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ON PENROSE'S `BEFORE THE BIG BANG' IDEASC. DENSON HILL AND PAWE� NUROWSKIAbstrat. We point out that algebraially speial Einstein �elds with twist-ing rays exhibit the basi properties of onformal Universes onsidered reentlyby Roger Penrose.MSC lassi�ation: 83C15, 83C20, 83C30, 83F05Aording to Penrose [6℄, there might have been a pre-big-bang era, in whih theUniverse was equipped with a onformal Lorentzian struture, rather than withthe full Lorentzian metri struture. This onformal struture was onformally�at, and pretty muh the same as the onformal struture our Universe will haveat the very late stage of its evolution.Penrose argues that the observed positive sign of the osmologial onstant,
Λ > 0, fores our Universe to last forever. It will last long enough that all themassive partiles will mannage to disintegrate, either by �nding their antimatterounterparts with whih to annihilate, or beause of their �nite half life. This willprodue only massless partiles, suh as photons, whih after all the matter hasbeen disintegrated, will be the only ontent of the late Universe, exept for massiveblak holes. These massive blak holes will be the remnants of the galaxies, andperhaps, of very massive stars.Sine the Universe will last forever, and sine it will be expanding, it will gener-ally ool down, trying to reah the absolute zero temperature at its �nal state. Thus,there will be a time in its evolution suh that the temperature of the Universe willbe lower than the temperature of even the most massive blak holes, whih at thisstage will hide the only mass of the Universe. This will reate a thermodynamiinstability foring all the blak holes to evaporate by radiating massless partiles1.After these evaporations the dying Universe will be totally �lled by massless parti-les.Penrose argues that massless partiles, whatever they are, have no way of de�ningloks' tiks. This leads to the onlusion that the Universe at its late age, being�lled with only massless observers, will ultimately lose the information about itsonformal fator. Thus it will beome similar to the Universe in the `pre-big-bang'era that preeeded its reation. This late state of the Universe Penrose likes tointerprete as the `pre-big-bang' era of the new Universe. Let us adopt this point ofview.It is a well known fat that during the big bang (suh as in the Friedmann-Lemaitre-Robertson-Walker models) the only metri singularity is in the vanishingDate: Otober 23, 2007.This researh was supported by the KBN grant 1 P03B 07529.1Penrose assumes that the blak holes lose information about the properties of the masseshidden in them, and that in the proess of evaporation only massless partiles are being radiated.1
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2 C. DENSON HILL AND PAWE� NUROWSKIof the onformal fator, leaving the onformally resaled metri perfetly regular(atually onformally �at). Another well known fat is that the �eld equationsfor the massless partiles are onformally invariant. This shows that the masslesspartiles (the observers) of the dying onformal Universe, or as we interpret it now,of the `pre-big-bang' era of the new onformal Universe, will not feel the big bangsingularity. They will happily pass through it from the dying onformal Universe toanother onformally �at manifold2. Penrose interprets this onformal objet as an`after big bang' onformal era of the new Universe. It will eventually aquire a newonformal fator, and possibly some distortion (meaning non-zero Weyl), promot-ing this onformal remnant of the old Universe to a new Lorentzianmetri Universe.Our exat solutions of Einstein's equations, disussed below, exhibit the mainfeatures of Penrose's `before the big bang' argument. Although these solutionsform a very thin set in all the possible Einstein metris, and although they wereobtained on purely mathematial grounds by the mere assumption that the orre-sponding spaetimes admit a twisting ongruene of null and shearfree geodesis,it is a remarkable oinidene that the pure mathematis of Einstein's equations,imposed on suh spaetimes, fores the solutions to �t to Penrose's ideas.Let us disuss the mathematis of our solutions �rst. After we do it, we willindiate the parallels between our solutions and Penrose's Universes.About twenty years ago we proved [2, 5℄ the followingTheorem 0.1. Let (M, g) be a 4-dimensional Lorentzian spaetime whih satis�esthe Einstein equations(0.1) Rµν = Λgµν + Φkµkν , Λ = const,with kµ being a null vetor tangent to a twisting ongruene of null and shearfreegeodesis. Then its metri g fatorizes as(0.2) g = Ω−2ĝ, Ω = cos( r
2 ),where ĝ is periodi in terms of the null ooordinate r along k = ∂r.More expliitly, (see [2, 5℄ and, espeially, [3℄ for details) we showed that if gsatis�es (0.1), then M is a irle bundle S1 → M → M over a 3-dimensionalstritly pseudoonvex CR manifold (M, [(λ, µ)]), and that(0.3) ĝ = p2[µµ̄ + λ(dr + Wµ + W̄ µ̄ + Hλ)],with(0.4) W = iae−ir + b, H =

n

p4
e2ir +

n̄

p4
e−2ir + qeir + q̄e−ir + h.Here λ (real) and µ (omplex) are 1-forms on M suh that k−

| λ = k−
| µ = 0,

k−
| dλ = k−

| dµ = 0, λ ∧ µ ∧ µ̄ 6= 0 and, as a result of the Einstein equations(0.1), the funtions a, b, n, q (omplex) and p, h (real) are independent of the null2It should be noted that this passage is only possible onformally. In the full Lorentzianmetri of the old Universe, the proess of expansion will last in�nitely long. But after onformalresaling, this proes takes �nite time, and enables us to speulate what will be after.



ON PENROSE'S `BEFORE THE BIG BANG' IDEAS 3oordinate r: ar = br = nr = qr = pr = hr = 0. A part of the Einstein equationsin (0.1) an be expliitly integrated, obtaining:
a = c + 2∂ log p

b = ic + 2i∂ log p

q =
3n + n̄

p4
+

2

3
Λp2 +

2∂p∂̄p − p(∂∂̄p + ∂̄∂p)

2p2
−

i

2
∂0 log p − ∂̄c(0.5)

h = 3
n + n̄

p4
+ 2Λp2 +

2∂p∂̄p − p(∂∂̄p + ∂̄∂p)

p2
− ∂̄c − ∂c̄.Here the r-independent omplex funtion c is de�ned via

dµ = 0, dµ̄ = 0,

dλ = iµ ∧ µ̄ + (cµ + c̄µ̄) ∧ λ,(0.6)and the operators (∂0, ∂, ∂̄) are vetor �elds on M , whih are algebrai dual tothe oframe (λ, µ, µ̄) on the CR manifold M . Note that the funtion c is de�neduniquely, one a CR manifold (M, [(λ, µ)]) has been hosen, and thus is onsideredas a known funtion in the proess of solving (0.1).The remaining Einstein equations in (0.1) redue to a system of two PDEs on
M , for the funtions n and p, whih are the only unknowns. These PDEs are:

∂n + 3cn = 0,(0.7)
[ ∂∂̄ + ∂̄∂ + c̄∂ + c∂̄ + 1

2cc̄ + 3
4 (∂c̄ + ∂̄c) ]p =

n + n̄

p3
+ 2

3Λp3.(0.8)These are the only equations whih need to be solved in order to make g satisfy(0.1). One these equations are solved, the Einstein metri g has an energy mo-mentum tensor desribing the `pure radiation' of a mixture of massless partiles,moving with the speed of light along the null diretion k, in a spaetime with osmo-logial onstant Λ. The spaetime is algebraially speial; the Weyl spin oe�ients
Ψ0, Ψ1, Ψ2 being Ψ0 = Ψ1 = 0, Ψ2 = (1+eir)3

2p6 n.Note that at r = ±π, where the onformal fator Ω for g beomes zero, the Weyloe�ient Ψ2 vanishes,
Ψ2(±π) = 0.Although the formulae for Ψ3 and Ψ4 are quite ompliated, they also share thisproperty, i.e.

Ψ3(±π) = Ψ4(±π) = 0.The above quoted result enables us to interpret the r = ±π hypersurfaes as therespetive sris I± of the spaetime (M, g). The Weyl tensor is onformally �atthere: Ψµ(±π) = 0 for all µ = 0, 1, 2, 3, 4.Sine the onformally resaled spaetime (M, ĝ) is periodi and regular in r, itgives a full-Einstein-theory realization of Penrose's idea [6℄ that there was a `beforethe big bang era' of the Universe.In this ontext the following remarks are in order:
• To be in aordane with urrent observations, we onentrate on thosesolutions (0.2)-(0.3) of the Einstein equations (0.1) whih have positive os-mologial onstant Λ > 0.



4 C. DENSON HILL AND PAWE� NUROWSKI
• It is known ([8℄, p. 353) that every solution of Einstein's equations (0.1)with Λ > 0 has spaelike sris I±. Thus, restriting to Λ > 0, we knowthat our sris I± at r = ±π are spaelike.
• Moreover the sris are onformally �at, and therefore an be identi�edwith the respetive surfaes of the big bang (r = −π) and the surfae of theonformal in�nity in the future (r = π).
• The Universes orresponding to our solutions are either empty (Φ = 0), orare �lled with a dust of massless partiles (Φ > 0) moving with the speedof light along k.
• Sine going from the `big bang' to the `in�nity in the future' orrespondsto a passage from r = −π to r = π, and sine the onformal metri ĝ isperiodi in r, we see that our onformal solutions are repetitive in the rvariable.
• Thus our solutions give onformal Universes whih periodially reproduethemselves, and smoothly pass through the `big bang' and the `future in�n-ity'.To be more expliit we disuss the following example3 whih is a solution to ourequations (0.7)-(0.8).We hoose the CR manifold (M, [(λ, µ)]) to be the Heisenberg group CR mani-fold. This may be represented by the 1-forms λ = du + i

2 (z̄dz − zdz̄) and µ = dz.Here (u, z, z̄) are the standard oordinates on the Heisenberg group (u is real, z isomplex).Obviously dµ = 0 and dλ = iµ ∧ µ̄, so that the funtion c in (0.6) is c ≡ 0.This immediately leads to a solution for (0.7)-(0.8). Indeed: take n = const ∈ Cand p = 1, then equation (0.7) is automatially satis�ed, and equation (0.8) gives
Λ = − 3

2 (n + n̄). Thus we take n = − 1
3Λ + im = const, Λ, m ∈ R. This leads to theonformal metri

ĝ = 2 cos2( r
2 )g = 2dzdz̄ + 2λ

(

dr − 2
(

2m(1 + cos r) sin r +
Λ

3
(2 cos r + cos 2r)

)

λ
)

,with λ = du + i
2 (z̄dz − zdz̄), and the physial metri g satisfying all the equations(0.1). Atually, the physial metri satis�es more: It is a solution to the Einsteinequations Rµν = Λgµν , thus Φ = 0. Its Weyl tensor has Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0everywhere, with the only nonvanishing Weyl oe�ient Ψ2 = − 1

3 (1 + eir)3(Λ −

3im). This means that the metri orresponding to this solution is of Petrov type
D everywhere, exept along the sris, r = ±π, where it is onformally �at4. Re-striting to Λ > 0 we get a 2-parameter family of solutions with spaelike sris,whih has a periodi onformal metri ĝ. This, in addition to being periodi in r,3Note that among our solutions there are many interesting, well known, solutions of Einstein's�eld equations. Atually our metris inlude all algebraially speial vauums and the alignedpure radiation gravitational �elds. Thus, our solutions inlude for example the elebrated rotatingblak hole solution of Kerr. This solution, however, is beyond the lass of solutions relevant forPenrose's ideas sine it has Λ = 0 (and Φ = 0).4This solution g is the lassial Taub-NUT solution with osmologial onstant[1, 9℄. It inludesthe Taub-NUT (Λ = 0) solution [4℄ as a speial ase. When m = 0 the solution is a vauum metriwith a osmologial onstant, whih has two Robinson ongruenes [7℄ as two distint prinipalnull diertions.



ON PENROSE'S `BEFORE THE BIG BANG' IDEAS 5is regular everywhere on any hypersurfae transversal to k.As a more ompliated example we take a CR struture parameterized by oor-dinates (x, y, u) and represented by forms
λ = −

2

f ′(y)

(

du + f(y)dx
)

, µ = dx + idy.It has c = if ′′(y)
2f ′(y) . Then assuming that p = p(y) and n = n(y), we immediately getthe following solution for equation (0.7):

n = f ′(y)3m, m = const ∈ C.Having this, the only remaining Einstein equation to be solved is (0.8). It is equiv-alent to an ODE:
9
4pf ′f ′′′ + 3p′f ′f ′′ − 3pf ′′2 − 3p′′f ′2 + 4Λp3f ′2 + 6(m + m̄)f ′5p−3 = 0,for the funtions p = p(y) and f = f(y). Sine this is a single ODE for two realfuntions of one real variable y, one an use one of these funtions to arrange theenergy Φ of the orresponding pure radiation to be nonegative for positive Λ.We believe that many more solutions with appealing physial properties may befound in our lass, the main reason being that the lass onsists of all (known andunknown) algebraially speial solutions with twisting rays.We lose the paper with the following mathematial omment.It is interesting to give an interpretation to the only nontrivial Einstein equation(0.8). If one onsiders the metri g̃ = sec2( r

2 )ĝ, with ĝ as in (0.3), and funtions
W, H as in (0.4)-(0.5), then the equation (0.8) is the Yamabe equation (see e.g. [8℄,p. 332) saying that the resaled metri g = p2g̃ has onstant Rii salar R = 4Λ.Referenes[1℄ Carter B (1968) A new family of Einstein spaes Phys. Lett. A 26, 399-[2℄ Lewandowski J, Nurowski P (1990) Algebraially speial twisting gravitational �elds and CRstrutures, Class. Q. Grav. 7 309-328[3℄ Hill C D, Lewandowski J, Nurowski P (2007) Einstein equations and the embedding of 3-dimensional CR manifolds, submited for publiation, arXiv:math.DG/0709.3660[4℄ Newman E T, Tamburino L A, Unti T (1963) Empty-spae generalization of the Shwarzshildmetri Journ. Math. Phys. 4, 1467-[5℄ Nurowski P (1993) �Einstein equations and Cauhy-Riemann geometry� PhDThesis, International Shool for Advaned Studies, Trieste, also avaliable atwww.fuw.edu.pl/∼nurowski/publikaje.html[6℄ Penrose R (2005) Before the Big Bang? A new perspetive on the Weyl urvature hypothesis,http://www.newton.am.a.uk/webseminars/pg+ws/2005/gmr/gmrw04/1107/penrose/[7℄ Penrose R (1987) On the origins of twistor theory, in Gravitation and geometry, TrautmanA, Rindler W (eds), Bibliopolis, Napoli[8℄ Penrose R, Rindler W (1986) Spinors and spaetime vol. 2, Cambridge University Press[9℄ Pleba«ski J F, Demia«ski M (1976) Rotating, harged and uniformly aelerated mass ingeneral relativity, Ann. Phys. USA 98, 98-
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