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I Time Scale Calculus

A time scale T is an arbitrary nonempty closed subset of
real numbers. (Aulbach, Hilger,1990 )
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I Time Scale Calculus

A time scale T is an arbitrary nonempty closed subset of
real numbers. (Aulbach, Hilger,1990 )

x R, hZ,

x g-numbers, K, = ¢* U {0}, q#1,
x The Cantor set

are time scales.
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I Time Scale Calculus

A time scale T is an arbitrary nonempty closed subset of
real numbers. (Aulbach, Hilger,1990 )

x R, hZ,

x g-numbers, K, = ¢* U {0}, q#1,
x The Cantor set

are time scales.

*Qs R—Q,

x The open intervals

are not time scales.
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I Jump Operators

Let T be a time scale. Vx € T, the forward and the
backward jump operators are defined respectively

olx) = inflyeT:y>ax}
plr) = sup{yeT:y <z}
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I Jump Operators

Let T be a time scale. Vx € T, the forward and the
backward jump operators are defined respectively

olx) = inflyeT:y>ax}
plr) = sup{yeT:y <z}

r Is called
x right dense if o(x) = x, right scattered if o(x) > «z,

x left dense if p(x) = z, left scattered, if p(z) < x
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I Jump Operators

Let T be a time scale. Vx € T, the forward and the
backward jump operators are defined respectively

olx) = inflyeT:y>ax}
plr) = sup{yeT:y <z}

z is called
x right dense if o(x) = x, right scattered if o(x) > «z,
x left dense if p(x) = z, left scattered, if p(z) < x

The graininess functions

wz) =o(x)—x, vir):=xz—plx), forallzeT.
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I A-Derivative

Let f: T — R.

Let T" be the set of points of T except for a possible
left-scattered maximal point.
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I A-Derivative

Let f: T — R.

Let T" be the set of points of T except for a possible
left-scattered maximal point. For x € T~

Af(x) = lim

s—x  o(x)—s

provided that the limit exists.
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I A-Derivative

Let f: T — R.

Let T" be the set of points of T except for a possible
left-scattered maximal point. For x € T~

Af(x) = lim

s—z  o(x)—s

provided that the limit exists.

A function f : T — R is A-smooth if it is infinitely A-

differentiable at all points of T*. I
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If T =R,then o(x)=plx)=2

df ()

Af(w) =27

If T=hZ,then o(x)=x+h, plz)=x—h

flz+h) — flx)
h

If T =K, forxz#0then o(x)=qx, plx)=q¢ ' x

flqz) — f(x)
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Af(z) =

Af(x) =




I A-Integral

A function F': T — R is called A-antiderivative of
[ T—-Rif AF(x)= f(z),Va e T" Thus A-integral of f
fromatobis

/bf(a:)A:U .= F(b) — F'(a) a,beT.
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I A-Integral

A function F': T — R is called A-antiderivative of
[ T—-Rif AF(x)= f(z),Va e T" Thus A-integral of f
fromatobis

/bf(a:)A:U .= F(b) — F'(a) a,beT.

Set z, = minT, 2* = maxT if there exist finite minT, maxT.
Otherwise set x, = —o0, 2" = oc.
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I A-Integral

A function F': T — R is called A-antiderivative of
[ T—-Rif AF(x)= f(z),Va e T" Thus A-integral of f
fromatobis

/bf(a:)A:U .= F'(b) — F(a) a,beT.

Set z, = minT, 2* = maxT if there exist finite minT, maxT.
Otherwise set x, = —o0, 2" = oc.

A-integral over an whole time scale is given as

/T @) Az = / f(@)Az = lim F(z) — lim F(z)

r—x* T— T«
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I Regular time scales

Tisreqularifforall x € T

(i) o(p()) =, (i) plo(z)) =z .




I Regular time scales

Tisreqularifforall x € T
(i) o(p(z)) = =, (i) p(o(x)) =z .

R, K,,Z are regular time scales.
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I Regular time scales

Tisreqularifforall x € T
(i) o(p(z)) = =, (i) p(o(x)) =z .

R, K,,Z are regular time scales.

The shift operator £ is defined by the formula
(Ef)(z) = flo(z)), €T
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I Regular time scales

Tisreqularifforall x € T
(i) o(p(z)) = =, (i) p(o(x)) =z .

R, K,,Z are regular time scales.

The shift operator £ is defined by the formula
(Ef)(z) = flo(z)), €T

Thus the inverse £ ' is deduced

(B (@) = flo™(2)) = f(p(z)).
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I Algebra of )-differential operators

Let G be an algebra of /-differential operators equipped
with the commutator,

g g>k % g<k — {Z uz 52} S> {Z uz

12k 1<k

where delta differentiation operator o f is

5f = Af+ E(f)S, Vf.
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I Algebra of )-differential operators

Let G be an algebra of /-differential operators equipped
with the commutator,

G=Go ® G ={D_w@)d} & {> wlx

12k 1<k

where delta differentiation operator o f is
of = Af+ E(f)d, Vf.

G>k, G« are closed Lie subalgebras of G only if £ =0, 1.

|

2ej Szablikowski, Maciej Btaszak, BURCU SILINDIR YANTIR Adam Mickie



I Algebra of )-differential operators

Let G be an algebra of /-differential operators equipped
with the commutator,

G=Go ® G ={D_w@)d} & {> wlx

12k 1<k

where delta differentiation operator o f is
of = Af+ E(f)d, Vf.

G>k, G« are closed Lie subalgebras of G only if £ =0, 1.

The classical R-matrix
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R .= —

2(P>k—P<k) kZO,l



I The Lax Hierarchy

The Lax hierarchy of commuting evolution equations is

dL .
= (L¥),,. L] k=01
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I The Lax Hierarchy

The Lax hierarchy of commuting evolution equations is

AL

= (L¥),,. L] k=01

The admissible finite-field Lax operators are

L = UN5N -+ UN_15N_1 =+ ...+ u15 -+ Ug + 5_1U—1+ Z ws(s_lgpsa

where for k = 0, uy 1S time-independent and «_; = 0.
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I The Lax Hierarchy

The Lax hierarchy of commuting evolution equations is

dL .
= (L¥),,. L] k=01

The admissible finite-field Lax operators are

L = UN5N -+ UN_15N_1 =+ ...+ u15 -+ Ug + 5_1U—1+ Z ws(s_lgpsa

where for k = 0, uy 1S time-independent and «_; = 0.
The natural constraints between dynamical fields

N+k—1

Z (_:u)zuz — M Z%% — a, I
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I The Continuous Limit of a Time Scale

T =17 =% T=R;

while
q—1

T=K, > T=R, U{0}



I The Continuous Limit of a Time Scale

T =17 =% T=R;

while
T=K, —> T=R, U{0}.

In the continuous time scale, the algebra of J-differential
operators turns out to be the algebra of pseudo-differential

operators

G = o ® Gor = {3 w0} & {3 wi(2)d'},

i>k i<k

which is valid for k =0,1,2 and du = u, + u0.
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I The Trace Functional

The trace form is introduced by
1 .
TrA = —/ — (Aco)|s—_1 Az = /Zai(—,u)_z_le,
T H T

H 1<0

where A = > a;0".
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I The Trace Functional

The trace form is introduced by

1 .
TrA = —/ — (Aco)|s—_1 Az = /Zai(—,u)_z_le,
T : T

Y 1<0
where A = > a;0".

Note: When 1 =0, TrA = fR a_dxfor A=, ;0"
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I The Trace Functional

The trace form is introduced by

1 .
TrA = —/ h (Aco)|s—_1 Az = /Zai(—,u)_z_le,
T : T

1<0
where A =" a;0".

Note: When 1 =0, TrA = fR a_dxfor A=, ;0"
Theorem: The inner product on G defined by bilinear map

(', ')g g xGg—K (A, B)g L= TI”(AB),

iIs nondegenerate, symmetric and ad-invariant. I
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I The Poisson Tensors

Theorem: The Linear Poisson tensor has the form

modH = [RdH, L] + R'[dH, L)
= [L,dH ] + ([dH, L] (1 + p6) ") __, (1 + pd).
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I The Poisson Tensors

Theorem: The Linear Poisson tensor has the form

modH = [RdH, L] + R'[dH, L)
= [L,dH ] + ([dH, L] (1 + p6) ") __, (1 + pd).

Since the recursion operators @ s.t
(I)Ltn — Ltn—|—N'

are hereditary, the quadratic Poisson tensor 7, can be

reconstructed from &:
T = (I)ﬂ'o. I
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I Bi-Hamiltonian Structure

Hence, the Lax hierarchies have bi-Hamiltonian structure

Ltn — 7-‘-Od[_[n — 7Tldj—[n—]\fa
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I Bi-Hamiltonian Structure

Hence, the Lax hierarchies have bi-Hamiltonian structure
Ltn — 7-‘-Od[_[n — 7Tldj—[n—]\f)
where the related Hamiltonians are given by

N
n+ N

H,(L) = Tr (L.

such that
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I Example: A\-differential AKNS

Let the Lax operator be of the form

L=6+u+vs e



I Example: A\-differential AKNS

Let the Lax operator be of the form

L=6+u+vs e

Here with a = 0, the constraint is of the form

u = ppp.
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I Example: A\-differential AKNS

Let the Lax operator be of the form

L=6+u+vs e

Here with a = 0, the constraint is of the form

u = ppp.

The first flow is

¢t1 — M¢2§0 + Awa
P, = —pp Y + AE .

—

Btazej Szablikowski, Maciej Btaszak, BURCU SILINDIR YANTIR Adam Mickie



The second flow is

e, = V(Ao + (mbp)® + @E() + YE~ ()
+(E + 1) (uppAap) + A%,

o1, = —o(Appp + (ue)® + 0E@W) + Y E™ (p))
+AET @(E + 1)upp) — (AE™ ).

which is A-differential counterpart of soliton AKNS.
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I Continuous AKNS

In T = R case, or in the continuous limit of some
special time scales, with the choice u = 0,

L =0+ Y.
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I Continuous AKNS

In T = R case, or in the continuous limit of some
special time scales, with the choice u = 0,

L =0+ 0 .
The first flow becomes the translational symmetry

W _ do
dt, T gy,
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I Continuous AKNS

In T = R case, or in the continuous limit of some
special time scales, with the choice u = 0,

L =0+ 0 .
The first flow becomes the translational symmetry

W _ do
dt, T gy,

The second flow implies the AKNS equation

dy )
- — Yz 2 )
i Voo + 207

dSO 92
- — — Yxx — 2
i © O Y I
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I Differentials

The implicit form of the differentials
dH = 6Nk,
1=1

where n is the number of independent dynamical fields,
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I Differentials

The implicit form of the differentials

dH = zn: 0" N Ry,
i=1

where n is the number of independent dynamical fields,

such that the following holds

N+k— 2

(dH, L), /( Z (m Z((ws(w MS(wS)))
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I Differential of AKNS

For AKNS: N=1,n=2,k=0

The differential is of the form

dH = 1 + 079
where
10H AE (p)
_ 29 A~(A
B 250 vpE (g W
1
_ A-1(A
I YE-1(p) A

A = =
oy o |
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I Bi-Hamiltonian structure for AKNS

The Linear Poisson Tensor

0 1
7'(':
"7 l-1 0



I Bi-Hamiltonian structure for AKNS

The Linear Poisson Tensor

The Quadratic Poisson Tensor

By — [T WA At g + 2N
—AT+ 20N —pp? - 20A
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I Bi-Hamiltonian structure for AKNS

The Linear Poisson Tensor

The Quadratic Poisson Tensor

= D — —p? = 20ATp A+ 2upp + 20 A
—AT+ 20N —pp? - 20A

where AT = —AEF~! and Recursion Operator is

o (A + b + 2A Lo p? + 2¢A1w>

—pp? —20A AT —2pA Y I
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I Bi-Hamiltonian structure for AKNS

The related first three Hamiltonians are

1

H = 5ne) = [ (wmb ' 5*“”2902) Az

9 ) 9
+ gw%E Yo+ up’ — §ﬂ2¢3¢3> Az

ikowski, Maciej Btaszak, BURCU SILINDIR YANTIR Adam Mickie



Note that when T = R, or in the continuous limit of
some special time scales: the Linear Poisson Tensor

0 1
7‘(‘:
Tl 0
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Note that when T = R, or in the continuous limit of
some special time scales: the Linear Poisson Tensor

0 1
7‘(‘:
Tl 0

The Quadratic Poisson Tensor

—2yD~Yp D+ 20Dy
T p—
FTAD A 20A Y —20D 1
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Note that when T = R, or in the continuous limit of
some special time scales: the Linear Poisson Tensor

0 1
7‘(‘:
Tl 0

The Quadratic Poisson Tensor

—2yD~Yp D+ 20Dy
T p—
FTAD A 20A Y —20D 1

and Hamiltonians

Hy = /R Ypdz,  H = /R ol I
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I A-differential Kaup-Broer, ik = 1

Let

L=(1+pv— p*w)d+v+5 " w.
The first flow

d

= = (v = ) v + pAE (w (o — ptw)),
1

dw _

d_tl — AEL (,zww — ,uzwz)
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I A-differential Kaup-Broer, ik = 1

Let

L= (14— p*w)d+v+5 " w.
The first flow

d

= = (v = ) v + pAE (w (o — ptw)),
1

dw _

d_tl — AEL (,zww — ,uzwz)

The linear Poisson tensor is given by

[ uAp — uATa aA
AR /N R

—
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I A-diftferential Kaup-Broer

The Quadratic Poisson Tensor

T = UAuv — poATu 4+ GAG

— AT+ aATAL — pATTGATG + pawAp — pAT ptw
Te = AV + GATA + ptdw — uATqw
o1 = —vATG— ATGATG + GwAp — AT pdiw

Moo — ilwA—AT’&w I
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I A-diftferential Kaup-Broer

The Hamiltonians are

Hoz/wA:L’
T
1,
H, = vw — —pw”® | Ax
T 2
2 2 2

2
Hy = / w? + v*w + —wAV + = pvwAv — = pfw?Av — = pfw’ | Ax
~ 3 3 3 3
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I Recursion Operators

The recursion operators of the finite field N** order Lax
hierarchies can be constructed solving

Ltn—|—N — LtnL —I_ [R7 L] (4)
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I Recursion Operators

The recursion operators of the finite field N** order Lax
hierarchies can be constructed solving

Li,n = Li, L+ [R, L] (7)

For k = 0, with the remainder in the form

R=an_10" "'+ 4 ap+ Z CL—1,55_19057 (8)
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I Recursion Operators

The recursion operators of the finite field N** order Lax
hierarchies can be constructed solving

L, =Ly, L+ [R,L| (10)

For k = 0, with the remainder in the form
R = CLN—15N_1 + -+ ag + Z a_l,sé_lgps, (11)
Fork =1,

R:aN5N+---+a0+2a_1,85‘1g08. (12)
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The appropriate reminder is found for AKNS

R=A"" (" ug,) — b, 0 . (13)

|

Btazej Szablikowski, Maciej Btaszak, BURCU SILINDIR YANTIR Adam Mickie



The appropriate reminder is found for AKNS

R=A"" (" ug,) — b, 0 . (15)

Thus the recursion formula

w— p ! OF YE!
VYA T At u+ AT WA
—pA 1,u 1 —pEA 1g0 u— AE1 — ngA_lw
(16)
when £ 0
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Otherwise, with the constraint

A+ u+ v+ 20A Yo u? + 20 A1y 1)
—pup? —20A 1 AT — 20 A1y,
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Otherwise, with the constraint

A+ u+ pho 4+ 20A o up? + 20 A1y 19
—pup? —20A 1 AT — 20 A1y,

When T = R, the recursion formula reduces to

D+ 2D 1 2 D~1a)
—2pD7Yo =D, —2pD 1)

—
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