove this theorem, we consider the set of roots Y% of g(T,) with height 1
relative to the gradation by {a}, that is,

Y.={pcA|B=a+ anﬂl where 3; € To\a, n; >0, and m > 0}. (2.3)
i=1
Furthermore, define subspaces of g by
V—a = @ g-5- (2.4)
BETY

These are the —1-grading components of g(T,) with respect to {a}. The proof of The-
orem 2.4 depends on the following lemma.

Lemma 2.5. Let ¥ be a set of simple roots satisfying condition [i] of Theorem 2.4.

[i] Then AL ={¢}U Unes\¢ Y!, and hence we have the following decomposition

ar’

1=0-c® P v-a (2.5)

a€X\C
[ii] If B € YL and B’ € T), with o # o, then B+ B’ is not a root, and hence
[U—aa U—a’] =0. (26)

liii] If B € YL then (+ B € A, and hence dim[g_¢,y_o] = dimy_,.

[iv] If y € AY, B € YL and v+ B € A, then v+ 3 € T.. Thus the y_, in (2.5) are
go-invariant subspaces of g_1.

Proof. [i] Clearly T. C AL and so it suffices to show that if 3 € AL\( then there is a
root a € ¥ such that 3 € T.. Indeed, since 3 has height 1 with respect to X, there is a
root a € ¥ and simple roots 3; € A®\X such that

52044-27%51' where n; > 0 and m > 0. (2.7)
i=1
Since f is a root, the set of simple roots {a, f1, . . ., Bm } must define a connected subgraph

of the Dynkin diagram for g. Therefore {a, f1, ..., Bm} C T4. This equation implies that
Bi € To\aand B € TL.
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[ii] In view of (2.3), the roots 8 € T and 8’ € TL,, with a # o/, are given by

a’

/

B=a-+ anﬂi and (' =d + Zniﬂg (2.8)

i=1 =1

Since YT, and T, are disjoint, the totality of roots {a, </, 5;, B/} is not a connected
subgraph in the Dynkin diagram of g and therefore 5+’ cannot be a root. Consequently
[9-5,9-p] =0 and (2.6) follows.

[iii] Let (-,-) be the positive-definite inner product on the root space induced from the
Killing form. Since ¢ is adjacent to o but not any of the f3;, it follows that

(8,¢) = (e + Zmﬂi,o = (a,¢) <0,

and therefore 8 + ( is a root by [8, p. 324 (6)].

[iv] We note that v + 8 € AL, and then use [i] to conclude that v + 8 € T.. The
go-invariance of the summands y_, immediately follows. O

Proof of Theorem 2.4. Suppose that g is a parabolic geometry of Monge type. Then
condition [i] follows from Proposition 2.3. From (2.1) and (2.5), we know that

v= P v-a- (2.9)

a€eX\¢

Since py is abelian, each of the summands y)_, in this decomposition must be abelian.
Since y_,, is the —1-grading component for the gradation of g(Y,) defined by «, this
must be a |1]-gradation and condition [ii] in Theorem 2.4 is established.

Conversely, given a |k|-grading defined by ¥ such that [i] and [ii] hold, define y by
(2.9). By (2.5), p is a co-dimension 1 subspace of g_;. We now check the conditions of
Definition 1.1 for a parabolic Monge geometry. To prove that 1 is abelian, we first note
that each summand y_, is abelian by hypothesis [ii]. Eq. (2.6) then proves that y is
abelian. That the dimension of [g_¢,n] equals the dimension of y follows directly from
part [iii] of Lemma 2.5. O

An explicit list of parabolic geometries of Monge type can now be constructed from
the classification of |1|-graded simple Lie algebras given in the table on page 297 of [1].
We see that condition [ii] of Theorem 2.4 holds if and only if the graded simple algebras
9(Y,) are A, B, C, D, Eg and E7 with the gradation given by a simple root at the end
of its Dynkin diagram as specified in the table. In the case that g(Y,) is of type By,
a cannot equal «,;, which means that the original |k|-graded algebra g cannot be F,; with
¢ = ay, the short root. Similarly, in the case that g(T,) is of type C,, a cannot equal
ay which means that the original |k|-graded algebra g cannot be C,, with ¢ = «;, for
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1 <i<m—2, m>3. One can check that these two exceptions occur precisely when X
consists of just short roots. This proves the following.

Corollary 2.6. Let g be a parabolic geometry of a simple Lie algebra as determined by the
set of simple roots ¥ C A°. Ifdimg_, > 2, then g is a parabolic geometry of Monge type
if and only if condition [i] of Theorem 2.4 holds and ¥ contains a long root.

3. Non-rigid parabolic geometries of Monge type
Let g be a simple Lie algebra and let

9=0x®... 00000 Dg 1D D s (3.1)

be a |k|-grading of g determined by the set of simple roots ¥ C A°. We suppose that the
parabolic geometry defined by this grading is of Monge type (see Definition 1.1) so that X
satisfies the conditions of Theorem 2.4. The purpose of this section is to determine which
parabolic geometries of Monge type are non-rigid, that is, we will characterize the Monge
subsets of simple roots ¥ with non-vanishing second degree Lie algebra cohomology in
positive homogeneity weight

H*(g_,g), #0 for some p > 0. (3.2)

In a remarkable paper K. Yamaguchi [17] gives a complete list of all sets of simple
roots for which the corresponding parabolic geometry satisfies (3.2). Initially, we simply
determined which of the 40 or so cases in Yamaguchi’s classification were of Monge type
and in this way we arrived at Theorem B. It is a rather surprising fact that of all the
possible sets of simple roots ¥ of Monge type, those which are non-rigid contain either
the first or the last root and for the algebras B, C, and D of rank > 4 all contain exactly
2 roots. Since these two facts alone effectively reduce the proof of Theorem B to the
examination of just a few cases and since both facts can be directly established with
relative ease, we have chosen to give the detailed proofs here.

We shall use Kostant’s theorem [13] to calculate the Lie algebra cohomology.® To
briefly describe how this calculation proceeds, we first establish some standard notation.
Recall that we denote the set of all roots by A and the positive and negative roots by
AT and A~. For a subset of simple roots ¥ C A%, we denote by

A =] A% (3.3)

k>0
the set of roots with positive heights with respect to X.
4 Kostant’s theorem applies more generally to the Lie algebra cohomology H?(g_, V), where V is any rep-

resentation space of g, but we limit our discussion to just the case where V' = g is the adjoint representation
of g.
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For each simple root a; € A® the simple Weyl reflection s; on the root space is defined
by s;(8) = 8 — (B, ;) a;, where 5 € A and (5, ;) = % The finite group generated

by all simple Weyl reflections is the Weyl group W of g. For any element ¢ € W, we
define another set of roots by

Ay = o(A7) N AT, (3.4)

that is, A, is the set of positive roots that are images of negative roots under the action
of 0. It is an important fact, established in many textbooks, that if ¢ = cardA,, then
o can be written as a product of exactly ¢ simple Weyl reflections s;, in other words,
length(o) = cardA,. Finally, define

Ws={oceW|A, CAL} and W ={oe Ws|cardA, =q}. (3.5)

Hasse diagrams provide an effective method for finding the sets W (see [1, §§3.2.14-16]).

Kostant’s method is based upon two key results. The first result states that the coho-
mology spaces H%(g_,g) are isomorphic to the kernel of a certain (algebraic) Laplacian
O:A%g_,g9) = A%(g—, g). The forms in ker O are said to be harmonic — they define dis-
tinguished cohomology representatives. Since [go, g;] C g, the Lie algebra go naturally
acts on the forms A%(g_,g). The second key observation is that this action commutes
with .

The first assertion in Kostant’s theorem is that ker (0 decomposes as a direct sum of
irreducible representations of gg, each occurring with multiplicity 1, and that there is a
one-to-one correspondence between the irreducible summands in this decomposition and
the Weyl group elements in W¢. For each o € W, we label the corresponding summand
by H??(g_,g) and write

Hg-,0)= € H"(g-,9). (3.6)
ceWd

Kostant’s theorem also describes the lowest weight vector for H%°(g_, g) as an irre-
ducible go-representation.” Fix a basis e, for the root space g, and let wo be the 1-form
dual to e, under the Killing form: w,(2) = B(eq, ). Let  denote the highest root of g,
which is also the highest weight for the adjoint representation of g. For o € Wy, let

Ay ={B1,B2:-..,Bq} Then
Wo = €_g(0) Qu_g, Nw_g, N--- /\w_Bq (3.7)

is the harmonic representative for the lowest weight vector in H%7(g_, g). The homo-
geneity weight ws (w, ) of this form with respect to the grading is the homogeneity weight

5 Actually Kostant [13] studied the cohomology H9° (g, g) and gave the highest weight vector for this ir-
reducible go-representation. Through the Killing form, we have (H?7 (g4, g))" = H?(g_, g), and therefore
the negative of the highest weight of the former becomes the lowest weight for the latter.
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of all the forms in H%7(g_, g), since the orbit of the gp-action on w, is all of HZ7(g_, g)
and the grading element E commutes with go.

To calculate the homogeneity weight ws(w,) is generally quite complicated but it is
possible to obtain a compact formula in the case of immediate interest to us, namely
when ¢ = 2. Then the length of ¢ is 2 and there are two simple Weyl reflections s; and
sj, © # j such that o = 045 = s; 0 5.

Lemma 3.1. If 0 = 5, 05; € W2, then A, = {a;,si(aj) }, a; € X, and
wg(wg) = —htz](e) + <9, ai> + 1+ (<9, ij> + ].) htg(si(aj)). (38)
Therefore the parabolic geometry defined by X is non-rigid if and only if
(0, i) + ((0, ) + 1) hts(si(r;)) = hts (). (3.9)
Proof. The formula (3.8) for the homogeneity weight of H%7(g_,g) is essentially the
same as that given by Yamaguchi in Section 5.3 of [17] and we follow the arguments
given there.
We first show that A, = { o, s;(«j)}. Since o = s; 0 55, we have
o Hei) = —sj(a;) € A7 and o (si(ay)) = sj(a)) = —a; € A”
and therefore a; and s;(a;) are the two distinct elements of A,. Set 51 = «; and 2 =
s;(a;). The requirement A, € A, now implies that o; € ¥ and therefore hts(a;) = 1.
Since
o(0) = si(0 — (0, a);) = 0 — (0, )i — (0, j)si(aj),
we have that the weight of the harmonic representative (3.7) (with ¢ = 2) is
ws(wo) = —htx(0) + (0, o) hts(a;) + (0, a;)hts(si(ay)) + hts(B1) + hts(B2),

which reduces to (3.8). O

To continue, we list the expressions for 6 and the nonzero (6, ;) for the classical Lie

algebras.
Ap:b0=a;+as+- -+ ay, <9,041>:<9,Ozg>—1 (3.10)
Bp:0=a;+ 20+ + 20y, 0,a2) =1 (3.11)
Cp:0=2a;+ -+ 201+ ay, 0,01) =2 (3.12)
Dp:0=0a1+4+2as+ -+ 2ap_o+ ay_1+ ay, <9,0¢2> =1 (3.13)
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With these formulas and Lemma 3.1 it is now a straightforward matter to determine all
the non-rigid parabolic geometries of Monge type. Simply stated, the reason that there
are relatively few such geometries is because the Monge conditions in Theorem 2.4 lead
to a large lower bound for the value of htx(6).

Proposition 3.2. Every Monge parabolic geometry of type Ay with £ > 5 whose simple
roots 3 are interior to the Dynkin diagram is rigid. Apart from the standard symmetry
of the Dynkin diagram for Ay, the non-rigid Monge parabolic geometries of type Ay are
A{ar,as} for £ > 2 and Ag{an, as, a3} for £ > 3.

Proof. If 3 is interior to the Dynkin diagram, then by Theorem 2.4 it is a connected set
of 3 roots. From (3.10), we have hts(6) = 3. Since a1,y ¢ X, (3.9) reduces to

(<9, Oéj> + 1)(ht2(aj) — <OZj, Oéi>) > 3. (314)

But (0,¢;) <1, hts(e;) < 1 and —(a;, ;) < 1 (from the Cartan matrix for Ay), so
(3.14) is satisfied only when

0,05) =1, hty(ej) =1, and (a;,e;)=—1. (3.15)

The second equation implies that a; € X, which is interior to the Dynkin diagram.
Then the first equation cannot be satisfied by (3.10). Therefore the first statement in
the proposition is established, and hence the only non-rigid cases for Ay with £ > 5 are
A{aq, a9} and Ap{ oy, a9, a3 }.

For ¢ < 4 the Monge systems are As{aq, s}, As{a1,as}, As{a1,as, as}, As{ar,as}
and Ag{a1, ag, az} and hence, in summary, the only possible non-rigid parabolic geome-
tries of type Ay are those listed in the second statement of the proposition. To show that
these possibilities are actually all non-rigid, one calculates the following table of Weyl
reflections in W2 from the Hasse diagrams and the associated weights from (3.8).

Monge systems Wé Weights of
Az{a1,012} [0127021] [47 4]

Az{ai, az} (012,021, 023] [2, 3, 1]

Ae{oar, a0}, £> 4 (012,021, 023] [2, 3, 0]

Az{ai, az, az} (012,013,021, 023, 032] [1,1,2,2,1]
A4{a1,a2,a3} [01270'13,021702370327034} [17 0,2,0,0, 0]
Ae{or, oz, a3}, £2>5 (012,013,021, 023, 032, 034] [1,0,2,0,0, —1]

O

Proposition 3.3. Every Monge parabolic geometry of type Cy with £ > 4 for a set ¥
containing 3 simple roots is rigid. The non-rigid Monge parabolic geometries of type Cy
are Cs{aq, az, a3} and Ce{ay_1, ¢} for £ > 3.
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Proof. By Corollary 2.6, ¥ must contain the long simple root and therefore ¥ =
{ap—2,a¢_1,ap} if it contains 3 simple roots. Then from (3.12) we have htx(0) = 5.
Since ¢ > 4, we have a; ¢ X. Then (3.12) shows that (6, ;) = 0, and therefore (3.8)
reduces to

({0, ;) + D(hts(a;) = (a;, @i)) = 5. (3.16)

Now we have
<9,0éj> < 2, htz;(aj) < 1, —<OZj,O(Z‘> < 2. (317)
If (8, ;) = 0, then (3.16) is not possible. The only other possible value is (6, ;) = 2
but then a; = o; and we have hts(o;) = 0 and — (o, ;) < 1 by the Dynkin diagram.
Then (3.16) fails again. The first statement in the proposition is established and the

list of possible non-rigid parabolic geometries of type C, are those listed in the second
statement of the proposition. These are all non-rigid.

Monge systems W)% Weights of o;;
Cs{ a1, az, az } (012,013,021, 023, 032] [0, -1, 2, -1, —2]
C3{az, az } [021, 023, 032] (1,1, 0]
Ce{ag—1,ar}, £2>4 [0e—10-2,00-10,000-1] (-1, 1, 0]

O

Proposition 3.4. Every Monge parabolic geometry of type By with £ > 4 for a set &
containing 8 simple roots is rigid. The non-rigid Monge parabolic geometries of type By
are Bo{as}, Bs{as,as}, Bs{ay,as, a3} and Be{ay,as} for £ > 2.

Likewise, every Monge parabolic geometry of type Dy with £ > 4 for a set ¥ containing
3 or more simple roots is rigid. The non-rigid Monge parabolic geometries of type D, for
>4 are De{aq,as}.

Proof. We note that for D,, the Monge grading set ¥ can contain 4 simple roots. For
either By or Dy with ¢ > 4, if ¥ contains 3 or more simple roots then, from (3.11)
and (3.13), we find that hts(6) =5 or 6. Since

<9’ai> <1, <97aj> <1, <0’ai> 7& <0’aj>7 htE(Si(aj)) <3,

(3.8) can only hold when (6, ;) = 0 and (6, ;) = 1. In this case a; = ag by (3.11)
and (3.13), and (3.8) becomes

2(ht2(0¢2) — <052,0éi>) Z 5.
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For Dy, this is not possible because —(as, o;) < 1. For By, this inequality holds only if
ags € X, oy = ag and £ = 3. The first statement in the proposition for each type By or
Dy is therefore established.

In view of this result and Theorem 2.2 the possible non-rigid, Monge parabolic geome-
tries of type By are Bo{ g }, Ba{ay, ag }, Ba{ a1, ag }, B3{az, a3}, Bs{ai, ag, az },
Bi{ay, ag} for £ > 4 and Be{ay_1, ap} for £ > 4. The Monge parabolic geometries
By{ ap_1, ay } are rigid; all the others are non-rigid.

Monge systems W; Weights of o,
By{ai, az} [o12, 021] [4, 3]

Bx{az} [o21] (3]

Bz{ai, a2} [o12, 021, 023] (2,1, 0]

Bs{ asz, az } [o21, 023, 032] (-1, 0, 3]
Bz{ai,az, az} [o12, 013,021, 023, 032] [0, =3, -1, -1, 2]
Be{ai, az }, £>4 [o12, 021, 023] [2, 1, 0]

Bi{as, as},£>4 [032, 034, 043] (-1, =1, 0]
Be{ay—1, a0}, £>5 [oe—10-2,00-10,000-1] [-2, -1, 0]

The possible non-rigid, Monge parabolic geometries of type Dy are Dg{aj, s},
Dy{ay—2,00-1} and Dy{ay_2,a4}. Note that Dy{as,as} is equivalent to Dg{ar, s}
and Dy{ay_o,ap_1} and Dy{ay_2,ay} are equivalent for all £ > 4. For £ > 5 the geome-
tries Do{a—2, g} are rigid.

Monge systems W; Weights of o,

Dy{ a1, @z} [o12, 021,023, 024] (2,1,0,0]

Dy{ai, a2}, £2>5 (012,021, 023] (2,1,0]

Ds{as, as } [032, 034,035, 053] [0,—-1,0,0]

D{apg—2,ar},£2>6 [0e—2¢-3,00-20-1,00-2¢,00¢—2] [-1,-1,0,0]
O

For the exceptional Lie algebras the highest weights and non-zero (6, ;) are:

Gz 10 =31 + 2as,
Fy : 0 =2a1 4+ 3as + 4das + 2014, 0, oy

0, an)
(0, 01)
Eg : 0 = a1 +2as + 203 + 3ay + 205 + ag, 0, an)
(0, 01)
(0, as)

E; 10 =201 + 20 + 3as + 4ay + 3as + 206 + ay,
FEg : 0 =2aq1 4+ 2a + 4as + 6y + bas + 4dag + 3ar + 2as,

97 g

1

1

1

1
0, as 1
Here the roots are labeled as in [17, p. 454] or [12, p. 58].

Proposition 3.5. The only non-rigid Monge parabolic geometries for the exceptional sim-
ple Lie algebras are Go{an} and Ga{aq, as}.
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Proof. Counsider first the case of Fy. If card® > 3, then htx(0) = 9 and with (0, a;) < 1,
(0,a;) <1, and hts(s;(a;)) < 3, the inequality (3.8) cannot hold. For parabolic geome-
tries of Monge type, ¥ must contain the long root and this leaves just Fy{a1,as} as the
only possibility. But it is easy to check that this is rigid.

For Eg, E7 and Eg we have (6, a;) < 1, (6,a;) < 1, htx(si(e;)) < 2 and (0, o) #
(0, oj) so that the left-hand side of (3.8) does not exceed 4. If card® > 3, then by the
connectivity of ¥ we have hty(0) > 6,6 and 9 for Eg, E7 and Eg respectively and so
only those geometries with cardY = 2 remain as possibilities. For card® = 2 the size of
htx(0) is still > 5 except for the 2 cases (apart from the symmetry of the Eg Dynkin
diagram) listed below, all of which are rigid by direct calculation.

Monge systems WZQ: Weights of o;;
Fi{oi, az} [012, 021, 023, 024] [~1,0,-3]
Es{ as, as } [054, 056, T65] [-1,0,0]
Er{as, ar} [o6s, 067, 076] [-1,0,0]

O

We conclude this section with the description of H?(g_, g),, with positive homogeneity
weights as g§°-representations. This gives a characterization of the curvature for the
normal Cartan connection which will play an important role in our subsequent study of
the Cartan equivalence problem for non-rigid parabolic geometries of Monge type. With
this application in mind and in view of (1.3), we will only discuss the non-rigid parabolic
geometries of Monge type in Theorem B with H'(g_,g), = 0 for all p > 0. Therefore
we will not discuss the cases Ib, IIIb, and Illa with £ = 2 in the following.

By Kostant’s theorem, the irreducible components of H?(g_,g), are in one-to-one
correspondence with W2. The corresponding lowest weight vector is given by (3.7). We
make the standard transformation from the lowest weight to the highest weight by the
longest Weyl reflection.

Furthermore, if in (3.7) the e_, ) € p, then the corresponding cohomology class is
called curvature and otherwise it is called torsion. As mentioned in the introduction, all
our second cohomology classes with positive homogeneities are torsion classes, except
the case for the Hilbert—Cartan equation Va. We indicate this in our table by listing the
homogeneity weight of —o(0), and it is strictly negative in all cases except one.

In the following table, the w are the fundamental weights of g§°, and the V are the
standard representations of g§® corresponding to its first fundamental weight w;. The
subscript tf stands for trace free, and ® means the Cartan component of the tensor
product.

4. Standard differential systems for the non-rigid parabolic geometries of Monge type

In this section we use the standard matrix representations of the classical simple Lie
algebras to explicitly calculate the structure equations for each negatively graded compo-
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Non-rigid g5° w2 Hom. wts of Highest Rep.
par. Monge wts —o(0) weights spaces
Ia As{a, a2, as} 0 012, 032 1 —2 0 R
013 1 —1
o021, 023 2 -1
A{ar, a2, a3}, Ae-s o12 1 -2 w1 v
Z 2 4 g21 2 —1
IIa 03{02, 043} A1 021 1 —1 0 R
023 1 -3 5(4)1 55(V)
Cg{azfl,az} Ap_o Tr_1,¢ 1 -3 3wy + 2wy _o SJ(V)@SZ(V*)
>4
IIb C3{C¥1,C¥2,a3} 0 021 2 —1 0 R
IIla  Bs{ai,as} Ay o12 2 -1 4w, SH(V)
021 1 -2 6wy Se(V)
Bz{al,ag} Bz,2 012 2 —1 2w1 S?(V)tf
L>4 021 1 -2 3w S3(V )it
Illc  Bs{as,as} Ay o32 3 -1 2w S2(V)
IT1d Bg{al, a2, 043} 0 032 2 —2 0 R
IVa  Ds{ai,as} A1 ® A o012 2 -1 [2w1, 201] 52(Vi) ® S%(Ve)
o1 1 -2 [3wi, 3w1] 5%(V1) ® S%(Va)
Dz{al,az} Dg_g g12 2 —1 2(.01 SZ(V)tf
£>5 021 1 -2 3w S3(V )it
Va Gz{al} A1 012 4 0 40.)1 S4(V)
Vb GQ{CX17O(2} 0 g12 4 —1 0 R

nent g_ of the non-rigid parabolic geometries of Monge type enumerated in Theorem B.
We give the structure equations in terms of the dual 1-forms. In each case these struc-
ture equations are easily integrated to give the Maurer—Cartan forms on the nilpotent
Lie group N for the Lie algebra g_ and the associated standard differential system is
found.

Ia. Ap{ a1, az, ag}, £ > 3. We use the standard matrix representation for the Lie
algebra A; = sl(£+41). Then the Cartan subalgebra is defined by the trace-free diagonal
matrices H; = E;; — E;1,+1, 1 <1 < {. Let L; be the linear function on the Cartan
subalgebra taking the value of the ith entry. The simple roots are a; = L; — L;41 for
1 < ¢ < ¢ and the positive roots are a; +--- + a5 for 1 < ¢ < 57 < £ Thus the
positive roots of height 1 with respect to ¥ = { a1, a9, ag } are ay, ag and ag+ -+ oy
for 3 < ¢ < {. The leader is X = e_,, = FE32 and the remaining root vectors of
height —1, which define a basis for the abelian subalgebra y are Py = e_,, = E1 and
Pi=e_q3—.—a;, = Eig33 for 1 <i < £ — 2. This somewhat obscure labeling of the
basis vectors will be justified momentarily. It is easy to verify that the given matrices are
indeed the required root vectors with respect to the above choice of Cartan subalgebra.
These vectors define the weight —1 component g_; of the grading for s[(¢ + 1) defined

by X. Since [g—1,9—:] = g—i—1, we calculate the remaining vectors in g_ to be

[Po, X|=Yy=—E3:1, [P, X|=Y,=FE;33,
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[Po,Yi|=[P, Yo]=2Z; = —Ei;3.1.

The grading of g_ and full structure equations are therefore

Ph P X Yy Y, Z;
PO 0 Yy 0 Z O
g-1=(Py, P, Ps, ... ,Pr_o, X), P; 0 Y, Z, 0 0
g2 = (Yo, Y1,.... Y o), and X 0O 0 0 0.
g_3=<Z1,...,Z5_2>, YO 0 0 0
Y; 0 O
In terms of the dual basis {92, 0;,, 0, 98, 9;, 0} for the Lie algebra these structure

equations are
0 _ i _
g, =0, db,=0 db,=0,
0 _ 0 i _ i i _ pi 0 0 A pi
dfy =0, N0y, db, =0, /N0, di, =0, N0,+0, N0,

These structure equations are easily integrated to obtain Maurer—Cartan forms on
the nilpotent Lie group for g_. The first 5 structure equations immediately give

92 =dp°, 9; =dp', 0, =dz, 02 =dy’ — p'dz, 9; =dy' — pldz,
so that the last structure equation becomes
do: = —dp® Ady' — dp® A dy® + (p'dp° + pPdp’) A da. (4.1)

The first term can be written as either d(—p°dy®) or d(y’dp®). Since our goal is to give
the simplest possible form for Span{é)g, 9;, 91}, we chose to write the first term as
d(—p°dy?) so that (4.1) integrates to

0! = dz' — p°dy’ — p'dy® + p°p'dx = dz* — p°p'dz  mod {02, 9; }.

The standard Pfaffian system defined by the parabolic geometry A¢{ a1, as, a3} is
therefore

IAg{1,2,3} = span { '92, '92, '92 }
= span { dy® — p’dx, dy’ — p'dx, dz' — p°pidx ).
This is the canonical Pfaffian system for the Monge equations (1.4). By Tanaka’s theorem
we are guaranteed that the symmetry algebra of the system is s[(¢ + 1).

ITa. Cp{ap—1, ae}, £ > 3. The split real form for Cp which we shall use is sp(¢,R) =
{X €gl(2(,R)| X'J+JX =0}, where
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1
0 K,
= K =
J {—Ke 0 } and )
1
. A B .
Each X € sp(¢,R) may be written as X = c oA where A, B, C are £ x £ matrices,

A= KA'K and B = B’ and C = (C’. The diagonal matrices H; = E; ; — Fap11-i204+1-i
define a Cartan subalgebra. The simple roots a; = L; — L1, 1 <i < /f—1and ay = 2L,
and the positive roots are

{ai+---+aj1 for 1 <i<j<¢ and (4.2)

(i 4+ 4ap1)+(aj+--+ay forl<i<j<l

(For the Lie algebras of type B, C and D, we use the lists of positive roots from [16].)
Therefore, for the choice of simple roots ¥ = {ay_1, ay}, the roots of height 1 are «y
and a; + -+ ay_1, for 1 < i < £—1. The root —ay is our leader with root vector
X = Ey;1,0. A basis for the abelian subalgebra t), corresponding to the remaining roots
of height —1 is given by P; = E;; — E9p41-i¢+1. One easily checks that these matrices
belong to sp(¢,R) and that they are indeed root vectors for the above choice of Cartan
subalgebra. By direct calculation we then find that

[Pi, X} =Y, = —Ee+1,i - E2£+17i,27 and
[P, Y;] =2Zi =2FE 11—, and [P, Y;]|=Zij = Eapr1-ij + Earp1-j

Note that Z;; = Zj;;. The grading and full structure equations for g_ are therefore

P X Y. Zy

9—1:<P17P27"'7P@—1)Z>7 Ph O Yh EZhi O
go=(Y1,....,Y 1), and X 0 0 0
0-3 =(Z11, Z12, -+, Zuw ), Ys 0 0

Zhk 0

where € = 2 if 1 = j and € = 1 otherwise. In terms of the dual basis {0;, 0z, 9;, 07} for
g— these structure equations are

ol =0 df, =0, doi=06,A0.
657 =6} N6+ 63 N6

These structure equations are easily integrated to give the following Maurer—Cartan
forms

0, =dp', 0,=dz, 0,=dy" —p'dz,
0% = dz" — p'dy’ — p’dy’ + p'p’ du.
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The standard Pfaffian system defined by the parabolic geometry Cyp{ ay—1, v } is there-
fore

Ic 100 = span{@é, 09} = span{ dy' — p'dx, dz" — p'p/dx }.

This is the canonical Pfaffian system for the Monge equations (1.5). By Tanaka’s theorem
we are guaranteed that the symmetry algebra of the system is sp(¢, R).

ITTa. By{a1, a2}, £ > 3. The split real form for By is s0(¢ + 1,¢) which we take to be
the Lie algebra of n x n matrices, n = 2¢ + 1, which are skew-symmetric with respect
to the anti-diagonal matrix K,, = [k;;]. The diagonal matrices H; = E; ; — Eyy1—inti1—i
define a Cartan subalgebra. The simple roots are a; = L; — L;11, 1 <7 < £ —1 and
ay = Ly and the positive roots are

o +--+a; forl1<i<j<¥¢ and
(i +-Fap)+(aj+-+ap forl<i<j<l.

Therefore, for the choice of simple roots ¥ = {a1, as}, the roots of height 1 are

o
ag+---+a; for2<j </, and
g+t a1+ 20+ +2ap for 3 <</

The root —a; is our leader with root vector X = E5; — E), ,—1. A basis for the
abelian subalgebra py, corresponding to the remaining roots of height —1 is given by
Po=Fii09—F,_1pn—i—1 for1l <i<n—4. One easily checks that these matrices belong
to so(¢ + 1,¢) and that they are indeed root vectors for the above choice of Cartan
subalgebra. By direct calculation we find that for 1 <i<m—4and 1<j<n-—4

[P, X|=Y,=FEi191—FEpnpn_—1, and
[Ph ij] = HijZ, where Z = Emg — Enfl,l and [Iiij} = Kn,4.

The grading and full structure equations for g_ are therefore

P X Y Z

g-1 = <P1, PQ, ,]37,,_47 X>, Ph 0 Yh I*{hiZ 0
g2 =(Y1,..., Y 4), and X 0 0 0.
9-3=(Z), | 0 0
4 0

In terms of the dual basis {9;, 0., 9;, 6.} for g_ the structure equations are

ol =0, db, =0, doi =0, N0, df. = k6] A6,
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which are integrated to give the following Maurer—Cartan forms
0;, =dp', 0, =dx, 9; =dy' — pidx,
| o
0, =dz — Kkip'dy’ + §I{ijplp‘7 dx.

The standard Pfaffian system defined by the parabolic geometry By{ o, aq } is therefore

. . . 1 .
Ip,1,2y = span{f,, 0. } = span{dy' — p'dw, dz — Eliijplp]dx }. (4.3)
This is the canonical Pfaffian system for the Monge equations (1.6). By Tanaka’s theorem
we are guaranteed that the symmetry algebra of the system is so(¢ + 1, ¢).
IVa. Dy{a1, a2}, € > 4. In this case n = 2¢ and the positive roots are

aj+--Faj for1<i<ji<{ and
i+ +ap o)+ (aj+-+ap) for1<i<j</

but otherwise the formulas from ITI remain unchanged.

We now turn to the exceptional cases.

Ib. Ay{a1, a2}, £ > 2. We retain the notation used in Ia. In the present case the

leader is X = e_,, = F; and the matrices P; = €_qy—...ca,.0 = Biyo2, 1 <i <L —1

define a basis for y. The structure equations are [ P;, X | =Y; = E;y2 1 and the standard
differential system is the contact system

Tay{anasy = {dy' — ptde,dy® — p*dz, ... dy*"t —p*lda} (4.5)

on the jet space J' (R, R¢1).

ITb. C3{a1, oz, a3 }. The roots of height 1 are ¥ = {ay, as,a3}. The root —ay is
our leader with root vector X = F39 — E54. A basis for the abelian subalgebra v,
corresponding to the roots —a; and —as, is Pp = Ep1 — Eg5 and P, = FE4 3 and we
calculate

Y1 =[P, X] = Es4 — E31, Yo = [Py, X]| = E53+ Ey 2,
Zy = [P,Ys] = —E41 — Es3, Zy =[X,Ys] = —2Es5,,
Zs = [X,Z1) = Es 2 + E5.1, Zy = [P1,7Z3) = —2F ;.

The grading and full structure equations for g_ are therefore
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PP XY, Y Zi Zo Zs Za
PlO 0 Y, 0 Z 0 225 Z;, 0
Py 0 Y Z0 0 0 0 0 0
g1 = (P, Py, X, X 0 0 Z Zs 0 0 0
82 = (1, 13), Y 0 Zs Zs 0 0 0
g-3 :<Zl, ZQ>, and }/2 0 O 0 O 0 .
8- =(Zs), 7 0 0 0 0
g5 = (Z4) Zs 0 0 0
Zs 0 0
7 0

In terms of the dual basis {0}, 02, 6., 0}, 02, 01, 62, 62, 02} for g_ the structure equa-
tions are
1 2 1 1 2 _ 2
do, =0, do,=0, db,=0, di,=0,N0,, db,=0,N0,,
1 _pl A p2 | 92 A pl 2 _ 2
do, =0, N0, +0, N0, dbi; =0, N0,
3_ _plap2 gl 2 5 gl 4 _pl apl | g3 A pl
do, = —0, N0y + 0, N0y +20; NO,, dO, =0, N0, +0; N0,
which integrate to give
9; = dp', 9127 =dp?, 0, =dx, 0; =dy' — pldz, 95 = dy? — p?dz,
0! = dz' — pPdy' — pldy® + p'pPdx, 6% = d2* — xdy?,
02 = dz® — xdz' — 2p*dz? + (22p' — y')dy?
0% = dz* + (zp' — yh)d2' + (p')2d2? — p'd2® — p!(xp' — yh)dy?.
The standard differential system for C3{a1, as, ag} is therefore
103{1,2,3} = {G;a eza Q;a 937 037 0;1}
= {aly1 — pldx, dy? — pPdx, dz* — p'p?de, dz? — zp?dz,
dz* — (y'p? + ap'p?) da, dz* — y'p'p*da}

is the canonical differential system for the first order Monge system (1.8).

ITIb. B2{ aa }. The roots of height 1 are ag and «; 4+ s, and the standard differential
system is just the canonical differential system

IByfasy = {dy — pdz} (4.6)

ITlIc. B3{ a2, az}. The roots of height 1 are ¥ = { a1 + a2, ag, ag }. The root —as
is our leader with root vector X = F43 — F5 4. A basis for the abelian subalgebra v,
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corresponding to the roots —ap and —ag —aw, is Q1 = E3 2 — Egs and Q2 = E31— Eq 5
and we calculate

P =[Q1,X] =FE¢s—Es2, P =[Q2,X]=E74— FEy1,
Yi =[P1,X] =FEs3— Es2, Yo=[P,X]|=EFE;3—F;51,
Z =[Qh,Ys]) = Eg1 — E79.

The grading and full structure equations for g_ are therefore

Q1 Q@ X P P YT Y, Z

Q.0 0 A 0 0 0 Z 0

Qs O P 0 0 —-Z 0 0

-1 i<g1’22’ XD X 0 0 -V -Y, 0 0 0
9= = <Y1’Y2>’ and Py 0 -Z 0 0 0.
973:<Zl, 2) Py 0 0 0 0
04 ={Z), Vi 0 0 0
Ya 0 0

Z 0

In terms of the dual basis {9;7 92, 0z, 911,, 93, 9;, 95, 6.} for g_ the structure equations

are
1 2 1 1 2 2
ol =0, d§?=0, do,=0, df}=0,A6L db%=0,n02,
1 1 2 2 1 2 2 1 1 2
6l =6, N6L, d62 =6, N2, db.=—0L N6+ 62 N0)+ 6L NG,

and one finds that

0; =dq*, 93 =d¢® 0, =dz, 9}1, =dp' — ¢'dz, 9; = dp? — ¢*dz,

1_ 1 1 2 _ g2 2
0, =dy —pdzx, 0,=dy" —pdx,

0. = dz — p*dp' + ¢*dy' — ¢'dy® + (p*¢" — p'¢*)da.
The standard Pfaffian differential system for Bo{as, a3} is therefore

Ip,23y =10, 02,00, 602 6.}

y» Yy Ups Ups
= {dy1 — pldx, dy? — p?dz, dp' — ¢'dzx, dp* — ¢*dx, dz — pqudm}

which coincides with the differential system for the Monge equations (1.9). We remark
that this Monge system may also be encoded on a 7-dimensional manifold without the
coordinate ¢ by the Pfaffian system {9;, 95, 0, 0. } — however, the symmetry algebra

of this latter Pfaffian system is only 16-dimensional.
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IT1ld. B3,Y = {a1, as,as }. The roots of height 1 are ¥ = {ay, a2, a3}. The root —ay
is our leader with root vector X = F32 — Eg 5, a basis for the abelian subalgebra v,

corresponding to the roots —a; and —as, is P = Ep 1 — E7g and P, = Ey3 — E5 4 and

we calculate

Y1 =[P, X|=Er5—E31, Yy =[Py, X]=EFE;s— Ega,
Zy =[P,Yol =E74— Ey1, Zy =[P3,Ys] =Fg3— Es 2,
Z3 =[P, Zs) = Es1 — Er3, Zy=[X,Z3] = FE72— FEg
The grading and full structure equations for g_ are therefore
P P X Y© Yo Zyv Zo Z3 Z4
Pl0 0 Y, 0 Z 0 Z3 0 0
P, 0 Y Z1 Zy Zg 0 0 0
1 ={(P, P, X
gl_éyl’yz’> ) X 0 0 0 0 0 Z 0
g2 2y ama B 0 0 0 —Z 0 0
973:<Z1,> 2 /) Y, 0 -z 0 0 0
9= = <Z3>’ Z 0 0 0 0
8 =i Z 0 0 0
Zs 0 0
Zy 0

In terms of the dual basis {9117, 92, 0, 9;, 95, 61, 62, 03, 62} the structure equations for

g_ are
1 _ 2 __ 1 _ 1 2 _ 2
dol =0, do2=0, d, dol =6, N6L,  d6% =6, A62,

1 2 1 1 2 2 2 2 3 1 2 2 1
ol =62 NOL + 6L N2, 62 =02 N0, dOP =6l N6%+ 0% NG,

Aot =0, NO2 + 62 N6+ 02 N6,

:0’

Integrating these equations, one finds that

0,=dp', 0y =dp® 0,=dv, 0,=dy' —p'de, 0, =dy*—p’dz,
1
0;=dz' —pdy’ —p'dy* +p'p’de, 02 =d2" —pdy* + S (p*)*da,
1 1
0 = dz* + S (0°)*dy’ + p'p*dy® — p*dz" —p'dz® - Sp' (p°)*da,

02 = dz* + yPdet + ytd2? — wd2B.

The standard Pfaffian differential system for the parabolic geometry Bs{ai, as,as} is

therefore
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Ip,1,2,3) = {0, 0, 01, 02, 62,62}

= {dy' — pdx, dy? — p*dx,dz!

1
dz* — ipz@cplp2 —y'p? — 2y%p") dzx}

1
— p'pPdz, d2* — 5(1)2)2

1
dI, dZB - ipl(p2)2dxa

which is the canonical Pfaffian system for the first order Monge equations (1.10). Given

the visual asymmetry of these equations, it is a remarkable fact that the symmetry

algebra is isomorphic to so(4, 3).

Va. G2{a1}. Let {H;, Hy} be a Cartan subalgebra for go and let Y7, Y5, Vs, Y4, Vs, Vs
be bases for the root spaces for the negative roots —aq, —ao, —a; — as, —2a1 — o,
—3a1 — ag, =31 — 2ap. In terms of a Chevalley basis (see [8, p. 346]), the structure

equations for go are, in part,

H Hy Y Y5 Y3 Yy Y5 Ys
H 0 0 —2v5 3Y, Ys -V, —3Y: 0
H, 0 Y, -2, -Ys 0 Y:s —Y
a 0 —Ys —2Y, 3% 0 0
Y> 0 0 0 Ys 0
Ys 0 3Ys 0 0
Y, 0 0 0
Ys 0 0
Ys 0

For ¥ = { a1} the roots of height 1 are o; and «; + a3 and thus g_ is spanned by the

vectors

Q=Ys;, X=Y1, P=[Q,X]|=2Y,, Y =[P, X]=—-6Y;, Z=1Q, P] =6Y;.

The structure equations for the dual coframe { 6%, 6% 6P 6Y 0%} are

do? = 0,

A9 =0, doP = 6% A 0°,

which are easily integrated to give

07 = dgq,

0" =dx, 0P =dp— qdx,

7

1
07 =dz—qdp+ §q2dx.

The standard differential system for go{a;} is therefore

de?¥ = 0% N7,

do* = 6% A 69,

0¥ =dy — pdz,

1
IG2{1} = span {gyvgpvez} = spall {dy —pd.’E, dp - quvdz - §q2 d.’E},
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which is the canonical Pfaffian system for the Cartan—Hilbert equation (1.1).

Vb. G2{a1, az }. In this case the roots of height 1 are {a1, as } so that g_ is the sum

of all the negative root spaces. We set
R:YQa X:Yl, Q:[RvX]:Y& P:[QaX]:2Y21a
Y =[P, X]|=-6Ys, Z=][Y,R]=06Ys.
The structure equations for the dual coframe { 0", 0% 67, 67 6Y 6%} are
do" =0, do* =0, dOT=6"N0", dOP =6 NG9,
de¥ =6 NOP,  dO* =60" NOY + 0P N OT
which are easily integrated to give
0" =dr, 0*=dx, 01=dq—rdx, 0P =dp— qdx,

1
0Y =dy —pdzr, 0°= dz—i—rdy—qdp—I—(§q2 —pr)dz.

The standard differential system for go{c;} is therefore

1
Ig,(1,2y = span{0Y,07,0,0°} = span {dy — pdz, dp — qdx,dq — r dx,dz — §q2 dx},

which is the canonical Pfaffian system for the prolongation of the Pfaffian system for the

Cartan—Hilbert equation (1.1) given in the previous case.

5. Infinitesimal symmetries for the standard models

In this section we give explicit formulas for the infinitesimal symmetries for the Monge

equations in Theorem A. We find that these infinitesimal symmetries are all prolonged

point symmetries and that coefficients of the vector fields for any symmetry are all

quadratic functions of the variables z, y*, 2°.
The infinitesimal symmetries for any first order system of Monge equations

2= F(x,y", 9", 2%)
is, by definition, the Lie algebra of vector fields

a9 P 9
X=A—+ B . “_—__ 4+ D -
ax TP T 5 T g

(5.1)

where the coefficients A, B?, C®, D' are functions of the variables z, 3, 2%, 3, which

preserve the Pfaffian system



I. Anderson et al. / Advances in Mathematics 277 (2015) 24—55 53
T = span{ 0' = dy' — y'dx,0® = dz® — F*dx }.

From the equation £x8#" = 0 mod T one finds that the coefficients A and B* are inde-
pendent of the variables §* and that

D'=D,B'—4'D,A, where D, = g + 4 g
X

0
- P —. 2
oyt * 0z (52)

The equation Lx0* = 0 mod Z then implies [i] that the coefficients C* are also inde-
pendent of the variables g’ so that X is a prolonged point transformation, and [ii]

D,C* — X(F®) — F*Dy(A) = 0. (5.3)

To continue, we now take F'* = F[;ylyj ; where the coefficients F}; = F}; are constant.
Then, by Eq. (5.1), we find that (5.3) becomes

D,C% — 2F3D, By + FOD,(A) = 0.

This equation is a polynomial identity in the derivatives 7 of order 4. From the coeffi-
cients of ¢/ y"y* and 1 one finds that

0A oCc®
% =0 and 8.13

— 0. (5.4)
The coefficients of 7%, 73’ and 3’47 y* give, respectively,

oB*  9C“

2FY —— — 5.9
123 or ay’L ’ ( a)
JOBY B! A _,0C°
oB* 0A
[e] B — o3
2F: iy 55 = R (5.5¢)

These are the determining equations for the symmetries of the Monge equations 2% =
Feyiy. |

The integrability conditions for (5.4) and (5.5) imply that all the coefficients A, B* and
C® are quadratic functions of the coordinates {x, 4", 2*}. Thus the determining equations
reduce to purely algebraic equations. It is now a straightforward, albeit a slightly tedious,
matter to explicitly construct a basis for all the solutions to the determining equations.
The results of these calculations are summarized in the following table of symmetries for
the Monge equations of type A, BD and C.
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gr. 2 =qg%" 2= gri9'y’ 2 =gy’
-1 Oz, Oyo, Dyi, O Oz, Byi, 02 Oz, Dyiy i
0 T Oy +éy0 Oyo + %yl Oyi T Oy +%yi Oyi T Oy +éyj Oyi
yO Oy + 2* Oyi yi Op + %znij Oyi yi Oy + %z” Oyi
yi Oy + 2° Oyo
20y + yéaz R T r@”BZ +y'a. x Oyi + 2y7 0yj
2, +y°8.: 8y = g,
y(_)ayo + zi_Bzz s y". Oy +.2z o, , vt Oys + 22%% 9,1,
ylaya + Zlaz] I{lkbijyj E)yk (b” skew)
1 220, + xyoayu + zy’ 0, 220, + Zyiay,ﬁ + K9, 220, + a2y’ 0y +y'y 0.4
+ 9%y’ 0. K =riy'y’
wy?am —+ (yo_)2ayo —I—yogi{‘)zz , zy' 0y + (y'y? + (w2 — K)Hij)ayj zy' 0, + y{zikajk‘
2y Oy + 'mzlé)yo + y'y? Oy + 2y' 0, + %(zz” +y'y? )0y
+ 2'y? 0.
y0yio, + yoziayo + yizjayj Ko, + zyiaym + 220, Yyl O, + z‘ihzjk_ahk
+ 24 2R0,. +3 (' 2y 2 )0,

It is not difficult to see that the above point symmetries for our Monge equations
coincide with the infinitesimal generators for the G action on G/P, where P is the
parabolic subgroup of G defined by the |1|-gradings using the leader only.
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