Progress in integrability studies of
Hamiltonian systems with three degrees of
freedom

Maria Przybylska

Toruh Centre for Astronomy
Nicolaus Copernicus University

in collaboration with Andrzej J. Maciejewski
Institute of Astronomy, University of Zielona Géra

August 6, 2008



Homogeneous Hamiltonian equations One more Morales-Ramis theorem Darboux points in details Applications. Generic

Outline

a Homogeneous Hamiltonian equations
Q One more Morales-Ramis theorem
e Darboux points in details

@ Applications. Generic case

a Applications. Nongeneric cases



Q Homogeneous Hamiltonian equations

Q One more Morales-Ramis theorem

Q Darboux points in details
Q Applications. Generic case

Q Applications. Nongeneric cases

«O» «F»r «



Homogeneous Hamiltonian equations One more Morales-Ramis theorem Darboux points in details Ap plications. Generic

Integrability of homogeneous Hamiltonian
equations

Integrability of Hamiltonian systems given by
18 2 2n
H=3) p+V(@) (a.p)eC™
i=1

V € Clq], degV =k > 2,

V — homogeneous.
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Equivalent potentials

Problem
V=) Vig-in 8- O,

where iy, ..., in€ {0,1,..., k} and the sum is taken over such
elementsthati; + --- +in = k.
How to find coefficients v;, ..., for which potential is integrable?

o

@ Equivalent potentials:
V(q) ~Va(q) =V(Aq), A€PO(nC),

PO(n,C) := {A € GL(n,C) |AAT =aE, acC*}.
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Morales-Ramis theorem

Theorem

Assume that a Hamiltonian system is meromorphically
integrable in the Liouville sense in a neighbourhood of the
analytic phase curve I'. Then the identity component of the
differential Galois group of the variational equations along T is
Abelian.
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Particular solutions

Definition (standard)
Darboux point d € C" is a non-zero solution of

V/(d) =d
Particular solution
q(t) = @(t)d, p(t) = ¢(t)d provided ¢ = —¢*".
On the energy level:
H(p(t)d, ¢(t)d) =e € C*,
hyperelliptic curve

¢* =

N

(s—(pk), e=ke € C".
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Variational equations

% = —p(t)*2v"(d)x,

where V”(d) is the Hessian of V calculated atd. If V" (d) is
diagonalisable

i = Aip(O) 2y, i=1,..., n,
where A; fori =1,..., n are eigenvalues of V”.

By homogeneity of V, A, = k — 1.
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Other Morales-Ramis Theorem

If the Hamiltonian system with homogeneous potential is
meromorphically integrable then each (k, A;) belong to the
following list:

(k,p+ Ep(p— 1)) , <k% [% +p(p+1)kD :

3——+ 1+3p2> 3——+— (1+4p 2>

2

3, ——+— (1+5p 2) <3 ——+— (2+5p)
<5,——+— 1+3p

(
(
(4, l+3p)2>
(

5——+— 2+5p)2> pez

)
)
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Weakness of this theorem in applications

1 1 1
V = Jaqi + Safay + 5003,

1 2c—1
_ _ _ /a2 2 _
M=o A2 11 a2=a A \/a (2+a2—2c)
1
)\1A2)\3€{p+2pp 1} {§< +p p+1)k>}

u{—%+é(1+3p)} {—% 5(1+4p)}

1 3 1 3 X

1 (AL + A1h — 2)2 .
T 8T \/ZAlA Ay 28
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Our observations

Forg = (qg,...,0n) € C"\ {0}, we denote
[a] :=[a1:---:dn] € CP" 1,

Definition (version 1)

[d] € CP"~1is a Darboux point of potential V, iff V/(d ) = ~d
for a certain v € C*.
D*(V) = all Darboux points of V.
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Our observations for n =2

Forn =2, each [d] € D*(V ) gives one non-trivial eigenvalue
A(d). Set A(d) = A(d) —

Theorem

For a generic homogeneous V € C|q] of degree k,
card D*(V) = k, and
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Our observations for n =2

Theorem

For a generic homogeneous V € C[q] of degree k, the set of
admissible {A(d) | [d] € D*(V) } =: T is finite.

|} +analysis of non-generic cases + - - -

Theorem
For k = 3 all integrable potentials are already known! J
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Our results for an arbitrary n

Fact

A generic homogeneous V € Cqg] has exactly
D(n k) = [(k —1)" —1]/(k — 2) Darboux points.

D*(V) 3 [d] —— A(d) = (A1(d),.... An-1(d))

where Aj(d) := Aj(d) + 1, are the non-trivial eigenvalues of
V”7(d).

7 is the elementary symmetric polynomial of degree i in (n — 1)
variables.
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Our results for an arbitrary n

Theorem
For a generic homogeneous V € C[q] of degree k > 2 we have

T (A(d))

@)y~ CUhk =2y, o<r<n-1

d)eDr(v) T-1(

or, alternatively

5 (A(d)) _ n”z(n—r Y-y

[d]eD*(V )Tn l( (d))
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Our results for an arbitrary n

Theorem

For a generic homogeneous V € C[q] of degree k set of
admissible {A(d) | [d] € D*(V) } =: T, is finite.

|l +many other things

New integrable potentials fork = n =3 J
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Darboux points once more

Definition
[d] € CP"~!is a Darboux point of V iffd AV/(d) = 0.
D(V) denotes the set of all Darboux points of V.

{la] e CP" ' |Rij(q) =0, 1<i<j<

oV oV

Rij:= CIia—qj - qja_qi'

forl <i<j<n.

Applications. Generic
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Classification of Darboux points

@ Proper Darboux points:
D*(V):={[d] € D(V) | V'(d) #0},

[d] € D*(V) <= f(d)=V'(d) —d =0.

@ Improper Darboux points: (V) := D(V) \ D*(V).

[d] € 8(V) <= V'(d) = 0.

Applications. Generic
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Obstruction to the integrability due to improper
Darboux point d

Theorem

Assume that a homogeneous potential V € Cy[q] of degree
k > 2 admits an improper Darboux point [d] € CP"~1. If V is
integrable, then matrix V" (d ) is nilpotent, i.e., all its
eigenvalues vanish.

particular solution
q(t)=td,  p(t)=d,

variational equations after transformation of V' (d) into the
Jordan form contain a subsystem

f’ii = —)\itk_zi’]i, i=1,..., S
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Passage to CP"

Define "
Fi —a—qi—q‘g‘zq, i=1,...,n
and the algebraic set D(V) = V(Fy,...,F,) c CP"
@ [do]=[1:0:---:0] € D(V)
@ Let[qo:dy:---:qn] € D(V)andq = (A, ..., Gn) # 0O,

then [q] € D(V).
@ If [d] € D*(V), then 3 € C*, such that V'(d) = 7d, so
k — 2 points [«¢/Y :dy : --- : dn] € CP" belong to D(V).
@ If [d] € 8(V), then it defines just one point_
[0:dy:---:dy] € CP" which is a point of D(V ).
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Passage to CP"
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Aim — to find universal relations between A

We look for relations of the form

z S(Ag(d),..., An-1(d))
[d]eD*(V) Ag(d) -+ An_1(d)

=R(n,k,S),

where S — a symmetric polynomial.
Hint 1: Residue calculus.



Homogeneous Hamiltonian equations One more Morales-Ramis theorem  Darboux points in details Applications. Generic

Letf;,...,fn € C[q] have an isolated common zero at q = 0,
and
fo
f - fn
In an affine part of CP" (where qg # 0) we have form w. We
extend it to a form Q) on CP" using standard transformations
rules.

w = dql/\"'/\dCIn

Theorem (Global residue theorem)

Assume that V(Fq, ..., Fn) is finite and
degFo <[ degF; —n—1,then

Y res(Q,d)=0.

d EV(Fl,...,Fn)

If g = 0 is a simple intersection then

fo(0)

res(w,0) = dett(0)’
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Hint 2: detf’(d) = (k —2)Aq(d) - -+ Ap_1(d).
Hint 3: Homogenisation of polynomials f = (fq, ..., fn)

v

So, we have to ‘investigate’ all points of D(V) := V(Fy, ..., Fn)
Hint 4: fo = (Trf’ — (k —2))", forr =0,...,n — 1.
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Integrability analysis for n =3 and k = 3 —just
beginning

V = a103 + a,92q, + a392qs + 49192 + asqs + asq3qs + a7q193
+ agq103 + 299203 + a1093

using the generalised rotation group one can reduced this
potential to the form

1
V = a;103 +a,q%q, + a3q2qz + 2401092 + asq3 + asq3ds + §q§’-

We moved one proper Darboux point [0: 0 : 1].
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Integrability obstructions in action

Al(dj),/\z(dj) €B=B,UB,UB3UB4UB5sUBg, j=1,...,7,

1 2 3
Bl——l+§p(3p—l), Bz——§+§p(p+l),
_ 2 1 2 _ 25 3 2
Bz = 24+6(1+3p) ., Bs= 24+32(1+4p) )
25 3 2 __25 3 2
Bs 24+%(1+5p),86— ﬂ+%(2+5p), pe’Z.
Y g =1
jzlAl(dj)Ag(dJ) '
A . A 7
L)y L 1 1,
j=1 Al(dj)AZ(dj) j:lAl(dJ) AZ(dJ)
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Admissible pairs {A1, A;} forn=3and k =3

1. {3x{-1,-1},3x{-1,1},{1,1}},
2. {—1,—1},{—1,—5},{1,—2},2><{—1,4},2><{1,4}},

},{1,-%} 2% {~1,14}.2 x {1,14}},

BB (D) ) s
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~1,6}, —1,%},{—%,—%},{%,14},&{14,39}},

{ } —é%},{—g,m}lx{1,%},2x(14,39)}
o {1 {12 2T )2 e
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3i
Vs = —-q2q, +

7i
5 Z a

3

of + 303 + 35
Iy = 48py(ip2 + p3)a1 — (30 + 2(dz — 2i03)?) (305 + 202(502

— 4iq3)) — 48p3 (igz + ds) + 32(p2 — 2ips) (P03 — P3dz2),

lo = 24p7 — 8p2(12(pz — ips) (P2 — 2ip3) — 9iafdz + 2(2q2 — ids)

x (02 — 2i03) (5102 + 403)) + 393 (307 + 16(p2 + ips) (P302 — P23)
+ 607 (303 — 4i0203 + 05) + 402(d2 — 2iqs) (705 — 4id203 + 203))
+ 24p10: (p3(—3aF — 2205 + 20id203) — ip2(3a5 + 605 + 4iq20s
+803)).
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Ve = 364+/17q3 + 2835117020, + 156017403 + 6552iv/17q3
+ 43350205 + 190740293 + 57803,

l; = 34V/17pjay + 8p2ps(18ia; + 02) — 2p3(7V/17qy + 4q3)

— p}(54iV170 + 2603) + 2p1(p2(27iV1701 + 7V170; + 9ids)
+p3(13qy — 81id, — 17v/17q3)) — 51(—25680; + 36iq3 (6950,
+52v/1703) — 36i010(15107 + 241v/17q103 + 22105)
+293(31351q2 + 538617013 + 292403) + g1 (1220503
+1668v/17q2q3 + 39780:02 + 1156v/17q3)),

@ |, of degree four in the momenta.
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V7 = 44793 + 240iv/14q3q; + 330V/70,105 + 93511443
+ 30870503 + 29403,

© |, quartic in the momenta,
@ |, of degree 6 in the momenta.
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7, 513 , 91f

Vg = quq?’ - Tquz Q2 + Q2QS + Q3v
l, = 26iv/3p3 + 3p1(6iv/3p3 — 48p,p3 — 32i\/§p3 +2793
+69iv/30503 + 150,(130f — 803) +iv/30s(9105 + 16q3))
+ 301 (p2(—91q2 + 4503 + 42iv/30,03 + 72q3)
— ip3(65v/392 — 99v/302 — 480i0,q3 + 112v/3q3)),

@ |, of degree four in the momenta.
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Vg = 27iv/3990q3 + 37261/15q7q, — 456i1/3990q:q3
— 4092v/1503 — 1125g2g3 — 30009593 — 5043,

with very complicated first integrals of degree 4 and 6 in the
momenta.

_ 4v2q3 N 50105
3 2v/2

with first integrals of degree 4 and 6 in the momenta.

Vio

1
+ a3ds + 505,
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Nongeneric cases

when the number of proper Darboux points is smaller than

(k—1)"—1

D(n,k) = T

@ the presence of improper Darboux points = all
eigenvalues of Hessian at this point are zero,

@ presence of a multiple proper Darboux point.
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i .
V = a103 + a,02q; + 249193 + asqs — S+ i02)2qa,

5 1 ) 1

Enl— i
|§ Ag_l)Ag) |:Zl Ag)Ag)
podeas oL galead
=NONG A TADAD
i (Ag) .+A.g))2 =16 i (A(ll) +A.g))2 _3
=N 5 ATAD ,

Casesas #a; +i(ag —a;) andas = az +i(ag — az).
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Biernat reduction

w = fiodql/\---/\dqn.
fL - -fn

Assume that: 0 € V(fy, ..., fa), and detf’(0) = 0.

How to calculate res(w, 0)?

Assume that the analytic set

A:={qeU]| f,(q)=0,....,fa(q) =0},UCCisa
neighbourhood of 0, is irreducible. Then there is an injective
parametrisation s — q(s) € A, q(0) = 0.

Biernat formula

B hials)  dh(a(s)
res(e,0) = res (M C ) ds - 950)-
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_ o 1-i 3 20
V = 3(1+A) ql +a2ql(q2 lq3)

1+1i . . . )
- W(Qz —ig3)a1[a3(A% — 1)(qz — igz) + 2iA%(qp +iqs)]

+as(g2 —ig3)?,
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Potential with a multiple nonisotropic Darboux
point

1 1
V = aqu + azQ%Qz + foQs + a4Q1CI§ + asqé"’ + aesngs + §q§-

[do] :=[0:0:1]
Theorem
Let us denote

D= Y M(d), r=0,1,2.

deD (W {doly D12

Then
D, = 16 +4A(Dy +4) — A?(Dg — 1),

where A = 2ag — 1.
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