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(2+1)-dimensional 'universal’ system

Consider a (2+1)-dimensional system of hydrodynamic type
wg = O My, + uty, — ug0, Muy,, (1)

Pavlov (2003), Martinez Alonso & Shabat (2003)

Lax representation for (1) is
I = 19,1+ Q, la,b] = ab, — ab

where
l=X4+u Q=1 +ur+09,  u,.

Ferapontov & Khusnutdinova, Dunajski, Manakov & Santini, Grant, Strachan
Hereditary recursion operator: & = u, ;' —u+ 9,0, w, = ®"uy.

(no-go theorem Zakharov & Konopelchenko (1984))
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Motivation

Consider the semidirect product of the Virasoro algebra and the
dual and central extensions of this product. Then the Euler
equation represents a (2+1)-dimensional bi-Hamiltonian system
which contains the system (1) as a sub-system.

Ovsienko & Roger (2007)

We consider the loop algebra over the Lie algebra of Ovsienko
and Roger and central extensions of the former, but we use the
approach in spirit of the paper by A.G. Reyman &
Semenov-Tian-Shansky (1988)
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Universal hierarchy

The universal hierarchy is a set of commuting flows of the form
Gy, =[(A"G)4,G], neN

where
G=14+gA\ t++gpr2%+...

or
G=go+ @\ + g\ +....

Fora =), ai\" wesetay =}, a;\'", and the commutator
la,b] = ab, — ba,.
A finite-field reductions can be obtained upon setting

1 N
G =5 [+

1=1
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Vector flelds.on the circle

Consider v = Vect(S!)[X\,\"!] over K = R or C. Then,

la,b] = ad,b := ab, — ba, a,b € v.
We have the standard pairing of v and v*
(u,a) = / res (au) dxdy u€Ev” acw,
S1 xSt

where res Y. o\ i = p_1.

Thus
(ad’u,b) = — (u,adb) = ad,u=2a,u+ auy.
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Adjoint invariance

Consider the Lie-Poisson bracket on some Lie algebra g

{HvF} (77) — <777 [dFa dH]R> )
wheren € g*, H, F € C*>(g*) and dH, dF € g.

Then the Hamiltonian equations take the form

Nt = adEdHU-

One can identify ad™ with ad if there exists a symmetric nondegenerate
bilinear form (-,-) : v x v — K which is ad-invariant, i.e.

(a,[b,c]) + ([b,a],c) = 0.
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Semi-direct product of v and v*

Let tv = v x v*, with the Lie bracket defined by
[(a,u), (b,v)] := ([a,b],ad;v — ad,u) , (2)

where a,b € v and u,v € v*.

There is a natural nondegenerate bilinear symmetric product on tv

((a,u), (b,v)), = (v,a) + (u,b) = /Slel res(av + bu) dxdy

which is ad-invariant with respect to (2).
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Classical R-matrices

There Is a natural decomposition of tv into Lie subalgebras
=1t Pto_,

where (32, piA')4 = Zi}O pitand (32, piA') - = D i<0 PiN'.

Thus, we can define the classical R-matrix on v as

1 I 1
=~ (P, —-P)=P, —==-—P_

which defines an additional Lie bracket on to

[u,v]p = [Ru,v] + [u, Rv].
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Infinite family of R-matrices

Actually, we have an infinite family of classical R-matrices
R, = R\" n € 7 (3)
and the corresponding new Lie brackets on

u,v]p = [Ryu,v] +[u, Ryv] u,v€mw. (4)

n

The R-matrices (3) and the Lie brackets (4) are well-defined since \™ is
a so-called intertwining operator, i.e. satisfy

A, v] = [AN"u, v] = [u, \"v].
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Cotangent.universal hierarchy

Let [ be an element of tv = v X v*, I.e.

l = (ll,lg) = Z(uz,vz))\z

i€
Now we can write down the cotangent universal hierarchy

L, = [RO™), 0 = [\, n=01,2,....

In the component form we can write (5) as

(l)e, = [(A"l1)+, 1]
(lQ)tn — ad?Anll)_FlQ - ad2<1 ()\nlz)+

(5)
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Central extension

Let g be an arbitrary Lie algebra with respect to [, -].
Consider g = g ¢ C.

The bracket
[(av 77)7 (ba g)] — ([aa b]v w(av b)) 3

where a,b,c € v, n, £ € K, for a bi-linearformw : v x v — C, is a Lie
bracket on v provided w is two-cocycle, i.e.

w(a,b) = —w(b,a)
w(la,b],c) +w([b, c],a) + w([c, a],b) = 0.
Then one can consider Lie-Poisson bracketong=g =g ® {a}

{Hv F} (77) — <77> [dFv dH]R> T w(av b)a

where o € K.
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Central extensions

In analogy with Ovsienko & Roger define the following two-cocyles on tv.

An analogue of the Maurer-Cartan two-cocycle:

w1 ((a,u), (b,v)) = ((a,u), (b,v)y),, = /glxgl res(avy, — bu,) dzdy.

The generalization of the Gelfand-Fuchs two-cocycle:

o2 (@), (0.0) = (@) O.Dar) = [ vestabu,) dady,
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Centraly extended cotangent universal hierarchy

Letl = (I1,12) = >, (u;, v;)\* be some element from v = v x v*.

The Lax hierarchy of pairwise commuting flows is

(11)e, = [(Q)+, ] + ady (Q27) +

(l2)i, = ad{qe), lo — ad], (Q9)+ + ady (Q9)+ + 53,(2])+,
where (3, pi)')+ = > ,5o wiA' and a, 8 are constants.
The Lax hierarchy is generated by Q, = (21, Q) satisfying

QF, L] + (), =0
adgsls — ady, Q5 + a(Q3)y + B(€])3. = 0.
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Functionals ontv.

The space C*°(1* = tv) consists of functionals
EIU)::L/Q B (... Gy, o Ty @0 Ty, O Vs, .. ) daxdy,
St xSt

where @ includes all fields from I = (I1,12) = >, (u;, v;)\* € to.

Then, the differential dH reads

. SH 6H\ SH 0H\ . _; ,
deH<5l2’5l1>zz:<5’Uz 5’LL@))\ ’

such that

OH
l dH i i dxd
a, /z( | fu>tm) vy,
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Natural Lie-Poisson bracket

The natural Lie-Poisson bracket on C> () is
{H,F}(l)=(,[dF,dH]),, + cw; (dF,dH) + B wy (dF,dH),

wherel € o and H, F' € C* ().

Let dH = (62H,6,H), where §; H = fs? fori=1,2.

Then the related Poisson tensor 7, such that
{H,F} = (dF,mdH )y wdH = ((rdH)1, (7dH)2),
IS given by the formulas

(WdH)l — [52H, ll] + OZ(CSQH)y
(WdH)Q — ad§2Hl2 — ad}klc?lH -+ Oz((51H)y + ﬁ(52H)3x
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Family of new Lie-Poisson brackets

The R-brackets R,, induce a family of new Lie-Poisson brackets on
C> ()

{H,F}, (1) = (L[dF,dH]p ) +aw™ (dF,dH)+ 3w, (dF,dH),

where

win (u,v) = w;(Ryu, v) + w;(u, R,v) u,v € fo i=1,2. (6)

1

The related Poisson tensors such that {H, F'},, = (dF, 7,dH )z are
(mpdH)1 = [RpooH, l1] + Ry, [62H, l1] + (R, + R),) (a(62H)y)
(WndH)Q = ad};n52ng — ad?l R, 01H + R: (ad;ngg — ad?l 51H)

+ (R + Ry) (a(01H)y + 8(02H)32)

where R} = —\"R,,.
All the Poisson tensors ,, are compatible.
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Lax representation

The annihilators of natural Lie-Poisson bracket, such that 7€}, = 0 and
Q, = (Q1,Q3), satisfy

0 = [Q7, l] + o),
0 =adgals —ad), Q5 + a(23)y + B(€2])3s.

Then €2, generated Lax hierarchy of pairwise commuting symmetries

(I1)t, = [(Q)+, 1] + @y (2]) +
(l2)e, = ad{qe), lo — ad], (Q9)4 + dy (Q5)4 + BIH(Q])4-
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Multi-Hamiltonian Lax hierarchy

Then the Lax hierarchy is multi-Hamiltonian

lt = ...= 7'('_1qu_|_1 = 7'('0qu = 7T1qu_1 = ....

q

The respective Hamiltonians H, can be reconstructed from €2,, by the
homotopy formula

The Poisson tensors m,, form a proper subspace of w with respect to
MifN>n>-mforN>0andif0>n>—mfor N =—1.
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Generic reductions

In the generic case the appropriate Lax operators have the form
L= (un,vn)AY + (unv—1, o)XY + o 4 (U, 1) A, ()
where N > —1, m > 0 and up IS nonzero constant and v, IS constant.
We are looking for the generating functions in the form
Qy = (@AY + a1 AT+ b AT+ b AT L),
where a, and b, are constants and a, # 0.

Note that
Q, = \1Qy.
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Example

Consider the Lax operator in the form
l=(\+u,v).
We have
Qo= (1+uA"+ad, ' u A2+ AN+ oA+ BAT?P O 4L,
where

A = a0, v, + Bua,

B = a*0; %uy, — 2a0; ! (uuy) + aud; 'u,

1
C = a0, *vy, + a0, H(uv), — 20ud; ‘v, + avd, u, + 20Uz, — §ﬁui — Butly.
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Example

The first nontrivial member of the Lax hierarchy is

ug, = 0, Yy, — auu, + augd;, Mu,
= o0, " 2 20,0y ! ;"
Vi, = Q70 Uyy T 20Uy 0 — QUUy — 20U 0, " Vy + QU0 Uy

+ 20‘6“:1;:1;3; — 28U Upy — BUULgy -

If w = w, and a« = —1 the first equation is
Wyt = Wyy + WrWyy — WrgWy,

l.e. the system (1).
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Example

The above two-field system is bi-Hamiltonian

<U> :WodHQ :7T1dH1
v s
with respect to the compatible Poisson tensors
0 0, 0 Ozu — 2u0, + ad,
T = m1 =
"o, o P\ —20,u 4wy + a0, BO3 + Oyv + 00,
and Hamiltonians

1
H, = / (ozuc‘?;lvy — —ﬁuum> dxdy
Sl XSl 2

1
Hy = / (@?ud *vyy + auvd; tu, — aud; v, + afung, — 162u2um) dzdy.
St xSt
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Conclusions

We considered the loop algebra over the semi-direct product of
Vect(S!) and its dual. Then we constructed the central extensions of

the loop algebra in question.

Using the above structures we suggested a systematic
construction of a wide class of (2+1)-dimensional integrable

bi-Hamiltonian systems.

The Lax hierarchies we considered provide multi-component
generalization of the well-known universal hierarchy.
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