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Abstract

We define pure radiation metrics with parallel rays to be n-dimensional pseudo-
Riemannian metrics that admit a parallel null line bundle K and whose Ricci
tensor vanishes on vectors that are orthogonal to K. We give necessary
conditions in terms of the Weyl, Cotton and Bach tensors for a pseudo-
Riemannian metric to be conformal to a pure radiation metric with parallel rays.
Then, we derive conditions in terms of the tractor calculus that are equivalent
to the existence of a pure radiation metric with parallel rays in a conformal
class. We also give analogous results for n-dimensional pseudo-Riemannian
pp-waves.

PACS numbers: 02.40.Ky, 04.20.—q, 04.20.Jb

1. Introduction
In general relativity, i.e. on a four-dimensional Lorentzian manifold identified as spacetime,
an energy—momentum tensor 7y, satisfying the conditions

T, = $°K,K, with a null vector K,K* (1)

is called an energy—momentum tensor of pure radiation or of null dust (see [15] for an
overview). Ignoring the sign in (1), this is equivalent to the existence of a null vector K such
that

T X4 =0 forall X* with K, X = 0.
In the case of a zero cosmological constant, this equation, via the Einstein field equations
Rap — 5Rgap = Tup
becomes
RupX* =0 for all X* with K, X = 0. 2)
Here by R, we denote the Ricci tensor of the metric.
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Another condition that appears in general relativity is the existence of a null vector K¢
that spans a parallel ray, i.e.

V.K" = f.K". 3)

Such metrics belong to the so-called Kundt’s class and have special Lorentzian holonomy.
If in addition V|, f3; = 0, the vector K“ can be rescaled to a parallel null vector. A particularly
interesting class of metric in Kundt’s class are those for which we have a parallel null vector
and the energy—momentum tensor is of pure radiation. Such metrics are called pp-waves in
general relativity.

In mathematics, pp-waves and their generalizations first appeared in the context of
conformal geometry. In [4], Brinkmann studied the problem when an Einstein metric can
be conformally rescaled to another Einstein metric that is not homothetic to the original one.
In the case when the gradient of the scaling function is a null vector, pp-waves and their
analogues in neutral signature are the only solutions to this problem. Later on, this class of
manifolds was generalized by Walker in [16, 17], who studied pseudo-Riemannian manifolds
admitting a vector distribution that is totally null and invariant under parallel transport, for
short, a parallel null distribution. He proved the existence of canonical coordinates that are
adapted to the filtration of the tangent bundle given by the null distribution and the orthogonal
distribution. Manifolds with parallel null distributions are now called Walker manifolds or,
more specifically, if the null distribution has rank k, they are called k-Walker manifolds.
In recent years, they were subject to active research with interesting relations to Hermitian
geometry and the spectral theory for the curvature operator (see, for example, [8] or [7] and
[5] for an overview of recent results).

In this paper, we study generalizations to arbitrary dimension and signature of pure
radiation metrics with null parallel rays, which can be considered as 1-Walker manifolds with
an aligned pure radiation Ricci tensor. We will focus on their conformal properties. First, let
us define the class of metrics we are interested in.

Definition 1. Let g be a pseudo-Riemannian metric on an n-dimensional manifold.
(i) The metric g is a pure radiation metric if there is a null vector field K* such that
Ry = ¢KaKba

with a function ¢ and Ry, being the Ricci tensor of the metric.
(ii) The metric g has parallel rays if there is a null vector field K* such that K spans a
parallel null line bundle, i.e.

V.K? = f,K.

(iii) If g satisfies both conditions (i) and (ii) for the same vector K¢, it is called a pure radiation
metric with parallel rays or aligned pure radiation metric.

The property of a metric to be a pure radiation metric is equivalent to
RupX* =0 for all X* with K, X* = 0. 4)

Hence, pure radiation metrics have a vanishing scalar curvature. This implies that the curvature
R pcq and the Weyl tensor C,peq Of a pure radiation metric satisfy

RapcaX“Y" = CapedX“Y" (5)

for all X and Y? orthogonal to K¢. Note that, if a pure radiation metric is Einstein, it is already
Ricci flat. Note also that the Ricci tensor satisfies property (4) if and only if the Schouten
satisfies property (4).
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For a metric with parallel rays spanned by the vector field K¢, i.e. with
VK" = fuK", ©)
the vector K can be rescaled to a parallel vector field if and only if

V[[lfb] = O.

Furthermore, in [14], it was noted that for a metric with parallel rays defined as in (ii) of
definition 1, locally we always find a null vector K spanning the rays, such that

VK = ‘//KaKba

with a function .

The aim of the paper is to give a characterization of pseudo-Riemannian metrics that are
locally conformally equivalent to an aligned pure radiation metric. Our approach is similar to
the one in [9], where a similar question was studied for metrics being conformally equivalent
to Einstein metrics. In the first part of the paper, we will derive tensorial obstructions in terms
of the Weyl, Cotton and Bach tensors for a pseudo-Riemannian metric to be conformal, i.e.
locally conformally equivalent, to a pure radiation metric with parallel rays (theorem 1). Then,
as a special class of such metrics, in corollary 1 we obtain obstructions for conformal pp-waves
in arbitrary signature. In the main part of the paper, we apply the normal conformal tractor
calculus of [2], which is a powerful method to construct conformal invariants and to detect
Einstein metrics in a conformal class. We will use it in order to derive equivalent conditions
for a conformal class to contain a pure radiation metric with parallel rays. In theorem 2 we
prove: A conformal class contains a pure radiation metric with parallel rays if and only if
the tractor bundle contains a sub-bundle of totally null 2-planes that is parallel with respect
to the normal conformal tractor connection. As a corollary, we obtain a characterization of
conformal pp-waves in terms of the tractor connection.

2. Tensorial obstructions

In this section, we derive tensorial obstructions for a metric to be conformal to an aligned
pure radiation metric. Our conventions are as in [9] with the basic tensors derived from
the pseudo-Riemannian metric g, defined as follows: the curvature tensor R ¢, defined by
VoV = VpV)X¢ =R X 4 and its trace, the Ricci tensor, defined by Ru, := R, and the
scalar curvature, defined by R := R /. Fundamental tensors in conformal geometry are the
Schouten tensor

1

R
Py =—— Ry ——— ,
ab n_2< ab 2(n_l)gab)
the Weyl tensor
Cabcd = Rabcd - 2(gc[anId + gd[bPa]c)s
as well as the Cotton and the Bach tensors
Aabc = 2V[ch]a
Bab = VCAacb + Pdccdacb-
The Cotton tensor has a cyclic symmetry and satisfies
(Vl - 3)Aabc = Vdcdabc
V4A e = 0.

Now we derive properties of these tensors when the metric is an aligned pure radiation metric.
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Proposition 1. Let g be a pure radiation metric with parallel rays spanned by K. Then, the
Weyl tensor C, the Cotton tensor A and the Bach tensor B of g satisfy

CarcaK'X" =0 )
Aatha =0 (8)
BabXa =0 (9)

for all X orthogonal to K", i.e. with X°K, = 0.

Proof. Pure radiation implies R = 0 and we get for the Schouten tensor P that
Puw = ¢KaKb (10)
for a function ¢. For X¢ and Y? orthogonal to K¢, equation (10) gives
CabcaXY" = RapeaX YY" = 26 (8c1aKi1Ka + apKa KX Y! = RapeaX Y.
Equation (6) gives
RapeaK? = ViafpKe
which implies Ry X cK? = 0 for all X¢ orthogonal to K“. Hence, CypcaX cK? = 0.
Equation (8) follows immediately from the definition of A, from R;,X” = P, X" = 0
and the fact that K=+ is parallel, i.e. V.X°K, = 0.
Finally, we prove (9). By the definition of the Bach tensor and from equations (8), (7) and
(10), we get
Bath = VCAacth + PCdCacban = ¢CacbanKCKd =0
for all X” orthogonal to K. By the symmetry of B, this proves (9). ]
Now we will use this proposition in order to derive obstructions for a metric to be conformal

to an aligned pure radiation metric. Under a conformal change of the metric, g, = €>¥ gu,
the Lévi-Civita connection changes as

VXy = VaXp = YuXp = VpXa + 8 Y Xa, (1D
with Y, = V,Y. The Schouten tensor transforms as

Pab = Pab = VaXp + T Xp — 3T gap (12)
Using this, we can show

Theorem 1. Let g5, be a metric that is conformal to a pure radiation metric with parallel rays
K*. Then, the Weyl tensor of g satisfies

CapeaKX? = 0 for all X¢ orthogonal to K¢, i.e. with K;X¢ = 0. (13)
Furthermore, there is a gradient field Y¢ such that

(Aabc + chade)Xa =0 (14

(Bap — (n = H)Copa TYHXY" =0 (15)

for all X* and Y? orthogonal to K°.

Remark 1. In four dimensions and Lorentzian signature, condition (13) means that W is of
Petrov type III or N.
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Proof. Let § = e?Tg be a pure radiation metric with parallel rays spanned by K¢ and with
RupX? = 0 for all X¢ orthogonal to K. Then, equations (13) and (14) follow immediately
from the proposition by the conformal invariance of the Weyl tensor and the conformal
transformation formula for the Cotton tensor:

Aabc = Aabs + chade'

In order to prove equation (15), we take the divergence of (14). Using the definition of the
Bach tensor, the well-known identity for the divergence of the Weyl tensor

VP Copaa = (= 3)Acaa, (16)
and the transformation formula (12) in order to eliminate the V¢Y;-terms, we get
0= (VPAuwe + V(C,,, 7 Ya)) X + (Aupe + C,, " Ya) VEXE
= (Bac — (1= 3)Auea Y + Cepaa (YPT! = PY)X + (Agpe + Cp, Ya) VEX.
By equations (10) and (13), we get

Cacbdﬁ)Cde = ¢CucbdKCKde =0.

A7)

Since only Vbx“ is orthogonal to K¢ but not necessarily V2X¢, we compute using (11)
(Aube + Cp ! Ya) VPX = (Aupe + Cpe" Ya) TX?

= —(Apca + Acar) YX°
(Cop? Ta — Acar) TX?

= —(Cpe? Ya + Acap) YX”

since both the Cotton and the Weyl tensor are trace free and satisfy the Bianchi identity. Hence,
when contracting equation (18) with Y¢, we get on one hand

(Aape + Cop " Ya) (VPX )Y =0,
and on the other hand, by (14),
Aued YIXY = —Croap YIYPXYC = Coyap YO TIXYE
for X? and Y¢ orthogonal to K. This yields equation (15). ([

Finally, we return to metrics with parallel rays. From the transformation formula (11), itis
obvious that the property of admitting parallel rays is not invariant under a general conformal
change of the metric. The following proposition shows that parallel rays cannot be improved
to a parallel vector field under a conformal change.

Proposition 2. Let g be a pseudo-Riemannian metric with parallel rays spanned by K* which
cannot be rescaled to a parallel vector. Then, there is no metric in the conformal class of g for
which K¢ can be rescaled to a parallel vector field.

Proof. This statement follows from (11): assume that K* spans a parallel ray, i.e. V,K, = f,K,
for K, = gapK?, such that it cannot be rescaled to a parallel vector field. This means that
Vla Jo) 75 0. For a conformally changed metric g, = e? gab the metric dual of K“ with respect
to g is K, = ¢*YK,. Then, that the rescaled one-form (pKa, where ¢ is a function ¢ without
zeros, is parallel reads as

0 =&Y (V,pKp + 290 0 + VoK)
=" (Vup + ¢ Y0+ 0f)Ky + e (g T Ky — YoKy).
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Contracting this with arbitrary X and Y” from K+ shows that T¢K,; = 0. Then, contracting
only with X b gives TpX b = 0 which shows that Y, = YK}, and therefore Y,K, = Y,K,.
Hence, the above equation gives

0=Vep +ofa=9Nloge + fo)
which contradicts Vi, fj, # 0. O

3. pp-waves as aligned pure radiation metrics

Now we will derive similar conditions for a more special class of aligned pure radiation
metrics that can be considered as pp-waves in arbitrary signature. For a given null vector K¢,
not necessarily parallel, we will consider the fundamental property of the curvature tensor R,

RupeaX?Y? =0  for all X and Y orthogonal to K. (18)

Then, in analogy with the Lorentzian case, we define

Definition 2. An n-dimensional pseudo-Riemannian metric is a pp-wave if it admits a parallel
null vector field for which property (18) is satisfied.

These metrics have a highly degenerate curvature tensor and hence a very special restricted
holonomy group. By the restricted holonomy group, we refer to the group of parallel transports
along contractible loops. The restricted holonomy group is the connected component of the
full holonomy group. In analogy to the Lorentzian case, if the signature of the metric is
(p, q), one can show that these metrics have their restricted holonomy groups contained in
the Abelian normal subgroup R”~4~! in the group SO°(p — 1,4 — 1) x RP~14~! where
the latter is the stabilizer in SO° (p, q) of a null vector. In particular, if we denote by K the
line distribution given by K¢, then the vector bundle S := K1 /K is flat with respect to the
connection V;E [Y] := [VxY] for Y asection of KC*.

For Lorentzian pp-waves, using their coordinate description, the conformal Fefferman—
Graham ambient metric and the tensor obstructing its existence is computed explicitly
in [12].

In the following, we will describe how pp-waves relate to pure radiation metrics. First,
we verify that pp-waves are pure radiation metrics with parallel rays spanned by the parallel
null vector field:

Proposition 3. Let g be a pseudo-Riemanian pp-wave metric with a parallel null vector K.
Then, g is a pure radiation metric, i.e. equations (8) and (9) are satisfied, and furthermore we
have

CadeKa =0 (19)
CapeaXY? =0 (20)
AapXY? =0 (21)

for all X® and Y® orthogonal to K°.

Proof. Since K“ is parallel and because of property (18), we get R;;X* = 0 for all X
orthogonal to K. Hence, R = 0 which implies P,,X* = 0 and RypeaX“Y? = CopeaXY? for

6
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all X and Y“ orthogonal to K“. Then, the required equation (21) immediately follows from
identity (16) for the divergence of the Weyl tensor. Finally, as K is parallel, it follows

0 = RupeaK”
= CupcaK" + 2(8c1aPr1a + apPaic) K*
= CapcaK* + 2K :Ppg — 28pPaaK” + 284pPacK” — 2K4Pye
= CapcaK* + 2K Ppy — 2K4Py,

which shows that C,,.tK°X¢ = 0 for all X¢ orthogonal to K. But this implies that
CupcaK® = 0. O

The following proposition shows that for pure radiation metrics with parallel rays, property
(18) implies that the rays contain a parallel null vector. Recall (5) which implies that a pure
radiation metric satisfies (18) for the curvature tensor if and only if it satisfies (20) for the
Weyl tensor.

Proposition 4. A pure radiation metric with parallel rays K¢ that satisfies property (18), or the
equivalent property (20), admits a parallel null vector field in the direction of K and hence is
a pp-wave.

Proof. Assume that V,K? = f,K” with a one-form f,. Then, locally K¢ can be rescaled to a
parallel vector field if and only if f, is closed, i.e. iff V|, f,; = 0. Since

R, K = ViufnK?,

abc

we have to show that R , “K° = 0. Now (18) implies that
0=R, XYK = R, ‘XK*

for all X and Y? orthogonal to K“. Hence, the only possibly non-vanishing terms of Rabcd K¢
could be R .qL*XPK¢L? with L* a vector transversal to K+ and X” € K. But since we have
pure radiation, also these terms vanish:

0= RupXL" = RoupaL°X“LPK".
Indeed, if (K, L, E, ..., E,_,) isabasis with K* spanned by (K, E, ..., E,_»), L* is spanned
by (L,Ey, ..., E,_) and such that g(K, L) = 1 and g(E;, E;) = £4;;, we have

n—2
0=Ric(Y.L) = R(L.Y.K.L)+ Y &R(E;. Y. E;, L) = R(L.Y, K. L).
i=1

Here, Ric(., .) denotes the Ricci tensor and R(., ., ., .) the (4, 0)-curvature tensor. U
We also have the following proposition.

Proposition 5. Let (M, g) be the pseudo-Riemannian manifold of dimension n > 2 with a
parallel null vector field K¢, i.e. with V,K" = 0, satisfying (20) for the Weyl tensor. Then, g is
a pure radiation metric aligned with K* and hence a pp-wave.

Proof. First we show that g has a vanishing scalar curvature R = 0. Since K is parallel, we
have that R,,K* = 0 and R,;,.¢K* = 0. Because of property (20), with the same notation and

7
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same basis (K, L, Ey, ..., E,_) as in the proof of the previous proposition, we get for the
scalar curvature
n—2
R=€ic;,R(E. E}. E. E))
ij=1

n—2
=2(n—3))_Pe(E;, E)
i=1

=2(n—23) (tr(P) — P(K, L))

R
- <2<n Dt a-ne-»*" L))
n(n—3)

T -D(-2)
which shows that R = 0. Next, we verify that the metric is a pure radiation metric. For X € K+
and V € TM, since K is parallel and the Weyl tensor satisfies (20), we get

n—2
Ric(X,V) =) | eR(E.X.E.V)

i=1

’

n—2
=n-2)PX,V) - Zfi(g(Ei, X)P(E;, V) +g(V, E)P(X, Eb)),
i=1
in which we have used for the last equality that R = 0. Hence, we get
0= "z—% €:(g(Ei, X)P(E;, V) +g(V,E)P(X, E;)) = 2P(X, V) — g(K, V)P(L, X),
i=1
which shows that P(X,V) = 0. Hence, g is a pure radiation metric and thus, by (5),
a pp-wave. ]

From theorem 1, we get the following obstruction for the existence of a pp-wave metric
in a conformal class.

Corollary 1. Let g be a metric that is conformal to a pp-wave metric with a parallel null vector
K. Then, in addition to properties (14) and (15), for the Weyl and Cotton tensors of g we have
equations (19), (20) and (21).

Proof. Let ¢ = e*T g be a pp-wave metric with a parallel null vector K¢. First, note that the
rays spanned by K¢ and its orthogonal complement are conformally invariantly defined. Both
are parallel with respect to V but not parallel for V.

By proposition 3, we have that éabch“ = 0 and éabch”Y b — 0 for all X* and Y?
orthogonal to K“. The conformal invariance of the Weyl tensor then implies equations (19)
and (20).

In order to derive equation (21), we apply theorem 1. The Bianchi identity for the Cotton
and Weyl tensors together with (14) for X¢ and Y? orthogonal to K¢ gives

0= (Aabc + Apea + Acab)XbYC
= Auc XX —C,,  TaXtY" — C,, I TuXbY"

= A X X+ (Cope® + Coe) YaXPY = Cpp I YuXYC.

Cl

Then, (20) is Cbde bye = 0 and implies the required equation (21). O
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4. Conformal standard tractors

An invariant way of describing the geometry of a conformal manifold (M, [g]) is provided
by the normal conformal Cartan connection w (refer to [10, 2, 6] or to the survey [3] for
details of the following). For example, w detects local Einstein metrics in the conformal class,
which correspond to covariantly constant sections with respect to w. Now we will establish
a condition on w that is equivalent to the existence of a local pure radiation metric in the
conformal class.

The normal conformal Cartan connection is defined uniquely by the conformal class [g]
and defined by the following data. Let (p, ¢) be the signature of the conformal class and
P C SOg(p+1, g+ 1) the stabilizer in SOy (p+ 1, g+ 1) of anull line /. Then, w is a Cartan
connection with values in so(p + 1, g 4+ 1) on a principal P-bundle P, the Cartan bundle.
Furthermore, it satisfies a normalization condition that makes it unique. As a Cartan connection,
o defines an invariant absolute parallelism and hence gives no horizontal distribution in 7P.
In order to use the usual principle fibre bundle formalism, one extends the Cartan bundle to a
bundle P with the structure group SO°(p+ 1,g+ 1) viaP = P xp SO’ (p+ 1,9+ 1) on
which the Cartan connection w extends to a principle fibre bundle connection w.

By associating the standard representation R”t1:4+! of SO(p+ 1, g + 1) to P we obtain a
vector bundle 7 of rank p + g + 2, called the standard tractor bundle. T is equipped with the
covariant derivative V induced by w. Since w is an so(p + 1, g + 1)-connection, there is an
invariant metric 4 on 7. The triple (7, v, h) is called the normal conformal standard tractor
bundle.

Let I ¢ RPT14+! be the null line defining P, i.e. P is the stabilizer group of 1. Then,
corresponding to the filtration I C I+ C RPT19F1 there is a bundle filtration of the tractor
bundle

IcItcT

into a null line bundle and its orthogonal hyperplane bundle, w.r.t. the tractor metric. Then, the
projection p : P — P of the Cartan bundle onto the bundle of conformal frames P defines
the following projection:

pryy 2 IE =P xplt — T/ T =TM =~ P° xcoyp.g /1)
[o, v] = [, [v]] = [p(e), [v]]

in an invariant way. Via this projection, the tractor metric defines the conformal structure.
Every metric g in the conformal class [g] induces a splitting

(T.h) xReTM @R,

where each R denotes the trivial line bundle M x R. Changing the metric in the conformal
class, gup = e2T 8ub, this splitting transforms via

0 p — TX— LorbY,
Xl = X407, ) (22)
o o

In every such splitting, the line bundle 7 is spanned by
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where capital indices rangein 0, 1, ..., n, n+ 1, with n the dimension of M. The bundle metric
h of signature (p + 1, g+ 1) on 7 is given by
P o
Rl x|, Y| ]| =0a+pB+guXY’.
o B
Hence, 7+ is given by tractors of the form
1)
X(l
0
with tangent vectors X, and that the projection pry,, is invariantly given as
0
prry It | X = X e TM.
0

In a splitting defined by a metric g,;, the tractor connection V is given by the following
formula:

— P Vap - PabXb
Volxt)] = | VXt + p8t +0P? |, (23)
o Vaa - gabXb

where V is the Lévi-Civita connection and P the Schouten tensor of the metric g. The curvature
of this connection is given as

_(p —AdarX*
Rap | X< | = [ 0A%, + Cp X |- (24)
o 0

It is a well known fact that covariantly constant sections of V are in one-to-one correspondence

with local Einstein metrics on an open and dense subset of M. In fact, X? = (,ﬁ) is

4

covariantly constant for V if and only if o ~2g is an Einstein metric on the open and dense
complement of the zero set of o = X4I,. Indeed, X® is parallel if and only if X* = Vo and
Vo Vo + 0Py + pgay = 0, where the latter is equivalent to o %g being an Einstein metric
outside the zero set of . Furthermore, applying the tractor curvature R, to a parallel tractor
X, we get the integrability conditions R,,X¢ = 0, i.e. for X. = V.o we get

A, X. =0
0Acap + CppXg = 0.
Setting o = e~ T, we get X, = —o Y, with Y, = V,Y and obtain

Acap — CopYa = 0,

as one of the integrability conditions that were derived in [9].

5. Tractorial characterization of aligned pure radiation metrics

Now we will describe the situation in which the normal conformal tractor holonomy admits
an invariant plane. The case when the plane is non-degenerate implies that the conformal class
contains a product of Einstein metrics with related Einstein constants (see [1] for Riemannian
conformal classes and related results in the unpublished parts of [13] for arbitrary signature).
Here we will deal with the case that the null plane is totally null in arbitrary signature. The
following theorem is a generalization to arbitrary signature of the corresponding result for
Lorentzian conformal classes which we proved in [11].

10
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Theorem 2. Let (M, [g]) be a pseudo-Riemannian conformal manifold of dimension n > 2.
Then, the normal conformal Cartan connection admits a parallel totally null plane if and only
if, on an open and dense subset of M, there is an aligned pure radiation metric gu, in the
conformal class [g].

Proof. Let 7 be the normal conformal tractor bundle. First, we prove

Lemma 1. Given a bundle of null lines in T M spanned by K* and a metric g, in the conformal
class, the following statements are equivalent:

(i) gap is a pure radiation metric with parallel rays spanned by K,
(ii) w.rt. the splitting of T = R ® TM @ R given by g, the plane bundle H spanned by

0 0
K*=|K*] and JA=|0 (25)
0 1

is parallel for the tractor connection.

Proof. Since the tractor connection preserves the metric, H is parallel if and only if

0
Hr={|Xx"]| KX =0,0 €R
o

is parallel. By pairing with K4 and J4 we get that 7{* being parallel is equivalent to
PpX’=0 and (V,X"—-0oPl)K,=0,
which is equivalent to RupX"” =0and V,K? = f,K®. O

The ‘if’-statement of the theorem follows immediately from the lemma: if g, is an aligned
pure radiation metric in the conformal class, we split the tractor bundle with respect to g, and
get a parallel null plane H for the tractor connection as in (25).

Now we show the ‘only if ’-statement in the theorem. Assume that 7 is a null plane bundle
that is parallel for the tractor connection. We have to find a null vector K and a metric in the
conformal class such that 7 is spanned by K* and J* as in (25). First, using that  is parallel
and some basic linear algebra, we will define the null line. Let Z C 7 be the null line bundle
defined by the conformal structure. Then, we define

L:=T NH={X"eH| X, =0},
a subbundle of H. We have

Lemma 2. L is a null line bundle and, over an open and dense subset of M, its invariant
projection pryy, (L) is not zero.

Proof. As H is a bundle of 2-planes, for dimensional reasons we have £ # {0}. Hence, the
rank of L is either one or two. Then, we fix some metric in the conformal class and w.r.t. the
induced splitting 7 = R @ TM @ R of the tractor bundle we get

PO
L={I"=|L|=p"+L"cH
0
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If £ had rank 2 over an open set U, we would get H|y C (R @ TM)|y = Z|y. Hence, with
H being parallel, the tractor derivative of every L* € H|y is again in H|y and hence in Z.
Differentiating in any direction using formula (23), over U we get

0= ?bLAIA = —gbaLa.

But this means that L* = 0 which excludes then the rank of L]y being 2. Hence, there is no
open set over which £ has rank 2. Therefore, it must have rank 1 over all of M and hence L is
a line bundle.

Furthermore, assume that pr;,,£{0} over an open set U of M. Then, over U, every section
of £ would be of the form pI* with p € C*®(U). Differentiating yields

Vi(pI*) = VppI* + pV,I* = VypI* + ps,.

Since £ C H we get that V,(pI!) = V,pl* + pd, is again in H because H was parallel.
Since U was open, we can differentiate in any direction of TM, which yields a contradiction
to H being a plane. ([

The lemma shows that over an open and dense subset of M, we can define a line bundle
in TM as

L = pryp, L

in an invariant way. In the following, we will restrict our computations to this open and dense
subset without explicitly mentioning it again. Since { and hence £ were totally null, L is
a bundle of null lines. Also, its orthogonal complement, L~ C TM, is given as a projection
from 7.

Lemma 3. The orthogonal complement of L satisfies L+ = pry,, (Lt N Z1).

Proof. Let £ be spanned locally by I + K¢ with a null vector field K¢. If pI* +X* € LXNTY,
then X°K, = 0, ie. prpy (Lt N ZY) C L*. On the other hand, if X¢ € L', then
*+Xetnzh O

Next, we prove

Lemmad. Lt =H' 7.

Proof. First note that £ contains 4. On the other hand, £ C H gives H*+ C L£*. Recalling
that £ = H N Z= is a line in the plane H shows that there is an element X4 € H such that
XAI, = 1. This implies H* N Z = {0} and counting dimensions completes the proof. ]

Then, lemmas 3 and 4 imply that
Lt = prpy, (HEN T, (26)
which provides us with
Lemma 5. The hyperplane bundle L+ C TM is integrable.

Proof. Let X“ and Y? be two local sections of L such that X,Y* = 0. Then, there is a smooth
function p such that pI* +Y? € H+ NZ+ c H* . Since H* is parallel, we get that

_(r X4 (Vap — PapY?)
XV, Y| = xV. Y+ px? | eT(HNTY).
0 0

12
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By (26), this shows that X*V,Y? € TI'(L*) for X¢, Y e T'(L*) orthogonal to each other. By
fixing a basis of £+ that consists of mutually orthogonal vectors, the vanishing of the torsion
of V implies that L' is integrable. ]

Hence, so far, given the parallel plane distribution H in 7', we have invariantly constructed
a null line bundle L in TM such that the L* is integrable.

The integrability of L+ allows us to define a second fundamental form for L* in the
following way. From now on, we fix a null vector field K¢ spanning L and define a bilinear
form on L* by

Map = VoK Geblr1nr -
Since L' is integrable, ITX is symmetric. We define the trace of TTX as

H := ¢""TI;;ELE? € C®°(M),
where EY, ..., E7_, are linearly independent in L* and i, j range over 1,...,n — 2. Since
KTl = 0, this is independent of the chosen E{’s. Now we claim that there is a metric

8a» = €*Y g, in the conformal class such that the corresponding function H is zero. To this
end, we note that the transformation formula for IT is given by

XYy = XY'V,30,KS = Y (M + K Yogap) XY?
for X¢, Y% € L*. Hence,
H =" (H+ (n—2)K*Y,).
Now the differential equation
H
n—2

has a solution Y, which ensures that we can chose g, such that H=0. Finally, to conclude
the proof, we fix this metric, omit the hat and split the tractor bundle with respect to the new
metric. Now let p/* 4+ K be an arbitrary section of £. Since H is parallel, differentiating in
the direction Y” € L* yields that

K*Y, =

o P Ybep — PabeKu
YV, [ K* | = | YPV,K? + pY“
0 0

is not only a section of H, but also of L since the last component vanishes. This means that
Y*V,K* + pY®is in L which implies that

Y'Y + pgapYY? =0
for all Y¢ € L. Taking the trace H = 0 gives 0 = p(n — 2), which results in £ = R - (2)

This, on the other hand, means the parallel null plane H is given by ’

0
H = X||XeLoeR
o
But this was equivalent to properties (6) and (4). U

Remark 2. This tractorial characterization in theorem 2 yields integrability conditions in terms
of the tractor curvature, which, on the other hand, imply exactly the obstructions (13) and (14)
for the existence of an aligned pure radiation metric in a conformal class given in theorem 1.
Indeed, when splitting the tractor bundle with respect to the aligned pure radiation metric

13
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gap in the conformal class, the parallel null plane bundle H contains K% = ( I?h) and H*
0

. 0 . . e

contains X% = ( xh) with X? orthogonal to K¢. Hence, with respect to a splitting in another
0

metric g, = e*¥ g4, using formula (22), K? and X? are given as

T, K¢ T, X¢
KB — Kb , XB — Xb ,
0 0

and still contained in H and H-*, respectively. Hence, since H is parallel and thus invariant
under the tractor curvature, applying the tractor curvature to K? yields a tractor that is again
contained in H. Pairing R,cpK€ with XP and using (24), this implies that

0 = RucoKX” = CapeaKX*
for all X orthogonal to K¢, which is equation (13). On the other hand, we have seen that H
also contains the section J4 = (8), when splitting the tractor bundle with the aligned pure

1
radiation metric g,;. In another metric ., = > g5, again using (22), J4 is given as
-1,
= T,
1

Since H* is parallel and thus curvature invariant, pairing R,cpX€ with J* yields

0 = RucpXIP = —AupX® +C, XYy,

in which we have used formula (24) for the tractor curvature. But this is equation (14) of
theorem 1.

Finally, from theorem 2, we get a characterization of conformal pp-waves that is based
on their characterization as pure radiation metrics in proposition 3.

Corollary 2. Let (M, [g]) be a pseudo-Riemannian conformal manifold of dimension n > 2.
Then, on an open and dense subset of M, [g] contains a pp-wave metric if and only if the
normal conformal Cartan connection admits a parallel totally null plane subbundle H and
the tractor curvature R satisfies

RuxcpXCYP =0 27)
for all X€ and YP orthogonal to 'H.

Proof. If g is a pp-wave in the conformal class, then by proposition 3 it is an aligned pure
radiation metric, and hence, by theorem 2 defines a parallel plane distribution in the tractor
bundle. Using the pp-wave metric to split the tractor bundle, we have seen in the proof of the
theorem that

0
HE=1X8=|X"]| KX =0,0 €R
o
Hence, for X€ = ;?z- and YP = ﬁ,) from HL with X¢ and Y¢ orthogonal to K“, formula

(24) for the tractor curvature yields ‘

— D .
Ryc XYp = —tAgpX? +0A, Y, +C, XY = 0, (28)
because of propositions 1 and 3.

14



Class. Quantum Grav. 29 (2012) 055007 T Leistner and P Nurowski

On the other hand, by theorem 2 the existence of the parallel plane distribution yields
an aligned pure radiation metric g in the conformal class. With this metric as a gauge, the
curvature condition (27) then spells out as equation (28). Now, since g is an aligned pure
radiation metric, by proposition 1 we have that the first two terms in (28) vanish and we are
left with

Cp XY, =0
for all X4 and Y¢ orthogonal to K“. Then, from proposition 4 we know that g is indeed a
pp-wave. (]
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