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TWISTING TYPE N VACUUMS WITH COSMOLOGICALCONSTANTDEDICATED TO THE MEMORY OF JERZY F PLEBA�SKIPAWE� NUROWSKIAbstrat. We provide the �rst examples of vauum metris with osmolog-ial onstant whih have a twisting quadruple prinipal null diretion.MSC lassi�ation: 83C15, 83C20, 83C30, 83F05In a joint paper with Jerzy F Pleba«ski [10℄, among other things, we provided amaximally redued system of vauum Einstein equations
Ric(g) = Λgfor twisting type N spaetimes (see [13℄, Ch. 29, for a de�nition). After writingdown the redued equations we onluded the �rst setion of [10℄ with a remarkthat it is very di�ult to �nd a single solution to the presented equations when

Λ 6= 0.Atually the problem of �nding twisting type N vauums, with the osmologialonstant Λ = 0 or not, is one of the hardest in the theory of algebraially speialsolutions. If Λ = 0, the only expliit solution is that of Hauser [3℄. It is expliit inthe sense that it an be expressed in terms of hypergeometri funtions. Very fewother twisting type N vauums with Λ = 0 are known. Unlike Hauser's solutionthey are not that expliit anymore. At best they may be expressed in terms of aquite ompliated nonlinear ODE of the third order [1, 2, 4, 8℄.The main di�ulty with twisting type N vauums with Λ = 0 is that the equa-tions are strongly overdetermined, and it is very di�ult to guess an ansatz whihwill not lead to the Minkowski metri as the only solution.Having all this in mind we present the following metri:
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.Here (x, y, u, r), with ranges −∞ < x, u < ∞, 0 < |y| < ∞, |r| < π, are oordinatesof the spaetime desribed by g; the quantity s is a real nonzero onstant, whihwe regard as a free parameter.Date: Otober 28, 2007.This researh was supported by the KBN grant 1 P03B 07529.1
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2 PAWE� NUROWSKIA short alulation1 leads to the following remarkableProposition 0.1. The metri (0.1) satis�es the vauum Einstein's equations
Ric(g) = −s2gwith a negative osmologial onstant Λ = −s2.The metri is of Petrov type N. In an apropriate null oframe its only nonvanishingWeyl spinor oe�ient is

Ψ4 =
14

3

s2

y2
e−

ir

2 cos3
r

2
, with Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0.The vetor �eld k = ∂r is tangent to a twisting ongruene of null and shearfreegeodesis, whih is alligned with the quadruple prinipal null diretion of the Weyltensor for g.Thus the metri (0.1) provides an example of a twisting type N Einstein metriwith negative osmologial onstant ; an example that we were missing when writingthe joint paper [10℄ with Pleba«ski.The following remarks are in order:Remark 0.2. The twisting ongruene of shearfree and null goedesis tangent to thevetor �eld k = ∂r of Proposition 0.1 orresponds to a quite nontrivial 3-dimensionalCR struture [5℄. This is not CR equivalent, even loally, to the Heisenberg groupCR struture [5℄, whih is the underlying CR struture of the Hauser solution [12℄.This implies that the solution (0.1) does not lead to a Hauser metri by meansof any kind of limitting proedure, suh as for example Λ → 0. It is quite ironithat it is the same CR struture that was used in [10℄, Setion 5, to onstrut anexample of a metri whih satis�es the Bah equations and whih is not onformalto an Einstein metri.Remark 0.3. The metri (0.1) is not aidental. It appears as one of the simplestexamples in our reent formulation of the twisting vauum Einstein equations withosmologial onstant [5℄. In [5℄ we generalized our earlier results [7, 9℄ on 4-dimensional Lorentzian spaetimes (M, g) satisfying the Einstein equations Rµν =

Φkµkν , with kµ being a vetor �eld tangent to a twisting ongruene of null andshearfree geodesis, to the ase of a nonvanishing osmologial onstant Λ. Weproved that the metri g of a spaetime (M, g) satisfying(0.2) Rµν = Λgµν + Φkµkν ,with k as above, fatorizes as(0.3) g = Ω−2ĝ, Ω = cos( r
2
),where ĝ is periodi in terms of the null ooordinate r along k = ∂r. We furthershowed that if g satis�es (0.2), then M is a irle bundle S

1 → M → M over a3-dimensional stritly pseudoonvex CR manifold (M, [(λ, µ)]), and that(0.4) ĝ = p2[µµ̄ + λ(dr + Wµ + W̄ µ̄ + Hλ)],with(0.5) W = iae−ir + b, H =
n

p4
e2ir +

n̄

p4
e−2ir + qeir + q̄e−ir + h.1Nowadays this an be done by a symboli omputer alulation pakage!



TWISTING TYPE N VACUUMS WITH COSMOLOGICAL CONSTANT 3Here λ (real) and µ (omplex) are 1-forms on M suh that k−
| λ = k−

| µ = 0,
k−

| dλ = k−
| dµ = 0, λ ∧ µ ∧ µ̄ 6= 0 and, the funtions a, b, n, q (omplex) and p, h(real), all of whih are independent of r, satisfy

a = c + 2∂ log p

b = ic + 2i∂ log p

q =
3n + n̄

p4
+

2

3
Λp2 +
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2p2
− i

2
∂0 log p − ∂̄c(0.6)

h = 3
n + n̄

p4
+ 2Λp2 +

2∂p∂̄p − p(∂∂̄p + ∂̄∂p)

p2
− ∂̄c − ∂c̄.Here the r-independent omplex funtion c is de�ned via

dµ = 0, dµ̄ = 0,

dλ = iµ ∧ µ̄ + (cµ + c̄µ̄) ∧ λ,(0.7)and the operators (∂0, ∂, ∂̄) are vetor �elds on M , whih are algebrai dual to theoframe (λ, µ, µ̄) on the CR manifold M . The only unknowns, n and p satisfy thefollowing system of PDEs on M :
∂n + 3cn = 0,(0.8)
[ ∂∂̄ + ∂̄∂ + c̄∂ + c∂̄ + 1

2
cc̄ + 3

4
(∂c̄ + ∂̄c) ]p =

n + n̄

p3
+ 2

3
Λp3.(0.9)Note that the above funtions a, b, c, h, n, p, q de�ne a vauum metri g via (0.3) i�,in addition to equations (0.8)-(0.9), the funtions n and p satisfy also the equation

Φ = 0. This is quite nasty nonlinear PDE relating n, p and c.In this ontext our solution (0.1) is very simple. It is given by:
λ =

2y4

3
(du +
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y3
), µ = dx + idy, c = −2i

y
,

n = 0, p =

√
3

2sy
, s2 = −Λ,as an be easily heked by a diret alulation using de�nitions (0.3)-(0.7). Itis a mirale that in addition to the pure radiation Einstein equations (0.8)-(0.9),this solution satis�es the vaum ondition Φ = 0, and simultaneously the type Nonditions Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0, Ψ4 6= 0. This shows that the formulation ofthe twisting Einstein equations desribed in [5, 7, 9℄ has an unexplored power.Remark 0.4. Atually the solution (0.1) is only the simplest one from a larger lassof twisting type N vauums with osmologial onstant ontained in (0.3)-(0.9).These solutions are obtained by taking

λ = − 2

f ′(y)

(

du + f(y)dx
)

, µ = dx + idy, c =
if ′′(y)

2f ′(y)
,(0.10)

n = 0, p = p(y),with real funtions f = f(y) and p = p(y). With this hoie the twisting type N va-uum Einstein equations with osmologial onstant are equivalent to the followingsystem of two 3rd order ODEs:
9

4
pf ′f ′′′ + 3p′f ′f ′′ − 3pf ′′2 − 3p′′f ′2 + 4Λp3f ′2 = 0,(0.11)
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3pf ′

(

3f ′2p′′′ + 2f ′′(9p′f ′′ − 5f ′p′′)
)

+ 3f ′2p′(5f ′p′′ − 14p′f ′′) − 12p2f ′′3 =

152Λp3f ′2(pf ′′ − 2p′f ′).It an be heked by diret alulation that every solution p = p(y), f = f(y) ofthese two equations, after being inserted into (0.10) and (0.3)-(0.6), gives a metri
g, whih satis�es Einstein's vauum equations Ric(g) = Λg and is of Petrov typeN, having k = ∂r tangent to a twisting ongruene of null geodesis. The onlynonvanishing Weyl spin oe�ient for these metris is
Ψ4 = −2e−

ir

2 cos3 r
2

27p2f ′2
Λ

(

8Λp4f ′2 + 27f ′2p′
2

+ 12p2f ′′2 + 3pf ′(f ′p′′ − 13p′f ′′)
)
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