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1. Introduction

A distribution D (locally) spanned by vector fields & and & on a smooth five
manifold M is called a (2,3, 5) distribution, or generic, if the five vector fields

§1, &, [61,&],  [61, (& &]], €2, (61, &Rl

are linearly independent at each point. Two distributions D and D’ are said to be
equivalent if there exists a diffeomorphism ¢ : M — M’ such that ¢. D = D'. It
is a classical result [13] that every (2,3,5) distribution is locally equivalent to the
kernel Dy = ker(wy,wa,ws) of three 1-forms

wy; =dy —pdr, wy;=dp—qdz, ws=dz— Fdz

for coordinates (z,y,p,q,2) on an open subset U C R® around the origin and a
smooth function F' = F(x,y,p, ¢, z) such that F,, # 0. Infinitesimal symmetries of
a distribution D C T'M are vector fields n € X(M) that preserve the distribution,
ie. L£,§=[n& € (D) for all £ € (D).

Cartan and Engel found, independently but at the same time [10, 12], the first
explicit realizations of the exceptional simple Lie algebra go. Each of them pre-
sented two different descriptions of gs, and among them one that realized it as the
Lie algebra of infinitesimal symmetries of a rank 2 distribution locally equivalent
to the distribution Dy . associated with the function F' = q?. Cartan’s later fun-
damental work [11] shows that the Cartan-Engel distribution D,z can indeed be
regarded as the flat and mazimally symmetric model in the category of (2,3,5)
distributions. Flat, because he shows how to associate to any (2, 3,5) distribution
a curvature tensor, called Cartan quartic C € I'(S*D*), which vanishes if and only
if the distribution is locally equivalent to Dy .. Maximally symmetric, because he
proves that the symmetry algebra of a distribution with nonvanishing Cartan quar-
tic has dimension smaller than dim(g2) = 14.

More recent work [23] associates to a (2,3, 5) distribution a canonical conformal
structure of signature (2, 3), i.e. an equivalence class of pseudo-Riemannian metrics
of signature (2,3) where two metrics g and § are considered equivalent if one is
a conformal rescaling of the other, meaning that § = e?/g. On the one hand,
this allows to understand the geometry of (2,3,5) distributions in terms of the
more familiar conformal geometry. On the other hand, the construction provides
an interesting class of conformal metrics given explicitly in terms of a single function
F, see [24, 19, 14, 30]. From an algebraic point of view, the construction is based
on the Lie algebra inclusion go < s0(4, 3), see [15].

This paper is of a similar flavor. It links (2, 3,5) distributions with special types
of contact geometries associated with the Lie algebras go and so(4, 3). Associated
with every simple Lie algebra, there is a parabolic contact geometry; it is given
by a contact distribution (i.e. a corank one distribution that is locally given as
the kernel of a 1-form 6 such that 8 A (df)™ # 0) and additional geometric struc-
ture on the contact distribution. By Pfaff’s theorem, all contact distributions are
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locally equivalent. However, by equipping the distribution with additional geomet-
ric structure, e.g. with a tensor field of some type or a decomposition of the contact
distribution as a tensor product of auxiliary vector bundles, one again obtains
an interesting geometry with nontrivial local invariants. Every parabolic contact
geometry has a flat and maximally symmetric model and the infinitesimal sym-
metry algebra of the model realizes the simple Lie algebra in question. Parabolic
contact geometries associated with special orthogonal Lie algebras so(p + 2,q + 2)
have been studied under the name Lie contact structures, [27, 28, 20, 21], by means
of Tanaka theory [29].

It is now a natural question whether one can use the Lie algebra inclusion
go < s0(4, 3) to relate (2,3,5) distributions to Lie contact geometry, as it is done
in the construction of conformal structures from (2,3,5) distributions. Inspecting
the models of the two geometries shows that there is indeed such a natural geometric
construction. More precisely, in Sec. 3 we show the following.

Theorem 1.1. Let D = span({1,€2) be a (2,3,5) distribution with derived
rank 3 distribution [D,D]=span({1,&2,[61,8&2]) and consider the 7-manifold T =
P([D, D)\P(D) of lines contained in the rank 3 distribution but not contained in
the rank 2 distribution. Then T carries a naturally induced Lie contact structure.
The induced Lie contact structure is flat if and only if the (2,3,5) distribution is

flat.

The proof of the theorem is based on the equivalent descriptions of (2,3,5)
distributions and Lie contact structures, respectively, as particular types of Cartan
geometries. It employs a functorial construction that assigns to the canonical Cartan
geometry encoding a (2, 3, 5) distribution a Cartan geometry encoding a Lie contact
structure.

In Sec. 4, we use the structure equations for a class of (2,3,5) distributions
(for those that are encoded in terms of functions F' = h(g) of a single variable
q) to construct the corresponding Lie contact structure explicitly in terms of a
conformal symmetric rank 4 tensor [Y] on the contact distribution. In particular,
this enables us to find explicit generators for the symmetry algebras in the case that
F = ﬁqk and thus examples of Lie contact structures with large symmetry
algebras.

In Sec. 5, we analyze the relation between the canonical normal Cartan connec-
tions associated with the two structures. We show that the construction preserves
normality, see Lemma 5.1, and as a consequence, we have the following.

Proposition 1.1. The holonomy of the canonical normal Cartan connection asso-
ciated with the induced Lie contact structure on T reduces to Go.

We then proceed to discuss, more generally, Lie contact structures in dimension
7 endowed with Cartan holonomy reductions to Gs. We show the following (see
also Theorem 5.1).
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Theorem 1.2. Consider a Lie contact structure on a 7-manifold M with canonical
normal s0(4,3)-valued Cartan connection ©. A holonomy reduction of @ to Go
determines a distinguished rank 2 distribution V on an open dense subset M° C M.
If the curvature of the Cartan connection @ annihilates the rank 2 distribution V),
then V is integrable and in a neighborhood of each point in M° one can form a local
5-dimensional leaf space, which carries an induced (2,3,5) distribution. Moreover, if
M isa proper subset of the T-manifold M, then the complement carries an induced
parabolic contact structure associated with the Lie algebra go.

Our work combines a conceptual approach based on theory of parabolic geome-
tries [4-6] with explicit calculations in terms of exterior differential systems
(EDSs).

2. Algebraic and Geometric Background

A first step to understanding the construction from (2,3,5) distributions to Lie
contact structures is to understand the relationship between the homogeneous
models of the two structures. In this section, we present the algebra behind the
construction, and we further discuss the (curved) geometric structures we are inter-
ested in.

2.1. Split octonions and Go

The exceptional complex simple Lie algebra g5 has two real forms: the split real
form and the compact real form. In this paper, we will be concerned with the
split real form g and the (connected) Lie group Go with Lie algebra go that can be
defined as the automorphism group of the split octonions (Q’, -). For more algebraic
background see e.g. [26, 1].

An algebra (A, -) with unit 1 together with a non-degenerate quadratic form N
that is multiplicative in the sense that

N(X-Y)=N(X)N(Y)

is called a composition algebra. There are, up to isomorphism, precisely two
8-dimensional real composition algebras: the octonions @ and the split octonions Q'.
The two can be distinguished by the signature of their quadratic forms. The split
octonions are the unique 8-dimensional real composition algebra with quadratic
form N : Q' — R of signature (4, 4).

Given a composition algebra, there is a notion of conjugation X = 2(X,1)1 - X,
where (,) denotes the bilinear form determined by N via polarization. The space
of imaginary split octonions is then defined as

V=ImQ' ={Xc0:X=-X}=1"
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Since the unit 1 has norm one, (,) restricts to a bilinear form of signature (3,4) on
V; we define H to be the negative of the restriction, which has thus signature (4, 3).
One can further define a 3-form ® € A3V* as

O(X,)Y,Z2)=(X Y, Z)=H(X xY,2),
where
XxY=X-Y+(X,)1

denotes the split octonionic cross product on V. Since an algebra automorphism of
a composition algebra preserves the corresponding bilinear form, G preserves all
these data. Indeed, it is known that Gg is precisely the stabilizer of ® in GL(V),
and the representation on V defines an inclusion Go — O(H) = 0(4, 3).

2.2. Ezxplicit matriz presentations of g2 and so(4,3)

Here we will present an explicit matrix realization of the inclusion

g2 — s0(4,3). (1)

1 7

Let e1,...,e7 be a basis for V with dual basis e',..., e, i.e. €’(e;) = §;;. Consider

the bilinear form

H = 2ete” + 228 + 23 4 etet, (2)
defining
a7 —a® —ab  all g1t 19 0
a7 g0 g9 al®  _g20 0 19
P N P R L 0 020 al6
50(4,3) = al? a® a? 0 —a'® —a® |, d ... ,a® eR
—a* —-a® 0 —a? —a'® —a° ab
al 0 a® —a® —a® —a'f a3
0 P | I a7 a7

Then the subalgebra of s0(4, 3) preserving the 3-form

d=2"Ne*ne"+e' AP AP+ 82 NP Ae” —2e2 Aet Aef —2e3 Aet A€

(4)
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is the exceptional Lie algebra

—qt —q* =205 —120° —2¢° ¢ —6¢° O
-3 —¢* 64> —6V° L¢P 0 6q"

_%bzx 13 gl b 0 —%q5 g8

3
gz = 00—t 20 0 b8 6b°  2¢° | 0. 4 eR
-t =20 0 —20® ¢' —64% 120°
1p2 0 20 Iyt 18 gt 20
0 _%bg pl —%bo %b‘l 1y gl 4 ¢

2.3. Parabolic subalgebras of g2 and so(4,3)

A subalgebra p C g of a semisimple Lie algebra g is a parabolic subalgebra if and
only if its maximal nilpotent ideal p, coincides with the orthogonal complement p-
of p in g with respect to the Killing form. In particular, this yields an identification
(g/p)* = p4. A parabolic subalgebra p determines a filtration

gzg*kD---Dgoj---Dg’ﬂ
[0°,¢7] C ¢"™, where g° = p, g' =p*, ¢’ = [g",¢' '] and g7F = (¢g)" for i > 1.
For a choice of (reductive) subalgebra gy C p isomorphic to p/p;, called a Levi
subalgebra, the filtration splits which determines a grading of the Lie algebra

9=9-D--- DY DD g,

such that [g;, g;] C gi+; and g_1 generates g_ = g_, @ --- ® g—1. Conversely, given
such a grading,

P=0g0D - Dok

defines a parabolic subalgebra, and the filtration can be recovered from the grading
as g' = g; ®--- ® gr. We will now discuss the parabolic subalgebras of g = g» and
g = s0(4,3) that are relevant for this paper.

Consider § = so0(4,3) in the matrix presentation (3). Let p C s0(4,3) be a
parabolic subalgebra defined as the stabilizer of a totally null 2-plane E with respect
to H asin (2). Let

g’og'og'og o¢
be the filtration of § determined by p, and let

vV 1oveovh (6)
be the p-invariant filtration of the standard representation, where V! = E, V0 = E+,
V-l=vV.
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Any two parabolic subalgebras of s0(4, 3) defined as stabilizers of distinct totally
null 2-planes are conjugated to each other by an inner automorphism of so(4, 3).
Hence modulo conjugation, they define the same parabolic subalgebra and induced
filtration. However, the parabolic subalgebras may be different concerning their
position relative to the given subalgebra go C s0(4,3). This observation will be
relevant for the purpose of this paper.

Let us first choose the totally null plane E' = span(e,es), where eq,...,e;
denotes the basis of V as in Sec. 2.2. Consider the splitting V; & Vg & V_; of the
filtration (6) of V given by V; = E’, Vo = span(es, e4,e5) and V_; = span(eg, €7),
which corresponds to the grading

go | 91 |92 Vi
—1| 8o |81 Vo |, (7)
—2|9-1|80 V_

of § = s0(4,3). Then the subalgebra gy C p of block diagonal matrices is a Levi
subalgebra isomorphic to gl(2, R) @ s0(2,1) (V; is the defining representation for the
gl(2, R)-summand and V, for the so(2, 1)-summand of §). The parabolic subalgebra
p = go D g1 @ go consists of upper block triangular matrices.

Next we choose a different totally null 2-plane, E = span(es, e3). The grading
of g corresponding to the splitting @1 = span(eq, e3), %70 = span(ey, eq, €7), @,1 =
span(es, eg) looks as follows:

go |8-1] 8o [g1] O Vo
g1 | 8o | 91 |92| 01 4
go |9-1| o |01 G0 Vo |- (8)
9-1|9-2]0-1|00|08-1 Vi
0 |g-1] 8o |91] 9o Vo

Looking at the explicit form of the defining 3-form ® for g, as in (4), we imme-
diately notice that while E' 1 ® = e;_Ies 1 ® = 0, this is not true for the 2-plane E
as es_lez_1 ® = 8¢’ # 0. Inserting the 2-plane E into ® we obtain the line in V*
spanned by €7, or using the isomorphism V* 2 V induced by the metric H, the line
¢ C V spanned by e;.

Definition 2.1. Let V be a 7-dimensional vector space with a bilinear form H of
signature (4, 3), and let ® be a defining 3-form for Go C O(4, 3). We call a 2-plane
E = span(V, W)

e special if

Eid=V_ W.1d =0,
e generic if

Ei1®o=V_iW_1d#0.
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Go acts transitively on generic and special 2-planes, respectively. This follows,
for instance, immediately from the fact that Gy acts transitively on split octo-
nionic null triples (see [1, Theorem 13 and Proposition 15]): these are ordered
triples X, Y, Z of pairwise orthogonal null imaginary split octonions such that ®(X,
Y,2) =3

Let us now discuss parabolic subalgebras of go; there are, up to conjugation by
inner automorphisms of go, three of them. Consider g = g, in the matrix represen-
tation (5).

Let p C g be the stabilizer of a null line /; we take the line £ = Re; C V through
the first basis vector e;. (G2 acts transitively on null lines, see e.g. [2], and thus
different choices lead to conjugated subalgebras). Let

0729 0g ' D¢’ D' D" D¢’
be the filtration determined by the parabolic p. Since p preserves ¢ and P, it also
preserves the filtration
V2oV 1ioviov 5V (9)

where V2 = ¢ = span(e;), VI = {Y e V: Y1 X 1® = 0,VX € ¢} = span(ey, e,
e3), VO = yit = span(ep, ea, €3,e4) and V! = vt = span(es, e, €3, €4, €5, €5),
V=2 = V. A choice of Levi subalgebra go = p/p+ = gl(2,R) is determined by the
splitting V2 = span(ey), V! = span(es,e3), VO = span(es), V! = span(es, eg),
V~2 = span(er), and the corresponding grading of g is depicted below:

go | 91| 92]95]|0 Vo
g—1] 90 | 91 | 92 |03 Vi
g—2|9-1| Go | 81 |02 Vo |- (10)
g-3(9-2(0-1| Go |O1 Vi,
0 |g—3|9-2|9-1|90 V_o

The other maximal parabolic subalgebra p is the stabilizer in g of a special
totally null 2-plane E' C V| i.e. one such that X 1Y 1® =0 for all X, Y € E' (see
e.g. [18]). Let us take E' = span(ey, e2). Then, as in the case of the special orthogonal
algebra discussed earlier, the parabolic subalgebra preserves the filtration (6) of V,
and the induced filtration of g is of the form

g°>2 '>g° > 0@ (11)

A splitting of the filtration of V determines a Levi subalgebra go = gl(2,R) and
corresponding grading

go | 01 |02 Vi
-1| 8o |31 Vo |- (12)

—2|8-1|00 V_1
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Finally there is the Borel subalgebra b of g; it is the stabilizer of a filtration
¢ C ' consisting of a null line contained in a special totally null 2-plane E' C V.
We shall use analogous notation for the parabolic subgroups appearing in this

paper:

P C O(4,3) denotes the stabilizer of a totally null 2-plane E C V,

P C Gy denotes the stabilizer of a null line £ C V,

P C Gy denotes the stabilizer of a special totally null 2-plane E' C V,

B C Gy denotes the stabilizer of a filtration £ C E’ consisting of a null line
contained in a special totally null 2-plane.

For reasons that will become clear later, we call P C O(4,3) the Lie contact
parabolic, P C Gy the (2,3,5) parabolic and P C Gy the Gy contact parabolic.

2.4. Parabolic geometries

Here we provide a very brief summary of basic notions from parabolic geometry,
mostly to set notation. For a comprehensive introduction to parabolic geometries
see [8]. See also [29, 31, 22] for additional information.

A Cartan geometry of type (G, P) is given by

e a principal bundle G — M with structure group P,

e a Cartan connection w € Q1(G, g), i.e. a P-equivariant Lie algebra valued 1-form
such that w(u)(¢x) = X for all fundamental vector fields (x and w(u) : T,G — g
is a linear isomorphism.

The curvature of a Cartan connection w is the 2-form in Q2(G, g) defined as

K(&,n) = dw(&,n) + [w(§),w(n)],

for £, € X(G). It is P-equivariant and horizontal, and thus equivalently encoded
in the curvature function K : G — A%(g/p)* ® g given by

Ku)(X,Y) = dw(w_l(u)(X),w_l(u)(Y)) +[X,Y].

It is one of the basic results about Cartan connections that the curvature of a Cartan
geometry vanishes, i.e. the geometry is flat if and only if it is locally equivalent to
G — G/P equipped with the Maurer Cartan form wg. The latter geometry is
referred to as the (homogeneous) model.

A Cartan geometry of type (G, P) is called a parabolic geometry if g is a semisim-
ple Lie algebra and P C G a parabolic subgroup, i.e. a closed subgroup with Lie
algebra a parabolic subalgebra p C g. Given a principal bundle P — G — M and
Lie algebra g there are a priori several choices of Cartan connections w € Q(G, g).
In pioneering work Tanaka established the following curvature conditions that pin
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down the Cartan connection uniquely: A parabolic geometry is called

e regular if the curvature K is of homogeneity > 1, i.e. K(u)(X,Y) C gi™/*+! for
all X egl, Y €g/and u € G,

e normal if 0* o K = 0, where 9* : A%(g/p)*®@g — (g/p)* @g is the (P-equivariant)
Kostant codifferential. Identifying (g/p)* = p+ via the Killing form, it is the
boundary operator computing the Lie algebra homology H.(p+,g), given on a
decomposable element as

ON(ZoNZL @A) =Zy® 21, A] — Z1 ® [Zo, A] — [ 20, Z1] ® A. (13)

Projecting the curvature K of a regular, normal parabolic geometry to H? :=
ker(0*)/Im(0*) gives the harmonic curvature Ky, which is the fundamental cur-
vature quantity of a regular, normal parabolic geometry.

2.5. (2,3,5) distributions

A (2,3,5) distribution D C TM is a rank 2 distribution on a 5-manifold that is
bracket generating in a minimal number of steps, i.e. [D, D] is a subbundle of rank
3 and [D, [D,D]] = TM. In other words, the (weak) derived flag D C [D, D] C TM
is a sequence of nested bundles of ranks 2, 3 and 5.

So, (2,3,5) distributions are in a sense opposite to integrable distributions, and
they are different in character. While integrable rank 2 distributions in dimension
5 are all locally equivalent, (2,3,5) distributions have functional local invariants.
A solution to the local equivalence problem was established in Cartan’s influential
1910 paper [11]. His work also shows that the symmetry algebra of a (2,3, 5) distri-
bution is finite-dimensional; for the most symmetric of these distributions it is the
simple Lie algebra gs.

Note that a relationship to g can be seen immediately. At each point z € M,
the symbol algebra gr(T,M) of a (2,3,5) distribution, i.e. the associated graded
D, @ [D,D),/D & T,M/[D, D], of the derived flag together with the bracket £,
induced by the Lie bracket of vector fields, is a nilpotent Lie algebra isomorphic
to the negative part of the grading (10) of go. Indeed, we have the following (see

e.g. [8]).

Theorem 2.1. There is an equivalence of categories between (2,3,5) distributions
and parabolic geometries of type (Ga, P), where P C Gq is the parabolic subgroup
defined as the stabilizer of a null line in the T-dimensional irreducible representation

Of GQ.

Based on the Cartan geometric interpretation of (2, 3,5) distributions, a relation
to conformal geometry was observed in [23].

Theorem 2.2. Every (2,3,5) distribution D C TM determines a conformal class
lglp of metrics of signature (2,3) on M. The distribution D is totally null with
respect to any metric from the conformal class [g]p.

1750094-10
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2.6. Lie contact structures

A contact distribution H C T M on a manifold of dimension 2n 4 1 is a corank 1
subbundle such that the Levi-bracket

L:N*H—TM/H, L(EAn.)=[&n]e + Ha,

is non-degenerate at each point € M. In other words, locally, H is the kernel of a
contact form 6. Contact distributions do not have local invariants; locally one may
always find coordinates (t,g;,p;) such that § = dt — >, p;dg;.

Lie contact structures have been introduced and studied by Sato and Yamaguchi
[27, 28], and Miyaoka [20, 21]. Here we shall specialize to manifolds of dimension 7.
Note that the symbol algebra gr(7T, M) of a contact distribution H on a 7-manifold is
at each point z € M isomorphic to the negative part g = g_1 @ g2 of the grading
(7) of g = s0(4,3) from Sec. 2.3 (i.e. to the 7-dimensional Heisenberg algebra).
A contact distribution has a natural graded frame bundle F whose fiber F, at a
point x € M comprises all graded Lie algebra isomorphisms ¢ : gr(T, M) — g_;
its structure group is the group of grading preserving Lie algebra automorphisms
Autg,(g-), which is isomorphic to the conformal symplectic group CSp(3). Let
Go = GL(2) x 0(2,1) be the Levi subgroup of P preserving the grading (7). A
Lie contact structure can be defined as a contact distribution equipped with a
reduction of structure group Go < F of the graded frame bundle with respect to
Go — Autg, (3 ).

Equivalently, see [8, 32]: A Lie contact structure of signature (2, 1) on a manifold
M of dimension 7 is given by

e a contact distribution H C TM,

e two auxiliary vector bundles, ¥ — M of rank 2 and F' — M of rank 3, and a
bundle metric b of signature (2,1) on F,

e an isomorphism H =2 E* ® F such that the Levi bracket £ is invariant under the
induced action of the orthogonal group O(b) on H.

Theorem 2.3. There is an equivalence of categories between Lie contact structures

of signature (2,1) and regular, normal parabolic geometries of type (O(4,3), P),
where P C O(4, 3) is the stabilizer of a totally null 2-plane.

Given a parabolic geometry (G — M, @) of type (O(4,3), P), vector bundles
E — M and F — M as in the above description of Lie contact structures are
obtained as associated bundles E = G x 5E and F = G x 5 (E-/E), where E ¢ R*3
is the totally null 2-plane stabilized by the parabolic subgroup P.

Remark 2.1. There are a number of (locally) equivalent ways to describe Lie con-
tact structures in terms of geometric structures on M ; for our purposes a description
in terms of a (conformal) tensor field on the contact distribution will be most con-
venient. Since go is a maximal subalgebra of ¢sp(g_1) (see e.g. [7, Proposition 4.2])
any tensor on g_; preserved up to scale by go but not by all of ¢sp(g_1) can be
used for a description.
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In Sec. 4.2.2, we will encode our Lie contact structures in terms of a conformal
symmetric rank 4 tensor defined on the contact distribution H. In this particular
case the semisimple part of gg is g5° = s[(2,R) @ s0(2, 1), we can identify s0(2,1) =
s[(2,R), and as a (s[(2,R) @ s[(2, R))-representation §_; = E® S2E, where E = R?
is the defining representation for one sl(2, R) and E = R? for the other s[(2, R). Now
one can verify that there is precisely one trivial summand in the decomposition of
the (sI(2, R) & sl(2, R))-representation S*(E® S2K) into irreducible components. To
construct the invariant rank 4 tensor, write an element ¢ € E ® S2E using index
notation as 1»*5¢ and define a map

L(v): RZ — ]RQ, L(¢)CH = ¢ABC¢DEF6ADGBE€FH,
for volume forms e4p € A2E* and €ip € A2E*. Tt turns out that the trace of this

map is zero, but the trace of its square is not, and the unique up to constants
invariant symmetric rank 4 tensor is

T () = Tr(L(y) o L))

Since T is invariant under gj° but rescales under the action of the center of go,
it induces a conformal symmetric rank 4 tensor [Y] on the contact distribution

H = Go X &, 8-1-

2.7. Gg contact structures

A G, contact structure on a 5-manifold M is given by a contact distribution H C
TM together with a reduction of structure group Gy < F of the graded frame
bundle of H with respect to Gy — Autg, (§—), where Gy = GL(2,R) is the Levi
subgroup of P preserving the grading (12).

Equivalently, it is a contact distribution H together with an identification H =2
S3E, for some rank 2 bundle E — M, such that the Levi bracket £ is invariant
under the induced action of GL(FE), see [8]. Again, by the general theory, we have
the following.

Theorem 2.4. There is an equivalence of categories between Go contact structures
and parabolic geometries of type (Ga, P), where P C Go is the parabolic subgroup
defined as the stabilizer of a special totally null 2-plane.

Remark 2.2. We can also encode a Gy contact structure in terms of a conformal
symmetric rank 4 tensor [Y] defined on the contact distribution H C T'M. This can
be seen completely analogously to the case of Lie contact structures explained in
Remark 2.1.

2.8. Relating the models

The model for (2, 3,5) distributions is the homogeneous space Ga/P together with
its canonical Ge-invariant distribution D. Since Gg acts transitively on the projec-
tive quadric P(C) of all null lines with respect to the invariant bilinear form H, and
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P is the stabilizer of such a null line ¢, we get an identification
Go/P = P(C).

The model for the Lie contact structures we are interested in is the homogeneous
space O(4,3)/ P with its canonical left invariant Lie contact structure. Since P is
the stabilizer of a totally null 2-plane and O(4, 3) acts transitively on such 2-planes,
this homogeneous space can be identified with the 7-dimensional orthogonal Grass-
mannian of totally null 2-planes,

0(4,3)/P = Gro(2,R*?).

Finally, the homogeneous model for Go contact structures is Go/P, which is the
5-dimensional Grassmannian of special totally null 2-planes, with its canonical left-
invariant Gy contact structure.

The following proposition relates all of these models.

Proposition 2.1. Let'V be a 7-dimensional vector space with a bilinear form H of
signature (4,3), and consider the Grassmannian Gro(2, R*3) of totally null 2-planes
in V. Let ® be a defining 3-form for Go C O(4,3). Then Gro(2,R*3) decomposes
mnto two Go-orbits:

e a closed, 5-dimensional orbit of special 2-planes isomorphic to Gy /P
e an open orbit of generic 2-planes isomorphic to Go/Q, where @Q is the
7-dimensional stabilizer in Go of a generic totally null 2-plane.

Insertion of a generic totally null 2-plane E into the 3-form ® defines a line £ C 'V,
which is null. The stabilizer Q of E in Go is the subgroup Q = Go x exp(g?) of the
parabolic subgroup P = Go X exp(p4) that stabilizes the null line £. In particular,
the open Ga-orbit fibers over Go/P:

P/Q — G2/Q

!

Ga/P.

The content of Proposition 2.1 is known, see e.g. [17, 25]. In Sec. 2.3, we have
seen that Gy acts transitively on generic and special 2-planes, respectively. We will
outline the arguments for a proof of the remaining statements in Proposition 2.1.

First, observe that for any totally null 2-plane E, E_1 ® is either zero or defines
a null line: Take V =ImQ’ and ®(X,Y, Z) = H(X x Y, Z). Consider a totally null
2-plane E = span(W7, W5) C V| then

Wl'WQ = W1 X W2 — <W1,W2>1 = W1 X WQ,

since (W7, Wa) = 0. Hence E is special if and only if W7 - Wa = 0 (i.e. it corresponds
to a null subalgebra) and generic if and only if Wy - W5 #£ 0. In the latter case

! = span(W1 . Wg) cV
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is a well-defined line determined by the plane E, and it is null since (W7 - Wa, W7 -
W) = (Wy, W1 )(Wa, Wa) and both Wy and Wy are null.

Next consider the stabilizer @ of a generic null 2-plane E = span(W;, Wa). First,
it preserves the null line ¢ = span(W; - W3) determined by E. Hence, evidently, @
is contained in the parabolic subgroup P stabilizing ¢. Next one can show that
E @ ¢ = span(Wy, Wy, Wy - Wa) coincides with

(ZeV:Z- W, -W)=0}={Z:Z1X 1®d=0,YX €} =V

the latter space being the 3-dimensional filtrand in the filtration (9) preserved by
the parabolic P. So now we choose a subgroup Gy C @, Go = P/exp(p4). Then
P = Gy x exp(g1 ® g2 ® g3), where exp(g1) acts by (nonzero) maps from E to ¢,
while exp(g2 @ g3) acts trivially on E. Hence the subgroup @), which preserves E, is
isomorphic to Go x exp(gs @ g3).

Remark 2.3. In the following root diagram, all black dots correspond to root
spaces contained in the standard parabolic p and the ones with circles correspond
to root spaces contained in the subalgebra q = go ® g2 ® g3 C p:

2012 + 301
@®

a2 ag + o ag + 2a1  ag + 31

—a9 —3a; —ag — 20| —ag —a1 —a2

@]
—2a9 — 3

3. From (2, 3,5) Distributions to Lie Contact Structures

In this section, we present a natural geometric construction of a 7-dimensional
twistor bundle over a 5-manifold equipped with a (2,3,5) distribution, and we
investigate the induced geometric structure on the twistor bundle. In particular, we
will prove Theorem 1.1.

3.1. The (2,3,5) twistor bundle

Let D be a (2,3,5) distribution on a 5-manifold M with derived flag D C [D, D] C
TM and conformal class [g]p. Then we can form the bundle

m:P(D, D)) = |J {t- C[D, D} » M

of all lines contained in the rank 3 distribution. The 7-dimensional manifold
P([D, D]) decomposes as P([D,D]) = P(D) UT into the 6-dimensional subset P(D)
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of all lines contained in D, and the open subset T of all lines in [D, D] transversal to
D. The space P(D) has an interesting induced geometry, but here we are interested
in the complement.

Definition 3.1. We call

T =P([D, D)\P(D) = | J {¢x C [D, D). : Lo ¢ D}

the twistor bundle of the (2, 3,5) distribution D.
Remark 3.1.

e Since D is totally null with respect to [g]p, we can equivalently describe T as the
space of all non-null lines contained in [D, D].

e Via the conformal structure, we can identify P(T'M) with P(T*M). Under this
identification, T corresponds to the space of lines in the cotangent space that
annihilate D but do not annihilate [D, D]:

T=P(D)\P(D,D]") = | J {e €Dt : lu ¢ [D, D], } C P(T*M).
xeM
Among the geometric structures that are naturally present on the twistor bundle
T we are particularly interested in the rank 6 sub-bundle

H=|J{€e DT 7. (5 et}
LeT

where the orthogonal complement ¢ is taken with respect to the conformal class
[g]lp on M. Alternatively, if we realize T inside P(T*M), then H is precisely the
intersection of the canonical contact distribution on P(7* M) with T'T. Now it is not
difficult to see that H C T'T defines a contact structure on T. In the following we
will show more, we will prove that T has a naturally induced Lie contact structure
of signature (2,1).

3.2. The induced Lie contact structure

We shall prove Theorem 1.1 using the descriptions of (2,3,5) distributions and
Lie contact structures, respectively, in terms of Cartan geometries. There is a very
general functorial construction that assigns to a Cartan geometry of some type
(G, P) over a manifold M a Cartan geometry of a different type (G, P) over a
manifold M. In the context of parabolic geometries these constructions are referred
to as Fefferman-type constructions, see [5, 8]. We briefly recall the general principles.

Suppose we have an inclusion i : G — G of Lie groups, and subgroups Pand P
such that the G-orbit of 0 = eP € G/P is open and Q := i~ *(P) C G is contained
in P. Then the construction proceeds in two steps. Let (G — M,w) be a Cartan
geometry of type (G, P). Now form the so-called correspondence space

M =G/Q, (14)
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and regard w € 0'(G, g) as a Cartan connection on the Q-principal bundle G — M.
Then (G — M,w) is automatically a Cartan geometry of type (G, Q). In a second
step, extend the structure group

5::ngﬁ,

such that ,C'j — M is now a ﬁ—principal bundle over M. Let j: G — § be cor-
responding bundle inclusion. Since the G-orbit of eP in CNJ/ P is open, there is a
unique extension of w to a Cartan connection w € Ql(g g) such that j*© = w, see
[8]. Thus, we obtain a Cartan geometry (G — M, &) of type (G, P).

The curvature functions K : G — A%(§/p)* ® § and K : G — A%(g/p)* @ g of
the respective Cartan geometries are related as

Koj=(ANp®i)oK,

where i’ : g — g is the derivative of the Lie group homomorphism i and ¢ : (g/p)* —
(§/p)* is the dual map to the projection §/p = g/q — g/p.

Now we specialize to our groups. We take G = Go and G = 0(4,3), so in
particular we have an inclusion ¢ : G — G. Then we take P to be the parabolic
subgroup in Gy that stabilizes a null line £ C R7, and P to be the stabilizer in
0(4, 3) of a generic null 2-plane E C R7 such that the null line determined by E is
¢, i.e. ;g® = {. By Proposition 2.1 this means that the G-orbit of 0o = eP e é/ﬁ is
open and the subgroup Q = i_l(ﬁ) is contained in the parabolic P.

Given a (2, 3,5) distribution D with its canonical Cartan geometry (G — M,w)
of type (G, P), it then follows immediately from the general considerations outlined
above that there is a naturally associated Cartan geometry (G — M, w) of type
(G, P). It remains to show that this Cartan geometry (which is of the right type)
determines a Lie contact structure on M. This is the case provided the curvature
K is regular, i.e. K(u)(§',§’) C g7+ at any point u € G.

Remark 3.2. To understand the geometric meaning of the regularity condition,
note that the Cartan connection @ determines an isomorphism

TM =G x55/p
and via this isomorphism the P-invariant subspace §~/p C §/p gives rise to a rank
6-subbundle

H G x 507 /p.
Now the regularity condition ensures that the bundle map £ on the graded bundle

gr(TM ) = HeTM /H induced by the Lie bracket of vector fields coincides with the
one induced by the algebraic Lie bracket on gr(g/p) = g—2 @ §—1. Inspecting the Lie
bracket on §_» @ g_; immediately shows that this implies that £ : A?H — TM/’H
is non-degenerate, i.e. H is a contact distribution. To see that one indeed gets an
induced Lie contact structure, note that as a ]S—representation g '/p=E*®E/E.
See also [8].
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Proposition 3.1. Suppose (G — M, w) is a reqular and normal parabolic geometry
of type (G, P), then the induced parabolic geometry (Q —~ M , W) of type (G P) is
regular. In particular, it determines a Lie contact structure on the manifold M =

Gg/Q.

Proof. It is known, see [23] or Theorem 4.1, that the regular, normal Cartan
geometry (G — M, w) associated with a (2,3,5) distribution is torsion-free, i.e. the
curvature function K takes values in A%(g/p)* ® p. Via the inclusion g < g, the
parabolic p is contained in the P-module § g1, and so the curvature function K of
the Cartan geometry (G — M , W) takes Values in A%2(g/p)* ® g~ !. This implies that
the curvature K is of homogeneity > 1, i.e. the geometry is regular. |

Next we show that M is the twistor bundle T as introduced in Definition 3.1.

Proposition 3.2. The manifold M = G/Q can be naturally identified with the
twistor bundle T = J,cp{fz € [D, D]y : £z ¢ D} of all lines in [D, D] transversal
to D.

Proof. By definition,
M=¢/Q=0xpP/Q.

Let g='/p C g72/p C g~3/p be the P-invariant filtration on g/p. To prove the
proposition it remains to identify the homogeneous space P/Q with the set of lines
in g2 /p that are not contained in g=!/p.

We have noticed in the proof of Proposition 2.1 that @ = Gg X exp(ga @ g3) for
some subgroup Gy = P/P, and corresponding Go-invariant grading g_s @ g—o ®
91D goD g1 D g2 D gs. Now exp(ge @ g3) acts trivially on g=2/p and G preserves
the line £ = (g_2+p)/p (and acts nontrivially on it). On the other hand, the action
identifies exp(g1) with the space of linear maps from ¢ to g=!/p. It follows that the
P-action is transitive on lines in g=2/p not contained in g=!/p and the stabilizer of
{ as above is the subgroup Q. O

In particular, we have proven Theorem 1.1.

Remark 3.3. In [8], a construction from conformal structures to Lie contact struc-
tures is presented, which generalizes the work of Miyaoka, Sato and Yamaguchi
(20, 21, 28]. Note that the Lie contact structure constructed here is different from
the Lie contact structure associated with the conformal structure [gp] following
their construction. The latter one lives on a 9-dimensional manifold, ours on a
7-manifold.

3.3. Additional structure on the twistor bundle

One immediately observes that the Lie contact structures obtained from (2,3,5)
distributions are special. In particular, besides #, there are several other naturally
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defined distributions on T. First there is the vertical bundle
V=|J{¢e T m.(§) =0}
LET

for the projection 7 : T — M, which has rank 2. Then there are the lifts of D and
[D, D],

D=|J{¢enT: m(¢) e D},

LeT

and

[D,D] = ([ J{¢ e TuT : m.(€) € [P, D]},
£€T
which are bundles of ranks 4 and 5, respectively. Finally, there is a rank 3
distribution

S={eeT:m() €},
€T
called the prolongation of D. o
These distributions can be understood as follows: Since (G — M, @) arises as the
extension of a Cartan geometry (G — M, w) of type (G, @), we have an isomorphism

TM =G xq g/q

via the Cartan connection w. In particular, every Q-invariant subspace of g/q cor-
responds to a natural subbundle of T'M. The vertical bundle V corresponds to p/q,
the rank 3 bundle S corresponds to (g—2 + p)/q, the contact subbundle H corre-

—_—

sponds to (g_3 & g_1 @ p)/q, and D and [D, D] correspond to g~'/q and g~2/q,
respectively. In the root diagram below the @-submodules corresponding to the
vertical bundle V, the rank 3 bundle S, and the rank 4 bundle D are depicted.

93

4. The Exterior Differential System and Examples

Here we present a slightly different viewpoint on the construction of Lie contact
structures from (2, 3, 5) distributions, complementing the picture from the previous
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section. First we present the structure equations, or EDS, for (2, 3,5) distributions.
Then we show how they can be applied to (locally) construct the induced Lie
contact structures in terms of a conformal symmetric rank 4 tensor on the contact
distribution H. This viewpoint has the advantage that it leads to explicit formulae
and enables us, for instance, to solve the symmetry equations for a given structure.
This is carried out for a special class of distributions parametrized by functions

k
F(9) = wy-

4.1. The EDS for a (2,3,5) distribution

The EDS for a generic (2,3, 5) distribution was first introduced by Cartan in [11],
and was then modified in [23] to get a form adapted to the corresponding (reduced
to g2) normal conformal Cartan connection. Here we have rewritten the system
from [23] changing the notation to be more suitable to the contact structures we
consider in this paper. The changes in notations with respect to [23] are as follows:

1-forms in [23] | the respective 1-forms in this paper
0',6%,6%, 6% 6° 61,0%,0° 63 04
0, Q6 365, 30°
7,05, Q9 25,8, Q27

Theorem 4.1. A (2,3,5) distribution D on a 5-manifold M uniquely defines a
14-dimensional bundle P — G — M together with a rigid coframe (6°,0%,6% 63, 04,
0°,6% Q1,Qa, Q3,Q4, 05,06, Q7) on it satisfying the following EDS:

de® =6 A (1 + Q) + 301 AO% + 302 A 605+ 6% A0,
dot =00 A 03 + 01 A (29 + Q) + 6% A Q,

do? = 0O A O* + 01 A Q3+ 02 A (Q +200),

d® =40 N O° + 01 A Qs + 603 AQp + 0% A Qo

dg* = —40° NB% + 0% A Qs + 602 A Qs+ 0 A Qy,

o, :—Qg/\Qg—%95/\00—96/\91—293/\96+94/\95
—bafO A O — 136 A B2 + 20201 A6% + as0' A 63
+az (0" A O* + 02 A0 + as0® NG,

A = U AQo — Qo AQy — Q7 NG — 303 A 65
—b30° A OY — 00 A O 4 chl A 0% +az0' A O3
+ag(0F A O+ 02 A 03) + as6® A 62,
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dQ3 = U AQ3+ Q3 AQy — Qg A O% — 30 N 65
+5,0° A0+ b20° A O — 20191/\02—@91/\03
—ag(0F N O+ 6% A 03) — az6® A,
dQ4:Qg/\Qg—%Q5/\00—Q7/\92+93/\06—204/\05

+b20° A O + b36° A G2 — gcQol AG% — as0' A G
—az(0' A0+ 0% A 03) — s A6,

1 1
d95:Qg/\96+Q4/\95—§Q5A03—§Q7/\90

1 1
— cheo N — ZC390 A6 + e 0! A 62

1 1 1
+ Zbrzel A G+ Zbg(el ANO* 02 NG + wa? A6,

1 1
d06:(21/\06+Qg/\05+§ﬂ5/\94—§Q6/\00

1 1
— cheo NGO — ZCQQO A 0% + ex0' A G2

+ %blel AB3 + %bg(el ANOY 02 N0 + £b392 A6,
dQs = U A Qs+ Qu AQ5 — Q6 A0 —Qr AO* — 1205 A 65
+4e20° A O + 4e,0° A O + fO NG — gclﬂl A 63
— gcQ(el AO* 4+ 6% N 0%) — ch92 A6,
dQs = 200 A Q6 + Q3 A Q7 4+ QA Qg — 305 A 68
— 100 A O — pa® A 0% + 161 A O + hi0t A GP
+ ha(0Y A O* + 62 A\ 6%) + hsb® A,
dQ7 = Q1 AQ7 + Q2 A Qg + 204 A Q7 — 305 A 6P

1
g(2f 4+ 3p2)0° A OY — p3° A 6O + 20 A O 4 (ho — e2)0 A G?

+ (hg —e1)(0F A O* + 6% A 0%) + hy6? N O*.
The functions a1, az, a3, ag, as, by, ba, b3, by, c1, c2, c3, €1, ea, f, q1, G2, D1, P2, P3,

h1, he, hs, hy appearing in the EDS can be understood as the curvature coefficients
of the normal Cartan connection w € Q'(G,g2) associated with the distribution D.
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In terms of the rigid coframe the Cartan normal connection w reads

-0 - Q4 =205 —1205 —2Q; Qg —68 0

—-46° -4 602 -60° 105 0 6827
_%94 %93 ey 66 0 —%95 —Qg
L 140 —lpt 23 0 —65 665 205 . (15)
01 =2 0 20 Q  —6Q, 126°
1g2 0 300 g0t —305 Qf 2
0 _%92 o1 _%90 %04 %93 Q1+ Q4

The curvature K of the connection w is of the form
1 A .
K= §Kij91 ANO  where 1,7 =0,1,2,3,4,
and the above EDS is the same as

1 . .
dw:—w/\w+ §K¢j91/\9J.

4.2. From the EDS to underlying structures

Suppose that the fourteen 1-forms (6°,...,60% Q4,...,Q7) on G are linearly inde-
pendent at each point, ° A ---6% A Qy A--- A Q7 # 0, and satisfy the EDS as in
Theorem 4.1.

4.2.1. The underlying (2,3,5) distribution and conformal metric
On the one hand, we easily conclude the following:

e G is locally foliated by 9-dimensional submanifolds tangent to the distribution
P defined as the annihilator of the basis 1-forms (6°,6%, 6% 63 0%). That P is
integrable follows immediately from the EDS, since it guarantees that

dO* AN AT AP AP NG =0, VE=0,1,234.

e The rank 2 distribution D on G annihilated by the forms (6°,6',602,6°, 65,
Qq,...,Q7),

D = ker(6°,6",62,6°,6° Q1 ..., Q)

descends to a well-defined rank 2 distribution D = 7, D on the space M = G/P
of leaves of the distribution P. To see that this is the case, consider the frame
(Xo,...,X6,Y1,...,Y7) dual to the coframe forms on G. Then D is spanned by
X3 and X4,

D = Span(X3, Xy).

To show that D projects to a well-defined rank 2 distribution M it is enough
to show that, at each point of G, the Lie derivatives of X3 and X, with
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respect to the fiber directions X5, Xg, Y1, Y2, Y5, Yy, Y5, Y5, Y7 are spanned by
no other vectors than the distribution vectors X3, X4, and the vertical vectors
X5, Xe, Y1, Ys,Ys, Yy, Y5, Vs, Y7, Dually, this precisely means that in the consid-
ered EDS the terms 03 A0°, 03 A\05, Q; A0%, 04 NG5, 04 NOS, QN0%, i =1,2,...,7,
cannot appear in the exterior derivatives of the forms 6°, 8* and #2. This is the
case for the EDS from Theorem 4.1.

The distribution D = 7,D on M is (2,3,5), since the EDS from Theorem
4.1 guarantees the following expressions for the commutators [X3, X4] = — X,
[X3,X0] = X1 and [X4, Xo] = Xo, where equality is considered modulo terms
vertical with respect to .

e The conformal class of (3, 2) signature metrics [gp] is represented by the bilinear
form

gp = %(90)2 +20'0* — 26763,

The EDS from Theorem 4.1 guarantees that the Lie derivatives of gp with respect
to its degenerate directions spanned by X5, Xg, Y1,..., Y7 are always multiples
of gp. Thus gp descends to a well-defined conformal class [gp] of (3,2) signature
metrics on M = G/P.

4.2.2. The corresponding Lie contact structure and (3,5,7) distribution

On the other hand, the EDS from Theorem 4.1 can be viewed quite differently:

e Consider the rank 7 distribution @ on G defined as the annihilator of the seven
linearly independent 1-forms 84, A = 0,1,2,3,4,5,6. This distribution is inte-
grable due to

Ao A NP AP NP NG NP ANES =0, VA=0,1,2,3,4,5,6.
As such, it defines a foliation of G by 7-dimensional leaves, and a fibration
Q—G%M=g/Q,
over the 7-dimensional leaf space M=¢ /Q.
e The rank 6 distribution H on G annihilated by the forms (6°,Qy,...,Qy),
H = ker(6°,Q,...,9Qr),

descends to a well-defined rank 6 distribution % = o, H on the leaf space M.
Moreover, using the EDS from Theorem 4.1 and a similar reasoning as before

show that the rank 6 distribution H = o, is indeed a contact distribution on M.
The one-form 6° descends from G to an equivalence class [\] of contact forms on
M , where two contact forms are in the same class if one is a functional multiple
of the other; they span a well-defined line subbundle in T* M.

e Again using the EDS from Theorem 4.1, we show that the contact distribution
H on M is equipped with additional structure. Consider the 2-form

p=30"N6%+302N0°+6° NG, (16)
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and the symmetric rank 4 tensor
T = 262(6%)%6% — 3(01)%(6°)? — 2603665 — 66'0%6°0°
+20%03040° — 20" (6*)26° — 3(6%)2(0°). (17)
Then the Lie derivatives of p and T with respect to the fiber directions Y4 are
Ly,p=1uasp+ ° Aaq and Ly, T=0v4T+ [/20) YA,

where u 4, v4 are functions, a4 are 1-forms, and 4 are symmetric rank 3 tensors.
Since #° annihilates the distribution #, p and T descend to the respective objects
[o] and [Y] on the distribution H, where they are defined up to scale, because
some of the ua, va are nonzero. (In fact, the class of p on H can be represented
by d#°|3;, so this defines a line subbundle of A’H* spanned by symplectic forms
on H.)

e The rank 3 distribution S on the Cartan bundle G defined as

5 = ker(01,027 937 94, Ql, ey Q7) = Span(Xm X5,X6)7

descends to a well-defined rank 3 distribution S = ¢.S on M. This can be seen
from the fact that in the EDS from Theorem 4.1 the exterior derivatives of the
forms 01, 62, 62 and 6* do not contain terms of the form 6° A ;, 6° A Q; and
0% A Q;.

One easily checks using the system that [X5, Xg] = 0, [Xo, X5] = —4X3,
[Xo, X6] = 4X4, [Xo, X3] = —X1, [Xo, X4] = —X2 modulo vertical terms. This

—_~

shows that the first commutator [S, S] has rank 5 (and is equal to the lift [D, D]
of [D,D]), and [S,[S,S]] = TM. In particular, the distribution S has growth
vector (3,5,7).

Remark 4.1. Locally, the structure on M described above in terms of the contact
distribution H equipped with the equivalence class of symmetric rank 4 tensors [Y]
is equivalent to a Lie contact structure as introduced in Sec. 2.6. To see this, one
shows that [Y] reduces the structure group of the natural frame bundle F of the
contact distribution to the correct group Go C CSp(3), see also Remark 2.1.

4.3. A class of examples

Next we construct the 1-forms (69, ..., 0%) explicitly with respect to a section for a
special class of distributions. In particular, this yields an explicit local description
of the induced Lie contact structure.

4.3.1. A particular solution to the EDS in dimension 7

Recall that we can specify a (2,3,5) distribution Dr defined in a neighborhood U®
around the origin of R with local coordinates (z,y,p, q, 2) by specifying a single
function of five variables F' = F(z,y,p,q, z) such that Fy, # 0. Let us consider a
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differentiable function F' = h(q) of one variable ¢ only. We assume that h” # 0.
Then the distribution Dy, is given as the kernel of the three 1-forms

W =dp—qdz, w!'=dy—pdz, w?=dz-— hdz.

The 1-forms (w°, w!,w?) can be supplemented to a coframe (w?), i = 0,1,2,3,4, on
U® given by

w9 = dp — qdz,
w! = dy — pdz,
w? = dz — hdaz, (18)
w? = dg,
wt = da.
Now one introduces forms
90 up Uz U3 0 0 w?
ot Uy U5 Ug 0 0 wl
= u ws w O 0 w? [, (19)
63 Up Uil U2 U3 Ul4 w?
6 uis uwe uir uig urg) \w!
with the 19 free parameters (ui,us,...,u19). It follows that there exists a
choice of these parameters, in which the forms (6°,0',..., 0%) satisfy the EDS
as in Theorem 4.1, with corresponding functions (a1, as, ..., hs, hs) and 1-forms

(6°,605,91,Q0,...,9Q7), such that
CONOEANOP AP AT AG NG £ 0,
and
QLAPONOIANPAPANONP NI =0, Vi=1,2,...,T.

This means that there is an effective algorithm of solving the EDS of Theorem 4.1
for forms (6°,0%,...,60%,Q1,Qa,...,Q7) and the coefficients (ay, as, ..., hs, hs) on a
certain 7-dimensional manifold, which we below parametrized by (z,y, p, q, z, v, w).
Explicitly, the forms corresponding to this choice are given below (we use the nota-
tion h(™ for higher derivatives of the function h = h(q)):

oh/43 prras3 (w+ h’)h”4/3 (vp —wq + h — qh’)h”4/3

0 _
o= 9w dy + 9wt dz = w dp— 9wt dz,
4/3 //4/3

- ph// h

== 27w dz+ 27w dy,
h//5/3 h//5/3 h/h//5/3 h— ah' h//5/3

92 =0 gyt dz — ap— Lprh—ah )R
27wb 27wb 27wb 27wd
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b (20— 4w?h®? 4 3u2h"h@) .
o 34y z
3w? 90w3h’"?
(40wh* + 20h' A" + 10w2h"2h®) + 4wh'h®” — 3wk B H®) .
- 90w’ P
2,13 14 nd 14 17114
+ TR (30w<h 30vph”™ 4+ 40wqh 20hh"" +20gh'h
w

+10wqh"2h® — 4w?hh®? £ 4w?gh'h®? + 3w Rk B®

— 3w?qh’'h" B ™M) dz,
B3 V2R3 U(—th”4 _ 4w2h(3)2 + 3w2h//h(4))

— dg + dy — dz
3w? 9wt 90wh8/3
V(—10KR"* = 10w2h"2h3) — 4w?h'h®” + 3wk B h®) 4

+ P

90w n 8/

U (—30wR"® + 10uph™* + 10hR"* — 10k’ B — 10w2qh”*h®

- 9Ow4h//3/3
+ 4w0hh®? — 402l B®? — 302 hR"hD &+ 3w2gh' B R D) dx,

dw  (10A"* — 10wh"*h®) + 4w2h®? — 3uw2h" h4) .
h//1/3 + 30h//10/3

q

o(=5R"% + 40wPh®® — 45wPh RO R 1 9w h 2 h®) .
" 90w?2p" 18/

z

! m<—l5wh”6 + 510" — 120 1" R — 40wt R®)’
w

+ 9w h WY + 45w K B O RW — 9wPh n"? K dp
v

- (_ . 6 16 3 112, (3)2

4003 hh®” — 40wl h®° § 9wl qhh®)
— 45wPhh" RO @ + 45w3gh B O R® + 9uwBhR 1)

— 9wigh' B’ h®)dz,
v (—4h®? 4 31 hA) v(10h"* — 4w?h®? + 3w R h®)
= —dv + 3 dz + 3 dq
90wh 30wh
3(40h®° — 45K R KW 4 9p"2p() 2
+ 90h"® = Lay - 90 Uzh,,5 (51" = 10wh" 1™
w

)2

12021 h 3% Z 4wk B h®? £ 40w3h® 4 9w2h R
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2

v 5
50wz (30wh”

+ 3wk’ KW — 450PK KO @ 4+ 9w h"*h®))dp —

— 5gh"® 4+ 10wgh”*h® + 12u2qh"2h®? — 4whh*h®? + 4wgh' h"*R®)*
+ 401111)2ph(3)3 - 40wgqh(3)3 — 9w2qh"* h® + 3whh"* K@ — 3wk’ K" hY)

— 450w ph" KB R® 1+ 4503¢gh RO R® + 9pwph*h) — 9w3qh”2h(5))dx.
(20)
We could also write down the remaining forms (Q1, s, ...,7) that together with

the above (6°,6%,...,6%) satisfy the EDS from Theorem 4.1, but since they are not
interesting for the rest of our paper we will skip them.

The particular solution (6°,6%,...,6%) constructed above enables us to write
down the structural tensors associated with the (2,3, 5) distribution
Dy, = Span(0; + pdy + q0p + h(q)0-, 0y), (21)

explicitly in the coordinates (z,y,p, q, z; v, w).

It should be clear that the coordinates (z,y, p, g, z) parametrize the 5-manifold
M on which the distribution Dy, resides, and that (v, w) are the fiber coordinates of
the bundle M — M. In particular, (v, w) locally parameterize directions ¢(v,w) =
dir(¢(v, w)) in the 3-distribution [Dy, Dy] as follows:
=204+ (O + 1),
Note that in this parametrization the directions transverse to the 2-distribution Dy,
have w # 0, and that w = 0 corresponds to the directions in the 2-distribution
Dp. Thus, when the coordinate w — 0 we approach points (z,y,p,q, z,v) of the
6-dimensional boundary P(Dy,) of M = P([Dy,, Dp])\P(Ds).

In the remainder of Sec. 4.3 we will restrict our examples to the distributions
Dh with

&(v,w) = 0y + pdy + q0p + hO, +

h(g) = —— ot where k€ R, k#0,1 (22)

(k- 1

Since in such case Dy, is totally determined by a real number k, we will denote
these distributions by Dj. We have excluded the cases k = 0,1 because they do not
correspond to (2,3, 5) distributions.

4.3.2. Conformal metric on M

For the class of examples given by (22) the conformal class of metrics [gp, ] may be
represented by

gp,, = (k — 1)%(9k? — 9k + 2)¢*da® — 2k(k — 1)(9k* — 9k — 8)qdxdp
+30k%(k — 1)*pdadq — 4k(k — 1)*(3k2 + 2k — 1)¢* *dadz
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— 30Kk%*(k — 1)%dydq + k*(9k? — 9k + 2)dp?

+4k%(k — 1)(3K% — 8k + 4)¢* Fdpdz — k2 (k — 1)?(k? — k — 2)¢*> 2+ d22.
(23)

It is well known [23] that this metric is conformally flat if and only if the corre-

sponding distribution Dy, is flat, and this happens [11] precisely in the four cases

when k € {2, %, %, —1}. For example for k = 2 we get the conformally flat metric
gp, = 4(30dzdz — 5¢*dz? — 20dp? + 10gdpdz — 30pdgdz + 30dqdy).  (24)

Now if k ¢ {2, 2, &, —1} the distribution Dy, has 7-dimensional symmetry algebra

(the submaximal dimension) spanned by
Xlzam, X2=(9y, X3:82, X4:8p+x8y,
X5 =20, — pOp — 2q0q + (1 — 2k)20,, X =y0y + pdp + q0q + k20,

2k—1
q

1 k
Tt TR

k _
X7 =q"10, + (pd" ' + (1 — k)2)9y + ——

3 0..

The conformal class represented by (23) has 9-dimensional symmetry algebra,
spanned by Xi,..., X7 and the two additional generators

V/10k2—10k+5 3k%2 —2y/10k2 — 10k +5—3k+4
Xg = T 2z
g =q 2 10 (8 + poy + Bk —2)(k—2) q0p

4k? — 4k + 2 — k\v/10k2 — 10k + 5
+ 2 + + qkaz>a

(3% — 2)(k — 2)k(k — 1)

3k2 +2V/10k2 — 10k +5—3k+ 4
(3k —2)(k —2)

Xy = g+ <8I+p8y+

qap

4K? — 4k + 2 + kv/TORZ — 10k 7 5
MPXLSEL R ) ¥ qkaz)

3k — 2)(k — 2)k(k — 1)

It is instructive to look at the symmetries in one of the flat cases, say k = 2. One
sees that in this case Xg and Xy are singular, but the rescaling by a factor (k — 2)
regularizes them at k = 2. These however, in the limit £ — 2, lead to one symmetry
only, namely to Z; = limyp_,2 X9 = 0, + ¢0,, since the limit of the regularized Xg
is zero. In this case the eight conformal symmetries (X1, Xo,..., X7, Xo') are of
course extendible to the full 21-dimensional algebra of symmetries so(4, 3).

We close this section providing the full algebra of symmetries of the distribution
Dy, with k = 2 and the full algebra of conformal symmetries of [gp, ] in such case.
In addition to the 7 symmetries (X1, Xs,...,X7) with k£ = 2 this distribution has
additional seven symmetries, so that its full algebra of symmetries has dimension 14.
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The remaining seven symmetries are

1
~220y + 0 + 0y + p0;,

Y1 5

Y, = %x?’@y + %xz(‘?p + 204 + (zp — y)0-,
Ys = 220, + 3zydy + (3y + xp)9, + (4p — qz)0, + 2p*0.,
Yy = (8p — 6qx)0, + (4p* + 622 — 6pqx)d,
+ (62 — 3¢*)9, — 2¢%0, — ¢*x0,,
Ys = (16zp — 12y — 692%)9, + (6222 + 8p?x — 6pgz?)d,
+ (1222 4 4p* — 3¢%2%)9, + (122 + 4pq — 4¢°x)0, (25)
+ (12pz — ¢*2?)0.,
Ys = (24px? — 6qx3 — 362y)0, + (12p*2? + 6232 — 36y? — 6pga®)d,
+ (12p2z + 18222 — 3¢%z® — 36py)d,
+ (12pgx — 6¢*x? — 24p* + 3622)0,
+ (36pzz — 8p® — ¢ — 36y2)0.,
Y7 = (12p* — 18qy)d. + (8p° — 18pqy + 18yz)dy, + (18pz — 9¢*y)d,
+ (18¢z — 6pg?)d, + (1822 — 3¢3y)0,.
The 14-dimensional Lie algebra spanned by (X1, Xs,..., X7, Y1,Ys,...,Y7) is iso-
morphic to the split real form of the exceptional simple Lie algebra go. As for the
conformal symmetries of [gp,]: we have the 14 conformal symmetries of the dis-

tribution, (X1, Xo,...,X7,Y1,Ys,...,Y7), forming the Lie algebra of g, but also
seven additional conformal symmetries given by

Zy = ap"'qaza
3 1,
Z2 = 875 +p8y + anp + Z(] 8z7

Z3 =04+ %xap + iqx@z,

Zy = 4pxdy + (3qx + 6p)0, + 1290, + (¢*x + 2qp + 122)0,,

Z5 = 42°0, + 4pz*0, + (3qz* + 4pz — 6Y)0, + 8(qr — )0,
+(¢°2® + dzgp — 64y)0-,

Zs = 12q20, + (12xqp + 8p* — 1222)9, + (6¢°x + 12gp)9, + 12¢°0,
+(2¢%z + 4¢%p + 12¢2)0.,

Z7 = 4(px — 3y), + 4p(px — 3y)dy + (3xqp — 2p° — 9qy + 312)9,
+ (2¢%x — 8qp + 122)0, + (xpg* — 2p*q — 3yq® + 32qx)0,.
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The 21-dimensional algebra generated by Xi,..., X7, Y1,...,Y7, Z1,..., Z7 is iso-
morphic to the Lie algebra so(4, 3).

4.3.3. The Lie contact structure

The Lie contact structure ([A],[Y]) on M associated with the distribution Dy, is

totally expressible in terms of the forms (6°,6!,...,6°) as written in Sec. 4.3.1, for-
k

mulas (16), (17). For h(q) = %, the line of contact forms can be represented by

k—1

Azdz—(w—f— q

k
k_l)dp—i—vdy—l—(wq—vp-i-q—)dx. (26)

k
To get this, we took §° from (20), calculated it for h = k(,‘g—il) and rescaled, so that
the term at dz is equal to one. One easily checks that

AAAAAAAAA N = —6wdx Ady Adp Adg Adz Adv A dw,

S0 A is a contact form everywhere on M except the boundary w = 0. Even in the
simple case that we are considering here, we found that the structural tensor T on
Dy, when written via the formula (17) in coordinates (x, y, p, q, z, v, w), is very ugly.
For this reason we will not write it here. Instead we determine the symmetries of
the Lie contact structure ([A], [Y]) on M = P([Dy, Di])\P(Dy,) with this ugly Y.

In general, an infinitesimal symmetry of a Lie contact structure ([A], [Y]) on M
is a vector field X on M such that

(,CX)\)/\)\:O7 and LxYT=fTr+AoT, (27)
where 7 is a rank 3 tensor and f is a function on M. We calculated the infinitesimal

symmetries of the Lie contact structure ([A], [Y]) with A asin (26) and T determined

by (17), (20) with h = k(lg—il), obtaining the following proposition.

Proposition 4.1. If k ¢ {2, %, %, 0,1, —1} the algebra of infinitesimal symmetries

of the Lie contact structure ([A],[Y]) on M= P([Dy, Dr])\P(Dy,) is 7-dimensional
and is spanned by the infinitesimal symmetries:

Xl :8337 ngay, X3:8z7 X4:8p+x8y7
X5 = 28, — pd, — 2q0, + (1 — 2k)20. + (1 — 2k)vd, + 2(1 — k)wd,,

Xo = ydy + pdy + q0y + k20, + (k — 1)vd, + (k — 1)wd,

2k—1

i ) B k-1 q
ol o1 B k-1 g I
Xr=q"0:+(pd" +(1—k)z)9, + ¢0p + k(2k — 1)82

k
+ (1= k)20, + (1 — k)vwdy,.

Remark 4.2. Note that the seven symmetries (Xl, X27 . ,X7) above correspond
to the seven symmetries (X7, Xo,...,X7) of the distribution Dy defining the Lie
contact structure ([A], [Y]). Explicitly note that we have: X; = X; + a;0, + b;0u,
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i =1,2,...,7, with specific functional coefficients a; and b;. We remark that we
obtained (X1, Xs, ..., X7) by directly solving the symmetry equations (27), and not
by assuming that the symmetry Xi have the form Xi = X; +a;0, + b;0y.

There is, however, more direct way of getting these seven symmetries. This is
related to the general fact that every symmetry of a (2, 3, 5) distribution D induces a
symmetry of its twistor Lie contact structure, since the construction is natural. The
simplest way of seeing this is via the prolongation lift (or simply prolongation) X of
an infinitesimal symmetry X of D. This is done point by point as follows: Suppose
that we want to lift X, i.e. the vector defined by an infinitesimal symmetry X
at p € M, from point p to a point (p,¢) in the fiber in M over p. At p the point
(p,¢) defines a direction ¢ in the 3-distribution [D, D]. We transport this direction
by a flow ¢(¢) of X along its integral curve p(t) passing through p, p(0) = p. This
defines a direction £(t) = ¢« (t)¢ at every point of the curve p(t). Thus starting with
£(0) = ¢ at p(0) = p, we have a direction £(t) at p(t) for every ¢. Since X is a
symmetry of a (2,3, 5) distribution, its flow preserves the 3-distribution, so for any
value of ¢ the direction ¢(t) sits in the 3-distribution. Thus, choosing a point ¢ at
a fiber of p, at each point p(t) of an integral curve of a symmetry vector field X
we have a direction £(¢) in the 3-distribution. We thus have a curve (p(t), £(t)) in
the bundle M7 which starts at (p, £) and which projects to p(t). The tangent vector
X(p,g) to this curve at ¢ = 0 is the prolongation lift of the symmetry vector X,, from
p € M to (p, é) € M By repeating this procedure for all pairs (p,0) € M we define a
vector field X on M consisting of vectors X (p,0)- We call X the prolongation of X. It
follows from the construction that the prolongation X of an infinitesimal symmetry
X of a (2,3,5) distribution D is an infinitesimal symmetry of the corresponding Lie
contact structure ([A], [Y]) on M.

Finishing the remark we stress that all infinitesimal symmetries of the Lie con-
tact structure ([\],[Y]) on M = P([Dy, Dg])\P(Dy) with all k ¢ {2,2,1 0,1,-1}
are just prolongations of infinitesimal symmetries of the distribution Dy. We have
proven this by explicitly solving the symmetry equations and finding all their
solutions.

4.34. The (3,5,7) distribution

It is also interesting to look at the infinitesimal symmetries of the prolongation

S = Span (9, +pdy + 40 +h . + 504+ 77(0, +40.),0,,0,)

h//
of Dy. For (22) and k ¢ {2,2, 1, —1}, the seven lifts of infinitesimal symmetries of
the distribution Dy, from Proposition 4.1 clearly preserve the (3,5,7) distribution
S. We calculated that all infinitesimal symmetries of S = Sy are contained in the
span of these seven symmetries. We further calculated that in the flat case k = 2,
the symmetry algebra of the distribution Ss is precisely go (the symmetry algebra
of the Lie contact structure is of course s0(4,3) in this case; see the end of this
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section for details). It turns out that for any (2, 3,5) distribution, the prolongation
S has the same symmetry algebra as the underlying (2,3, 5) distribution D.

Proposition 4.2. For any (2,3,5) distribution D C TM, the infinitesimal sym-
metries of the prolongation S C TM are precisely the lifts of the infinitesimal
symmetries of D.

Proof. Since the construction is natural, every infinitesimal symmetry X € X(M)
of the (2,3,5) distribution D lifts to a vector field X € X(M) that preserves the
induced geometric structure on the twistor bundle. In particular, it defines a sym-
metry of the (3,5,7) distribution S. It remains to show that every infinitesimal
symmetry of S projects to an infinitesimal symmetry of D. Consider the tensorial
map A28 — [S,S]/S induced by the Lie bracket. At every point this is a surjective
map from a 3-dimensional to a 2-dimensional space and thus it has a 1-dimensional
kernel spanned by a decomposable element. So this defines a rank 2 distribution
on M. Since the vertical distribution V for M — M is evidently contained in this
rank 2 distribution and of the same dimension, the two coincide. Note that this
means that the vertical bundle is characterized as the unique rank 2 subbundle in
S such that Lie brackets of its sections are again contained in §. This in particular
implies that any infinitesimal symmetry X € X(M ) of S also preserves the verti-
cal bundle V and thus it is projectable to a vector field X € X(M). Moreover, E

also preserves [S,S], and since [S,S] = [D, D], then naturality of the Lie bracket
implies that X preserves [D, D]. By the same line of argument as above, D can be
characterized as the unique rank 2 subbundle in [D, D] such that Lie brackets of
its sections are again contained in [D, D], and this implies that & is an infinitesimal
symmetry for the (2,3,5) distribution D. |

4.3.5. Flat Lie contact structure

We conclude this section with a discussion of the flat case, corresponding to the
(2,3,5) distribution with h(q) = 342, i.e. k = 2. In this case we have

7
A=dz — (w+ q)dp + vdy + <wq—vp+ )dx

and the conformal tensor Y on ker(A) can be represented by
T = —30v%(2up — 2wq — ¢*)dz? + 6v3dady — 6v*(w + ¢)dpda®
+ 60 (3vp — 2wq — ¢*)dgdz® — 2(—9w?q — 12wq® + Yvpw + Ipvq — 4¢>)dvda®
+ 6v(—q? + 3vp — 3wq)dwdz® + 3v2dp?da?® — 3(—2wq — ¢* + 6vp)dg’da?
— 9p2devida? — 324¢*dw?dz? + 9v(w + q)dpdgda?
+ 6(—3w?® — 8wq — 4¢* + 3vp)dpdvdz? + 6v(3w + 2¢)dpdwdz?
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+ 18p(w + q)dgdvdz? — 6(—3wq + 6vp — ¢*)dgdwdz? — 18v2dgdyda?
+ 18pgdvdwdz? + 18v(w + ¢)dvdydz? — 18v3dwdydz? — 6vdp*dgds
+24(w + ¢)dp*dvda — 6vdp?*dwdz — 6(w + ¢)dpdg*dz

— 18pdpdgdvdz — 6(3w + 2¢)dpdgdwdz — 18pdpdvdwdx

— 18vdpdvdydx + 18¢dpdw?dx + 6pdg®dz + 18pdg*dwdx

+ 18vdg?dady — 18(w + ¢q)dgdvdyda + 36vdgdwdzdy + 18pdv3dady
— 18¢dvdwdzdy — 8dp*dv + 3dp3dq? + 6dp?dgdw — 9dp?dw?
+18dpdgdvdy + 18dpdvdwdy — 6dg®dy — 18dg*dwdy — 9dv?dy?.

The infinitesimal symmetries of the Lie contact structure ([A],[Y]) form a Lie

algebra s0(3,4) and are naturally grouped as (Xi,...,X7), (Yi,...,Y7) and

(Zl, ceey 27), where we have.
The first seven symmetries are just prolongations (Xi,...,X7) of the seven
symmetries (X7,...,X7) of the distribution Dy, as given in Proposition 4.1, and

restricted to the case k = 2:
X1=0,, Xo=0, X3=0, Xy4=0,+2d,
X5 = 20, — pdy — 2q0, — 320, — 300, — 2wd,,
Xe = ydy + pdy + q0q + 220, + vDy + Wy,
X7 = q0; + (pg — 2)0y + %qzap - éq?’az — 020y — VWdy.

The second group of symmetries are the lifts of the seven symmetries (Y7, ...,Y7)
of the flat distribution Ds given in (25).

1
Y) = 5:{;2@, + 20y + 0y + p0-,

1 1
Yy = 6x38y + 5.%'281) + 20, + (2p — y)0; + O,

&
I

220, + 3xydy + (3y + xp)9, + (4p — qx)9, + 2p°0.
— (Bvz — 3w — 3¢)0y — WxDy,
Yy = (8p — 6qx)0, + (4p* + 6z — 6pqx)0y + (62 — 3¢%x)0, — 2¢°0, — ¢*20.
+ (6v%2 — 6vw — 6v9)d, + (6vwzr — 6w? — 4wq)d,,
Vs = (16zp — 12y — 6¢2°)d, + (6222 + 8p*x — 6pga?)d, + (122 + 4p* — 3¢%2?)d,
+ (122 + 4pq — 4¢%x) 0y + (12pz — ¢32?)d, + (6v22? — 120wr — 120qx
+ 12wq + 6¢°)0, + (6vwa® — 12w’s — Swqz + 4wp)dy,
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Y = (24pa® — 6q2® — 36xy)0, + (12px? + 6232 — 36y — 6pqx3)8y
+ (12p2x + 18222 — 3¢%x® — 36py)0, + (12pgx — 6¢*x* — 24p? + 36x2)0,
+ (36pzz — 8p — ¢33 — 36y2)0. + (6v22> — 18vwa? — 18vqa® + 36wqz
+ 18¢%x + 36wy — 36wp — 36pq + 362)0,
+ (6vwr® — 18w?z? — 12wqa? + 12wpx) Dy,

Y7 = (12p* — 18qy)0: + (8p° — 18pqy + 18y2)dy, + (18pz — 9¢°y),
+ (18¢z — 6pg?)9, + (1822 — 3¢%y)d, + (18v*y — 18vwp — 18upq
+9wq? + 3¢% + 18v2)0y + (18vwy — 18w?p — 12wpq + 18wz2)d,,.

The 14 symmetries (X1,...,X7,Y1,...,Ys) form a Lie algebra isomorphic to the
split real form of the exceptional Lie algebra go.
The third group of seven symmetries is given by

R 1 1

7, = - <8I + (p —wx)0y + q0p + v0, + <qw + 5(12) 8Z),

. 1 1 1,

ZQZE x0y + pT — SWT Oy + qx0p +vx0y + wqx—wp+§qx 0, | — Ow,
5 1 2 L 5 3

2y = —|a0s + (pq — pw)9y + q~0y + vqdy + 5((1 w+¢°)0; | — 0y,

A 1

Zy = E((Zp —qx)0y + (2p2 — pgz — 3wy + wpx)0d,

+4(2p — q2)0p + v(2p — q)0,
+ (2pg® — Pz — 62w + dpqw — ¢*1w)d,) + (vr — 3w — q)Ou,

A 1
Ls = - <(4px — qx?® — 6Y)0, + (wpz? — pgr® — 3wy + 4p°x — 6py)0y

+ (3wpz — ¢*x? + dpqx — Jwy — 6qy)0p + (dvpz — vgx? + 3wqr — 6oy

1
— 6wp)dy + 5(8wpqac — 2% —w@a® + dpgPr — dwp? — 12wqy — 6q2y)8z)
(3vz — 9w — 3¢)0, + (va? — 3wz — 2qx + 2p) D,

+
- 1
= <(4pq — 3wqr — 122)0, + (Bwzz — 3wpgr — 2wp® + 4p*q — 12pz)0,
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+ (Bvwz — 4vp + Iw? + 6wq + 2¢°) 0y,
Zr = % ((3wqx2 — 8pqx — 18wy — 16p° + 24qy + 242)0,
+ (Bwpqr? + dwp*x — 3wa’z — 8p*qx — 24wpy — 16p° + 24pqy + 24pxz)0,

+ = (Bwg®a? — 16pg*x — 36wp® + 36wxz — 32p°q + 48¢%y + 48¢22)0,

1
2
+ 2(3wq’x — dvpqx — Svp? + 12vqy + 12vzz — Ywpq + Ywz)0y
1
2

+ —(wq?’ac2 — 8wpq*z — 8pgix — 32wp?q + 24wq?y + 48wqzz — 16p>¢?

+ 243y + 24wz — 12wpz)8z) + (6vgr — 3v%2® — 18vwz + 18wq — 3¢*)0,

+ (Svpx — 3vwz? — 18w?x — 12wqxr — 4¢°x — 24vy + 30wp + 16pq — 242)0,,.

These symmetries are not lifts of vector fields from M. In particular, they are not
lifts of conformal symmetries of the conformal class [gp,] of the distribution.

4.3.6. Geometry on the boundary P(D3) of P([Ds, Ds])

Next we observe what happens if we pass to the 6-dimensional boundary P(Ds),
which in our parametrization is given by w = 0. This is done by considering an
inclusion

L :P(Dy) = P([D2,Ds]), u(x,y,p,q,2,v) = (z,y,p.q,2,v,0),

of the boundary P(D3) into P([Dz, Ds]) and by pulling the structural objects A and
T back to the boundary. Taking A as in (26) with k = 2 gives

1
A=A =dz — qdp + vdy + <§q2 — vp)dx.

This defines a 5-distribution Hy on P(Ds) via Ho = ker(\g).

Let us recall the following definition: Given a contact distribution D = ker(\)
defined in terms of a 1-form A on a manifold M, a nonzero vector field X on M is
called its Cauchy characteristic if X 1A = 0 and X _1dA = Omod A. A Cauchy char-
acteristic is a particular infinitesimal symmetry of D, since the definition implies
LxAANXN = 0. It follows that, in general, distributions have no Cauchy charac-
teristics. However, it turns out that the distribution o on P(D3) has a Cauchy
characteristic

2
X =0, 4p0y +q0, + 50- +v0,.

This characteristic preserves Yo also, we have Lyx Yo = 0. To explicitly see this
we adapt coordinates in such a way that five of them are invariant with respect
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to X and the sixth one is chosen so that it ramifies X. Explicitly we pass from
coordinates (x,y,p, q, z,v) to coordinates (xg, 1, X2, T3, T4, Ts5), where

1 5 61/3 ) 62/3
=5, Y==T1T5° + ——Tox5" + ——2x3T5 + T4,
6 2 2
1 62/3
p= §$1$52 + 6132925 + %3, 4= 81T + 6302,
62/3 ) 61/3 ) 1 5 3
z = Txg x5 + 7961962305 + Exl r5® + 29, V=2].

In these new coordinates
X =0z, Mo =dzo—3xedas + z1day,
and the pullback of the conformal symmetric rank 4 tensor is represented by
Yo = —3dz3da; + 4dwydel + 4daidey — 6dzydredrsdr, + dzida].

This suggests to consider the 5-dimensional quotient N = P(D3)/X of P(D2) by
the foliation given by X.

4.3.7. Associated flat contact Go geometry in dimension 5

The above formulae show that A\g and Y descend to N. Moreover, we have
d)\o A d)\o A )\0 = 2d1‘1 A dl‘Q A d$3 A dl‘4 A dJio,

S0 Ag defines a contact distribution Hg = kerAg on N. We equip this contact
distribution with the line [Yo] of symmetric rank 4 tensors on H, spanned by
Yo. Then one finds that the pointwise common stabilizer of [Yo] and [(dXo)|,] is
isomorphic to GL(2, R) in the irreducible 4-dimensional representation. That means
that ([Ao],[Yo]) describes a Ga contact structure on N as introduced in Sec. 2.7.

The algebra of infinitesimal symmetries of the structure ([Ao],[Yo]) is then
defined as the set of vector fields X € X(INV) such that

([,X}\o)/\)\ozo, and LxYo=fYo+X OT,

where 7 is a rank 3 tensor and f is a function on M. The algebra of infinitesimal
symmetries of ([Ag],[Yo]) is the exceptional Lie algebra go, as described in the
following proposition.

Proposition 4.3. All symmetries X of the structure ([Ao],[Yo]) defined by the
representatives:

Ao = dxg — 3zodrs + z1day (28)
and

Yo = —3dzidz; + 4dwidal + 4daydzy — 6dridredrsdry + doide] (29)
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are R-linear combinations of the following 14 vector fields:

X = (x% + 3x§x1 — 3x3T1X42T2 — x4x§’ - 3x§x§)80 + (x?:m + zox1 + xg’)al
+ (2.’1:3.%‘3 + Tox1T4 + ToTo — xlxg)ag + (zoxs3 + .’IJQ!IJ% + x4x§)83
+ (zoxg + Bx3x0T4 — x§)84,

Xg = —(.%'0:1:4 — 2;1:%)80 + (.%'11‘4 + 1‘0)81 — 1‘%82 — .%'3;1:483 — 1:421847

2 2

1 1 1 2 1 1
X3 =— <§x3w1w4 + x423 + xzx?,) Do + =230 + (gﬂczzwz + g1t + 6$o> 02
1 1 1
—+ (633?)) + §$2$4) 83 + 5,2331’484,

2 1
Xy = —(xoxa + x%)@o + 2907 + gx?,az + §x483,

X5 = —x400 + 01,

1
X6 = (woz2 — 2.%‘1.%':2;))80 + z12201 + (g

2
x% + —x3:1c1> O
3
1 1
+ (51'3{1,‘2 — ng) O3 + !L'§847

2 1
X7 =200 + 1101 + 51‘282 + 5233(93,

2 2 2

1, 3 1
+ 596233 + <§$39€2 + (5960) Oa,

1 2
X9 = —(2331‘1 + 1‘%)80 + §$1(92 + 51‘28;3 + 2304,

3 1 1
Xg = — <2J;3x1x2 + x2> 0o + xlal + 5712202

X10 = O,
1 2
X11 = 290y + §$2(92 + 51‘383 + 2404,

X12 = —32200 + 03,

X13 = 0,
X14 = 80.
Here the symbols 0,, = .~ denote the partial derivatives with respect to the variables
Ty, b= 0,1,2,3,4. The Lie algebra generated by the 14 wvector fields X4, A =
1,2,...,14, is isomorphic to the split real form of the exceptional simple Lie algebra

g2, and thus the Go contact structure ([Xo], [Yo]) is flat.
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Remark 4.3. We remark that the previous discussion describes in local coordi-
nates the well-known double fibration for G, see e.g. [3],

Go/B

/ \ (30)
Go/P G/ P,

where B C Gg is the Borel subgroup introduced in Sec. 2.3. The boundary P(Ds)
can be identified with Go/B, the Cauchy characteristic X spans the vertical bundle
for the projection Go/B — Go/P. What is new here is that the model geometry
of type Go/B is viewed as a natural compactification of the special twistorial Lie
contact geometry on P([Dz, D2])\P(D2) over the flat (2,3, 5)-geometry.

5. Gz-Reduced Lie Contact Structures

Here we show that the Lie contact structures on P([D, D])\P(D) associated with
(2,3,5) distributions D have holonomy reduced to Go C O(4, 3). We further study,
more generally, Lie contact structures in dimension 7 whose holonomy is reduced
to Ge. In particular, we prove Proposition 1.1 and Theorem 1.2.

5.1. Normality of the induced Cartan connection

We start this section with a technical result: we will prove that the curvature K
of the induced Lie contact Cartan connection w satisfies the normality condition
9*K = 0. Note that we did not need this information to show that the twistor
bundle of a (2,3, 5) distribution carries an induced Lie contact structure. However,
the fact that w is the canonical normal Cartan connection will be of importance for
further applications, in particular Proposition 1.1.

Given Theorem 4.1, proving normality of w is a straightforward task, although
computationally involved. The following alternative proof uses methods from
parabolic geometry, in particular Kostant’s theorem [16] and [4, Corollary 3.2],
which we will use to derive information about the full curvature of regular, normal
parabolic geometries associated with (2,3, 5) distributions from information about
their harmonic curvature space.

The Kostant codifferential can be written in terms of bases as follows: Let
X1,..., X, € g project to a basis for g/p and let Zy,...,Z, € p1 = (g/p)* the
dual basis, then for any ¢ € A?(g/p)* @ g and X € g,

O*d(X +p) _22 O(Xi+p, X +p), +Z¢X +9,[Zi, X] +p),

see [8, Lemma 3.1.11].

Lemma 5.1. Suppose (G — M,w) is a regular anc}v normal parabolic geometry Nof
type (Gz, P), then the induced parabolic geometry (G — M ,&) of type (0O(4,3), P)
is normal.

1750094-37



Int. J. Math. 2017.28. Downloaded from www.worldscientific.com
by UTRECHT UNIVERSITY on 04/05/18. For personal use only.

T. Leistner, P. Nurowski & K. Sagerschnig

Proof. Let K : G — A%(g/p)* ® g be the curvature function of w and let K : G —
A2%(§/p)* ® g be the curvature function of @. By Ig—equivariancy of 9*K it suffices
to prove that §* K (u) = 0 for any u € G (rather than u € G) in order to show that
the induced geometry is normal. Recall that, for v € G,

K(u) = (A% i) (K (u)),

where ¢’ : g — g is the Lie algebra inclusion and ¢ : (g/p)* — (g/p)* is the dual
map to the projection g/p = g/q — g/p.

Next let us recall some facts from the general theory of parabolic geometries,
see [16, 4] for details. One can, as a Go-representation, identify the harmonic cur-
vature space ker(9*)/im(0*) with the kernel of the so-called Kostant Laplacian
ker(dJ) C A?p, ® g. A lowest weight vector of ker((J) can be algorithmically deter-
mined using Kostant’s theorem. Consider the grading (10) of g, then in our case
the lowest weight vector is an element of the form

D1 =Z1NZsR@AE g NP3 ® go-

Now, since regular, normal parabolic geometries of type (G, P) are torsion-free,
[4, Corollary 3.2] implies that the curvature function K takes values in the P-module
generated by successively raising this lowest weight vector via the action of p. Note
that this implies, for instance, that K (u)(X +p,Y +p) = 0 whenever both X and
Y are contained in g—2.

Now to prove the lemma, pick an arbitrary map ¢ € A%p, ® g contained in
the P-module generated by raising the lowest weight vector in ker(O); in particular

0*¢p = 0. Let
6= (Np@i)(9)

be the corresponding element in A%p, ® g. Choose elements X1, X> € g_1, X3 €
g_2, X4, X5 € g_3 defining a basis for g/p, supplement them by Xs, X7 € g1 to
obtain a basis for g/p = g/q. Use the Killing form on §, which restricts to a multiple
of the Killing form on g, to identify py = (g/p)* and p4 = (g/p)* = (g/q)*, and
let Zy,...,Z5 € p;+ and Zl, ey Z7 be the respective dual bases. By construction 5
vanishes upon insertion of elements of p, hence 5(, X;) =0 for i = 6,7. Thus,

TOX+p) =2 > [Zid(X+p.Xi+P)]— Y. &(Z X]+p,Xi+p)
i=1,...,5 i=1,...,5

for any X € g. Using that 0*¢ = 0 this can also be written as

i=1,...,5

— S W7 — 2, X] 4B, X+ B). (31)
i=1,...,5
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Let us first show that the second term in the above expression vanishes. Note
that g splits into the direct sum of g C g and its orthogonal complement g~ C g with
respect to the Killing form, which can be identified as a g-representation with the
7-dimensional fundamental representation V of g. By construction, the differences
Z; — Z; are contained in the orthogonal complement to g, i.e. in V = g*. Now V is
g-invariant, hence [Z — Z;, X] CV for any X € g. More precisely, Zi—Z; € Vy for
i=1,2,Z3—Z3 €V, and Z; — Z; = 0 for i = 4,5, where we use the grading from
(10). Moreover, V=@,__, ,ViC g ?+p. Since ¢(X +p,Y +p) = 0 and hence
(X +p,Y +p) =0 for any X,Y € g2, this implies that

N HZi~ Zi X]+$.Xi+b) =0.
7=1 5

Now for the first term in (31), consider the go-invariant decomposition of A%p ®
g according to homogeneity with respect to the grading (10) on g (in the sense that
an element ¢ € g; A g; ® gi has homogeneity i + j + k). Since [g,, V;] C V;1; and
V3 = @,-3 Vi = {0}, one sees that

> Zi-2,V]=0 and Y [Zi—Z;,W] =0,
i=1,...,5 i=3,...,5

for any V € g°> = g2 ® g3 and W € g' = g1 @ g2 ® g3. Keeping in mind also that

Zy—Zy = Zs—Zs =0 and that ¢(X +p,Y +p) = 0if both X and YV are contained

in g~2, one concludes that it remains to inspect ¢’s contained in the P-module

generated by the lowest weight vector ¢, intersected with

(g1 AN g3 ®g0) ® (g2 AN g3 ® go) P (g1 A gs ® g1)

(i.e. of homogeneity 4 or 5). Indeed, by Schur’s Lemma and since G includes into P,

it suffices to compute 5*(75 for one representative ¢ in each irreducible Gy-submodule
of that space. One easily sees that there are only two such Gy-submodules: The
lowest weight vector

D=1 NZy @A

generates the first one, and raising it we obtain a generator of the second one of
the form

o =T3NI4 QA+ 21N Ty @ Zy;

here Z; € g1, Z3 € 92, Z4 € 93, A€ go and, since 8*¢)1 = 8*(;52 =0, [Zl,A] =
[Zs, A] = [Z4, A] = 0. Using that this implies that [Z;, A] = [Z3, 4] = [Z4, A] = 0
and the facts Z4y — Z4 = 0 and [Zth] = 0, which can be verified durectly7 we
1mmedlately conclude that the corresponding elements qbl = Z1 A Zy @ A and
gbg ZsNZys @ A+ Zy A Zy @ Zy are contained in the kernel of O*. This completes
the proof. |
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5.2. Holonomy in G2 and a parallel tractor 3-form

Let (G — M,w) be a Cartan geometry of type (G, P) and let & be the canoni-
cal extension of w to a principal connection on the extended G-principal bundle
G:=G xp G. Assume that M is connected. The holonomy group of the Cartan
geometry at a point u € G is then defined to be the holonomy group

Hol, (w) := Hol, (@) C G

of the principal connection @ at that point. Since different choices of base points u
lead to conjugate subgroups within G, we will disregard the base point and speak
of the holonomy Hol(w) of the Cartan connection w (keeping in mind that it is well-
defined only up to conjugacy in G). If (G — M,w) is a normal, regular parabolic
geometry encoding an underlying structure (e.g. a (2,3,5) distribution or a Lie
contact structure) then the holonomy of the underlying structure is defined to be
the holonomy of the associated normal Cartan connection.

Holonomy reductions of Cartan connections are related to parallel sections of
so-called tractor bundles. Given a G-representation W, the principal connection
& € QY(G, g) induces a linear connection V on the associated bundle

W::gxpW:QxGW.

Vector bundles arising that way are called tractor bundles and the induced linear
connections are called tractor connections. If the Cartan connection w is normal, the
induced tractor connection is said to be normal. By definition of V as an associated
bundle, sections s € I'(W) correspond to smooth equivariant maps fs : G — W. A
section s is parallel for the tractor connection if and only if the corresponding func-
tion is constant along all horizontal curves ¢ : I — G, &(¢/(t)) = 0. The holonomy
group Hol(w) is then contained in the pointwise stabilizer of the parallel section s.

Now consider a Lie contact structure of signature (2,1) on a manifold M with
associated regular, normal parabolic geometry of type (O(4,3), ]5) Let V be the
standard representation for O(4,3) and 7 the associated tractor bundle with its
normal tractor connection. The constant map fg from the Cartan bundle onto the
(unique up to constants) O(4, 3)-invariant bilinear form defines a parallel section
H € I'(S?T*) called the tractor metric.

Next recall the following (well-known) characterization of the Lie group Go.
Consider a 7-dimensional vector space V with bilinear form H of signature (4, 3).
Let ® € A3V* be a 3-form, then (X,Y) — (X 1 ®)A(Y 1 ®)A® defines a symmetric
A7V*-valued bilinear form on V. If this bilinear form is non-degenerate, then it
determines a volume form volg and thus a R-valued symmetric bilinear form Hg.
Now suppose that He is a multiple of H, i.e.

Ho(X,Y)volg := (X1 ®) A (YD) AD = AH(X,Y )volg, (32)

for a constant A. Then the stabilizer of ® is a copy of G C SO(4,3) = SO(H).
We will call a 3-form satisfying the above condition compatible, and we will use the
same terminology on the level of tractors.
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As an immediate consequence of the construction and Lemma 5.1, we obtain
the following.

Corollary 5.1. The Lie contact structure on M induced by a (2,3,5) distribution
D admits a compatible tractor 3-form ® € T'(A3T*) which is parallel for the normal
tractor connection, and the holonomy of the Lie contact structure reduces to Gs.

Proof. Let (G — M,w) be the regular, normal parabolic geometry of type (Ga, P)
associated with the (2,3,5) distribution D. Let (¢ — M,w) be the induced
parabolic geometry of type (O(4, 3), P) on the twistor bundle. Then, by construc-

tion, the principal connection @ on the extended bundle G x 5 O(4,3) reduces to
the Ga-principal bundle connection @ on G X p Go.

Now let ® € A®V* be a defining 3-form for Go C O(4,3). Then the constant
Go-equivariant map fe : G — A3V* onto @ defines a section ® € I(A3T*) of the
Lie contact tractor bundle, which is compatible with H. Since & is the extension of
the Go-principal connection w, ® is parallel for the tractor connection induced by
E:Z and by Lemma 5.1 this is the normal tractor connection on A37*. Moreover,

Hol(@) = Hol(@) € Gy € O(4,3)

and, again by normality of w, this is the holonomy of the underlying Lie contact
structure. O

In particular, we have proven Proposition 1.1.

5.3. A curved orbit decomposition

Next we consider the more general situation of a Lie contact structure of signature
(2,1) together with a tractor 3-form ® € I'(A3>7*) that is compatible in the sense of
(32) and parallel for the normal tractor connection. Then the pointwise stabilizer
of ® is Go and the holonomy of the Lie contact structure is reduced, Hol(&) C Ga.
In order to formulate the geometric implications of this set-up, we will apply the
curved orbit decomposition theorem discussed below.

Let (G — M,w) be a Cartan geometry of type (G, P) and let s € T'(W) be a par-
allel section of some tractor bundle W with corresponding G-equivariant function
fs: G—>W. Assuming that M is connected, the image fs(é) is a G-orbit O C W.
In [6], the following pointwise invariant of s is introduced: the image fs(G,) C O
of a fiber is a P-orbit called the P-type of x with respect to s. The manifold M
then decomposes according to the P-type of points into a disjoint union of curved
orbits M,

M= || M,
i€ P\O
where P\O denotes the set of P-orbits of the G-orbit O. Fix an element in O and
let H C G be its stabilizer. Then the set of P-orbits of O = G/H is in bijective
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correspondence with the set of H-orbits of G/P via PgH +~ Hg~!P. In particular,
the set of curved orbits can be parametrized by H-orbits of G/P. Now suppose that
M; is a nonempty curved orbit and let «; be a representative of the corresponding
H-orbit H - a; C G/P. Then it is shown in [6] that:

e for any x € M, there are neighborhoods U C M of x and V C G/P of o; and a
diffeomorphism ¢ : U — V such that (U NM;) =V N (H - o).

e M, carries an induced Cartan geometry (G; — M;,w;) of the same type as the
corresponding H-orbit in G/P. The Cartan bundle can be realized as a subbundle
Gi C G|um, and the Cartan connection w; is the pullback of w with respect to the
corresponding inclusion.

In the following we apply this result in the case of interest for us, i.e. when the
Cartan geometry is of type (O(4,3), P), the section s = ® € D(A37*) is a parallel
compatible tractor 3-form and the stabilizer H = Gy. As before, P C 0(4,3)
denotes the Lie contact parabolic, P C Gg the (2,3,5) parabolic and P C Gz the
Go contact parabolic as introduced in Sec. 2.3.

Theorem 5.1. Suppose M isa 7-manifold endowed with a Lie contact structure of
signature (2,1) and let (5 — ]\7,@) be the corresponding reqular, normal parabolic
geometry. Let ® € T'(A3T*) be a parallel compatible tractor 3-form that defines a
holonomy reduction to Gs.

Then the corresponding curved orbit decomposition is of the form

M= M°UM,
where M° is open and M’ (if nonempty) is a 5-dimensional submanifold of M.

(1) If M’ is nonempty, then it carries an induced Go contact structure.

(2) M? carries an induced Cartan geometry (G — Mo,wo) of type (G, Q). Suppose
further that the curvature of this Cartan geometry satisfies K°(u)(X,Y) = 0 for
all X € p and' Y € g. Then the rank 2 bundle V C TM° corresponding to p/q
is integrable and around each point x € M° we can form a local 5-dimensional
leaf space which inherits a (2,3,5) distribution.

Proof. The first statement is an immediate consequence of Proposition 2.1, which
describes the Go-orbit decomposition of O(4,3)/ P, and the curved orbit decompo-
sition theorem. Combining these results shows that the manifold M decomposes
into an open submanifold M° and a complement M , which is either empty or a

5-dimensional submanifold. M’ carries an induced Cartan geometry (g’ — M',w')

of type (G, P) and M? carries an induced Cartan geometry (G° — M" °) of type
(G, Q). These can be realized as subbundles in G|~ 77 and Gl 770> respectively, and the
Cartan connections, w’ and w®, and their curvatures, K’ and K°, are the pullbacks
of the Cartan connection w and curvature K with respect to the inclusions.
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Using this, we next show that the induced Cartan connection on M’ is regular.
First, the curvature K of the regular, normal Lie contact Cartan connection takes
values in A%(g/p)* ® !, which follows from the structure of the harmonic curva-
ture K g and an application of the Bianchi identity. This implies that the curvature
K’ of the reduced connection takes values in A?(g/p)* ® (§7'Ng). Now g 'nNg
coincides with the filtration component g=! for the G/ contact grading (11), and
this implies that K’ is of homogeneity > 1, i.e. the Cartan connection w’ is regular.
In particular, M’ carries an induced G/, contact structure.

Next we investigate the Cartan geometry of type (G, Q) on M°. Via the Cartan
connection, the @-submodule p/q C g/q determines a distinguished rank 2 subbun-
dle V in TM°. Now suppose that the curvature function satisfies Ke(u)(X,)=0
for all X € p. It is proven in [4], see also [8, Theorem 1.5.14], that this implies
that the subbundle V is integrable, and locally around each point one can form
a corresponding leaf space M, which carries an induced Cartan geometry of type
(G, P).

To see that the Cartan geometry of type (Gg, P) determines a (2,3,5) dis-
tribution on the leaf space M, it remains to see that the Cartan connection is
regular. Arguing as before shows that the Q-equivariant curvature function K°
takes values in A?(g/q)* ® (g7! N g). Looking at the gradings (8) and (10) shows
that 7' Ng = g_3 ® g_1 @ p. Note that this space is a @Q-module, but not a
P-module. The condition K°(u)(X,-) = 0 for all X € p/q in particular implies
that, locally, G — M is a P-principal bundle and the curvature function K° is
P-equivariant. Now suppose that for some v € G and X,Y € g, K°(u)(X,Y) has
a nontrivial component in g_3. Then we can find some g € exp(g1) C P such that
K°(u-g~1)(Ad(g)- X,Ad(g)-Y) = Ad(g)- K°(u)(X,Y) has a nontrivial component
in g_o. But this is a contradiction to the assumptions on the values of K°. Hence
under the additional curvature condition, the curvature function takes indeed values
in A%(g/p)* ® g1, which implies that the (Ga, P) geometry on M is regular. O

We conclude with a number of remarks and open questions.

Remark 5.1. One can show that the resulting Cartan connection w € QY(G —
M, g2) is indeed the normal Cartan connection associated with the induced dis-
tribution on the local leaf space. However, this requires more information on the
curvature of the regular, normal Lie contact Cartan connection, and will be dis-
cussed elsewhere.

Remark 5.2. The decomposition into curved orbits can also be described using
the so-called normal BGG solution determined by the parallel tractor 3-form (I’

Recall (see Sec. 2.3) that the parabolic subgroup P preserves a filtration V1o
VO 5 V! of the standard representation, where V! = E, V0 = EX and V-1 = V.
Correspondingly, the standard tractor bundle is filtered

THO>T>TH
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where Tt = E, T°/T! = F and T/T' = E*. There is an induced filtration of
A3T*, and a natural projection onto the quotient by the largest proper subbundle
in this filtration,

I AT = A3T* /(AT 2 AN°E* @ F* 2 A’E*Q F.
The image of a tractor ® € I'(A*T*) under this projection defines an element
¢ e T(A’E*® F),

i.e. a weighted section of F'. By the general theory of parabolic geometries, if ® is a
parallel tractor 3-form, then the underlying section ¢ € I'(A2E* @ F) is contained
in the kernel of a first-order linear differential operator, called first BGG operator
for A>T*. Solutions of the corresponding overdetermined system of PDEs that are
obtained in that way are called normal BGG solutions. See [9, 6] for more details.

Now suppose that ® € T'(A3>T*) is a parallel compatible tractor 3-form. Recall
(see Sec. 2.3 and Proposition 2.1) that inserting a totally null 2-plane E into a
defining 3-form for Gy gives either zero or a null line ¢ € E+ transversal to E.
Hence, for a parallel compatible tractor 3-form ®, at any point * € M either
¢r = 0 or ¢ deﬁnes a null line in F' with respect to the bundle metric b. The
decomposition of M into P- -types of ® corresponds to the decomposition into the
zero locus M’ of ¢ and the open subset M° where ¢ is nonvanishing. On M?, via
the isomorphism H = E*® F, the filtration ¢ C ¢ C F determines a distinguished
filtration of a rank 2 subbundle contained in a rank 4 subbundle contained in the
contact subbundle

V¢CD¢CH.

Looking at the explicit matrices (8) and (10), it can be seen that via the isomor-
phisms g/q = g/p and g~ /p = E* @ E*/E, the subspace p/q corresponds to E* ® ¢,
where ¢ now denotes the projection of E_i® to E+/E, and g—!/q corresponds to
E* ® ¢+. Hence, for Lie contact structures coming from (2,3, 5) distributions via
the twistor construction, V4 is the vertical bundle for the projection M— M , and
Dy = D projects to the downstairs (2,3,5) distribution.

Remark 5.3. The twistorial construction of Lie contact structures from (2,3,5)
distributions provides many non-flat examples of holonomy reductions to Go. How-
ever, by construction, in these cases the corresponding parallel tractor 3-form @
has only one ﬁ—type and the underlying BGG solution ¢ is nowhere vanishing. It
would be interesting to find examples of non-flat Lie contact structures admitting
¢’s as above with nonempty zero sets that carry induced Go contact structures and
thus to provide non-flat examples of curved orbit decompositions as in Theorem 5.1
for which the 5-dimensional orbit is nonempty.
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