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Abstract. This work is an introduction to the local geometric theory of
Veronese webs developed in the last twenty years. Among the different possible
approach, here one has chosen the point of view of differential forms. Moreover,
in order to make its reading easier, this text is self-contained in which directly

regards Veronese webs.

Introduction.

The aim of this work is to provide an introduction to the local theory of
Veronese webs from the geometric viewpoint. Although the classical theory is
only developed on real manifolds there is no difficulty for extending it to complex
ones as well, so both case will be considered here. In our approach differential
forms play a crucial role, which will allow us to benefit from the advantages of
Cartan exterior differential calculus.

The notion of Veronese web, due to Gelfand and Zakharevich for the case
of codimension one [3, 4, 5] and some years later extended to any codimension
by Panasyuk and Turiel [9], [17] (see [18] as well), is a tool for the study of
generic bihamiltonian structures in odd dimension and more generally of Kro-
necker bihamiltonian structures. As it is well known bihamiltonian structures,
introduced by Magri in [6], are related to some differential equations many of
them with a physical meaning. Therefore it seems interesting to describe this
geometrical objects.

With respect to the local aspect of this subject here, among other results,
one shows that:

1) giving a generic bihamiltonian structure in odd dimension is like giving a
codimension one Veronese web (theorem 3.2),
2) in the analytic category Kronecker bihamiltonian structures and Veronese

webs are locally equivalent (theorem 3.2 again; to point out that in codimension



one we may utilize the theorem on symmetric hyperbolic systems, therefore on
real manifold the C'*° class is enough, while in codimension two or more the
Cauchy-Kowalewsky theorem and the analyticity are needed).

Moreover a completely classification of 1-codimensional Veronese webs is
exhibited (theorem 6.1). In higher codimension no local classification is known
but, in the analytic category, one gives a versal model for Veronese webs.

On the other hand a link between classical 3-webs and Veronese webs is
established in the example at the end of section 2 (see [1] by Bouetou-Dufour
t00).

For the global aspect of the question, still widely open, the reader may
consult the papers by Rigal [11, 12, 13].

The present text consists of six sections and, in order to make its reading
easier, it is largely self-contained in which directly regards Veronese webs. The
first paragraph is devoted to the algebraic theory including the classification of
pairs of bivectors (proposition 1.4). In the second one the notion of Veronese
web, illustrated with different examples, and its main properties are discussed.

In the third section one associates a Veronese web to every Kronecker bi-
hamiltonian structure and conversely; moreover the local equivalence between
Kronecker bihamiltonian structures and Veronese webs is established. The
fourth and fifth paragraphs, rather technical, are aimed to solve some exte-
rior differential systems needed elsewhere. Finally the sixth section contains
the local classification of 1-codimensional Veronese webs and the versal models

for higher codimension.

1. Algebraic theory

The first part of this section is devoted to the study of the algebraic prop-
erties of Veronese webs; in particular one gives a method for constructing any
Veronese web by means of an endomorphism of the support vector space. The
second part contains the classification of pairs of bivectors.

All vector spaces considered here are real or complex.

1.1. Algebraic Veronese webs.
Given an endomorphism J and a subset A of a vector space V, the vector

subspace spanned by (4, J) will mean that one spanned by AUJ(A)UJ?(A)U....



When A itself is a vector subspace and (A, J) spans V' we will say that the couple
(A, J) is admissible.

Lemma 1.1. If (W, J) is admissible and 1 < dimV < oo then there exist
H € End(V) and a basis {e1,...,e,} of W such that:
(a) H is nilpotent and Im(H — J) C W.
(b) V = j_, U; where each U; is the vector subspace spanned by (e;j, H).
(c¢) The number of vector subspaces U; of dimension > { equals dim(W + JW +
e W) —dim(W + W + L+ JE2W) if 0> 2 and r if £ =1

(
(

Therefore the family of natural numbers {dimU;}, j = 1,...,r, only depends,

up to permutation, on J and W.

Proof. First remark that W 4+ JW + ... + J*W = W + JW + .. + J*W
when J = J + G and ImG C W. Therefore it is enough to prove lemma 1.1 for
some J; moreover (c) directly follows from (a) and (b) because H is a particular
case of J.

We will prove (a) and (b) by induction on r = dimW. Let £ be the first

W4+ JW ..+ JW

natural number such that dim WL IW T o W < r. Then there

exists e € W — {0} such that J’e belongs to W + JW + ... + J*~1W; that is to

say Jte = vy + ... + vs_1 where each v, € JEW:

Given a basis {dy,...,d,} of W set G = Z;Zl d; ® a; with o, ..., € V*.
Then (J+G)! = J¢+J 1o G+ A where ImA C W+ JW +...+J'2W. Hence
(J+G)e=vp1+ > a;(e)J*"td; 4+ v where v belongs to W + JW + ... +
J!=2W , which allows us to choose aj...,a, in such a way that (J + G)e = v'.
So by considering J + G instead of J and calling it .J, we can suppose that Jée
belongs to W 4+ JW + ... + J72W.

Starting the process again with another G= Z;Zl d; ® aj, where this time
a1 (W) = ... = a,.(W) =0, one has (J+G)’e = vy_o +3 5 a(Je)J 2 dy "
with v” € (W + JW + ... + J*73W) and we may suppose that J‘e belongs
to W+ JW + ... + J*2W. Then we choose ai,...,a, such that a;(W) =
a;(JW)=0,j=1,..,r, and so one. In short we can assume Jle = 0 without
loss of generality.

Let U denote the vector subspace spanned by (e, J). By the choice of e the
set {e, Je, ..., J* e} is a basis of U and dim(WNU) = 1. Let w: V — 3 be the



canonical projection and .J the endomorphism of % induced by J. By the induc-
tion hypothesis, applied to %, % and J, there exist vectors eq, ..., e,_1 € W and
an endomorphism G = Z;;I m(e;) ® B; of ¥ such that {m(e1),...,m(e;—1)} and
H = J + G are as in lemma 1.1. Let l;, 7 =1,..r — 1, be the dimension of the
vector subspace spanned by ((e;), H). Since J+G where G = Z;;i e;®(Bjom)
projects into H and é(U) =0, by calling J to J + G, one may directly assume
H = J. Thus each J%(e;) = 0 whence Jbe; = i;h apjJ"e.

Now suppose £; < £ for some j. Let m be the biggest k > ¢;, if any, such
that ag; # 0. Then J™e belongs to W + JW + ...+ J™ W, which contradicts
the definition of of ¢; so aj; = 0 when k > ¢;. But in this case J% (e; — ay, ;€)
belongs to W + JW + ... + J% 1 which again contradicts the definition of
¢ because {e1,...,e,_1,¢e} is a basis of W and e; — ay;;e # 0. In short £ < /;,
j=1,.,r—1.

Let V/, j = 1,..,7 — 1, the vector subspace spanned by {ej, ., Jb71es )
Asm: V) — U; is an isomorphism, {e;, ..., J%le;} is a basis of V/and V =
Vio..oV/ _oU. Set G =e®a with «(U) = 0. Then (J + G)%e; =
Zi_:%)(akj + a(J%~F1e;)) I e, which allows us to choose a in such a way that
(J+G)%e; = 0. For finishing it suffices considering the basis {e1, ..., e,_1, e} of
W and the endomorphism H = J + G. O

Lemma 1.2. If (W, J) is admissible, dimV =n > 1 and {wy,...,w,} is a
basis of W then:
(a) The curve ¥(t) = o(t)((J +tI) " wi) A o A ((J + t1)"tw,) in ATV, where
©(t) is the characteristic polynomial of —J, is polynomial of degree n — r.
More precisely there exists a basis {e;;}, i = 1,...,n; and j = 1,...,7, of
V' such that ¥(t) = y1(t) A ... Ay (t) where every v;(t) = >.12, t7 " e;; and
€1 N o Nep 1 =wr Ao Nwp.
(b) Let (W, J) be a second admissible couple. If Im(J—J) C W then 3(t) = ~(t)
where 3(t) = @) (J+tD) " wi) A A((J+ED) " w,) and $(t) is the characteristic
polynomial of —J.

Proof. Consider H € End(V) and a basis {e1,...,e,} of W like in lemma
1.1. Set n; = dimU; were U; is the vector subspace spanned by (e;, H). By

multiplying e; by a suitable scalar one can suppose that wi A...Aw, = e;A...Ae,,



so (J+th)te)) Ao A((J+tD) 7 te,) = (J+ D) ) Ao A((J + 1) " w,),
which allows us to work with ey, ..., e, instead of wy, ..., w,.

Note that {e;; = (—=1)""H" e}, i = 1,..,n;, j = 1,..,7, is a basis
of V. Set p(t) = t"((H +tI)ter) Ao A((H +tI)"te,). As t™(H +tI)~ =
S (=)= H™ ~ on Uy, then p(t) = p1(t)A...Ap,(t) where every p;(t) =
Yt e

Let us see that v(t) = p(t). Since Im(J — H) C W one has ((J + tI) A
AN (T +tD)p(t) = Y(t)er A ... A er while the action of J +¢f on A = e11 A
o Nen—11 N ANer Ao Aep,—1, equals £ + Z;Zl e;j A\ pj where each
pj € A" "1V, The n-vector p(t) AX =t"""e; A ... Ae, A\ is transformed in
det(J+tD)t" "e; A...Ne. AN by J+tI. But calculating its action on p(t) and A
separately shows that p(t) A A is transformed in ¢(¢)t" "e1 A ... Aer A X as well;
whence ¢(t) = det(J 4 tI), which is the characteristic polynomial of —J. Thus
(J+thH A ANT+tD))p(t) =pt)er Ao Aer = ((J+ ) Ao AT +t1))v(2)
and p(t) = y(t).

A similar argument shows that 4(t) = p(¢t). O

A polynomial curve v in A"V, r > 1, is named a Veronese curve if there exists
a basis {e;;}, 1 =1,....,n;, j =1,...,r, of V such that y(t) = 11 (t) A ... Ay-(t)
where each 7;(t) = 17, t"le;;. When r = 1 one obtains the classical notion

of Veronese curve.

v(t)

tnfr’

For convenience one will set v(o0) = lim when ¢t — oo.

Lemma 1.2 provides us a method for constructing Veronese curve for which
v(00) = wi A ... Aw,. Conversely given a Veronese curve v in A"V and a
basis like in the definition, let H and W be the nilpotent endomorphism of V'
defined by He;; = —e;—1,5, @ > 2, Hey; = 0, and the vector subspace of basis
{w1 = en 1,y Wp = €y} respectively. Then (W, H) is admissible, nq,...,n,
are the natural numbers associated to (W, H) by lemma 1.1, and {wy, ..., w,},
H give rise to v. Thus any Veronese curve can be constructed through lemma
1.2.

Every v(t) € A"V is decomposable and defines a r-dimensional vector sub-
space of V. The union of all these vector subspaces spans V since each ~;(K)
spans the vector subspace of basis {e;;}, ¢ = 1,...,n;. Now assume that y(¢) =

() ((JH+tD) " w ) A A((J+ED) " w,) = @) ((J+HED) " o)A A((J+ED) "M,



then v(00) = wy A .. Awyp = W1 A oo AWy

On the other hand the action of J — J = (J +tI) — (J + tI) on ~(t) equals
(@(t) — @(t))wi A ... Aw,; so J — J maps the vector subspace defined by ~(t)
into W. Hence Im(J —.J) C W.

Obviously if wy A... Aw, = W1 A... AW, and Im(j—J) C W then wiA...Aw,,
J and Wy A ... AWy, J define the same Veronese curve.

Two admissible couples (W, J) and (W, .J) are named equivalent if W = W
and Im(J — J) € W. Clearly the family of natural numbers given by lemma

1.1 is the same for equivalent couples. From all that said previously follows:

Proposition 1.1. (a) Giving a Veronese curve in A"V, r > 1, is like
giving a class of equivalent admissible couples (W, J), where dimW =r, and an
element wy A ... Nw,. € A"W — {0}, by setting v(t) = o(t)((J +tI)"twi) Ao A
((J +tI)~tw,), where ¢(t) is the characteristic polynomial of —J.

(b) Consider a Veronese curve y(t) = y1(t)A... Ay (t) in AV and a basis {e;;},
i=1,..,n;,j=1,..,7, of V such that v;(t) = > 12, t" Le;;, j = 1,...,r. Then,
up to permutation, the family of natural numbers {n1,...,n.} only depends on ~y
and corresponds to the family {dimU,}, j =1,...,r, given by lemma 1.1 applied
to (W, J).

(c) Two Veronese curves in A"V are isomorphic (through an isomorphism of
V) if and only if they have the same family of natural numbers {ny,...,n,} up

to permutation.

Remark. Any vector subspace of A"V containing a Veronese curve 7 is at
least of dimension n—r+1 since v(0), 1) (0), ...,¥(*~")(0) are linearly indepen-
dent. Indeed if n; = ... = n,, = 1 it is obvious; otherwise assume, for example,
ny > 2 and consider a linear combination Y",_ a,y?(0) = 0.

Let 4 denote the projection of v into A"V’ where V' is the quotient of V' by
the line spanned by e,,1. Then 7 is a Veronese curve in A"V’ of degree n —r —
1. As 5(0),71(0),...,5=7)(0) are the projections of v(0), ™ (0), ..., 7~ (0)
and 7("=7)(0) = 0, the induction hypothesis implies that ag = ... = ay,_,_1 = 0.
So a, """ (0) = 0 whence a,,_, = 0.

Now we will introduce the notion of Veronese web on a n-dimensional vector

space V with n > 1. A family w = {w(t) | t € K} of (n — r)-planes is called a



Veronese web of codimension r if there exists a Veronese curve v in A"V* such
that w(t) = Kerv(t), t € K. The curve v will be named a representative of w.

If 4 is another representative of w then 4(t) = f(¢t)y(t) for any t € K. As
and 4 are polynomial curves of degree n—r and never lie into a (n —r — 1)-plane
of A"V*, f is constant and 7(t) = ay(t), a € K — {0}. This allows us to define
w(oo) = Kervy(oo), which does not depend on the representative. Moreover if
{Bi;},i=1,...,n5,7=1,...,r is a basis of V* such that v(t) = v1(¢t) A... Ay (t)
where each v;(t) = Y17, t*718;;, then w(0o) = Ker(Bn,1 A oo A Bnpr)-

In view of lemma 1.2 and proposition 1.1 one has:

Proposition 1.2. Consider on a n-dimensional vector space V and a nat-
ural number 1 < r <n.
(a) Given a r-codimensional vector subspace W and an endomorphism J both
two of V', if (W', J*) spans V* where W' is the annihilator of W in V* then
Y(t) = p(t)((J + tI)~1)*B, where ¢ is the characteristic polynomial of —J and
B a r-form such that Ker(3 = W, represents a Veronese web w of codimension
r.

Moreover limi_,oot™ "y(t) = B, w(oo) = W and (J + tIw(oo) = w(t) for
any t € K.
(b) Any Veronese web on V' of codimension r may be represented in this way.
(c) Assume that 4(t) = @(t)((J + tI)=1)*B and 5(t) = t)((J + tI)~1)*3
represent two Veronese webs w and w respectively. Then w = w if and only if
B=afB, acK-{0}, and Ker(J —.J) D w(oo) = w(c0).

In this last case 5 =~y if and only if 3 = 3.
(d) Up to permutation the family of natural numbers {ni,...,n,}, associated to
a splitting of a representative of a Veronese web w, only depends on w. This
family characterizes the Veronese web up to isomorphism.

By definition nq, ...,n, will be called the the characteristic numbers of w and

their maximum the height of w.

Remark. Often hereafter we will write A(G, ...,G) or A o G instead of G*A
when G is a morphism and A a form.
On the other hand, note that (W', J*) spans V* if and only if W does not

contain any non-zero J-invariant vector subspace.



By (c) of proposition 1.2 the restriction of J to w(oo) gives rise to a morphism
¢ : w(oo) — V with no ¢-invariant vector subspace different from zero (this
notion is meaningful since : w(oo) C V') and which only depends on the Veronese
web w. Moreover (£ + tI)w(oo) = w(t), t € K, that is to say £*a = —ta|y ()
for any o € V* such that a(w(t)) = 0 and any ¢t € K. This last property
characterizes ¢ completely because the union of the annihilators of w(t), t € K,
spans V*.

Conversely given a morphism ¢ : W — V whose only {-invariant vector
subspace is zero, we may construct a Veronese web by considering an endomor-
phism J of V such that Jjy, = £ and applying (a) of proposition 1.2 to it. This
Veronese web only depends on ¢. In fact w(t) = (¢ + ¢I)W. Thus:

Giving a Veronese web of codimension r > 1 is equivalent to giving a mor-
phism £ : W — V, where W is a r-codimensional vector subspace, without

non-zero £-invariant vector subspaces.

Proposition 1.3. Consider a Veronese web w of codimension r > 1, a
basis {a1,...,an} of V* and scalars ai,...,a,. Assume that oj(w(—a;)) = 0,
j=1,...n. Then w can be constructed through (a) of proposition 1.2 by means

of the endomorphism J defined by J*o; = ajoy, 7 =1,...,n.
Proof. As (*a; = ;o y, then " = (Jyw)*, so J is an extension of £. [J

Lemma 1.3. Consider a Veronese web w of codimension r > 1 on a n-
dimensional vector space V' and its characteristic numbers ny > ... > n,. Let
k; be the number of n, greater than or equal to j. Thenr =k, > ... >k, >1,
ki =01ifj>ny, and k1 + ... + k,, = n. Moreover:

(1) Given non-equal scalars by, ...,by,_k, b, where 1 < k <, there exists a basis
{o,...,an} of V* such that a;j(w(b;)) =0, j = 1,....,n — k, oj(w(b)) = 0,
j=n—k+1,...,n.

(2) Given, this time, non-equal scalars ci,...,cp, there exists a basis {B3;;}, i =

1, kj, i=1,...,n1, of V* such that B;;(w(c;)) =0,i=1,...,k;, j=1,...,n1.

Proof. First consider a basis {e/;}, i =1,..,n;, j =1,..,7rand n; > ... >

ny, of V* such that () = y1(t) A ... Ay.(t), where each ~;(t) = Y12, t*" ey,



is a representative of w. Now if ¢ : {1,...,n — k} — {1,...,r} is a map such
that go_l(ﬁ) has ny — 1 elements when 1 < £ < k and n, otherwise, it suffices to
set o = () (b5), J = 1,..,n =k, and o = vjyk-n(b), j =n—k+1,..,n, for
proving (1).

With regard to (2) set 8;; = vi(¢j), i=1,....,k;, j=1,...,n1. O

1.2. Pairs of bivectors.

In this paragraph we will give the classification of pairs of bivectors, due to
Gelfand and Zakharevich, by regarding them as quotients of symplectic pairs.
Consider, on a finite dimensional vector space W, a pair of bivectors (A, Ay).
One defines the rank of (A, A1) as the maximum of ranks of (1 — ¢)A + tAq,
t € K. Note that rank((1—t)A+tA1) = rank(A, A1) except for a finite number of
scalars t, which is < W (they are given by the polynomial equation ((1—t)A+
tA1)* = 0 where rank(A, A;) = 2k). We will say that (A, A1) is maximal (or of
mazimal rank) if rank(A) = rank(Ay) = rank(A, A1). Obviously if (A, A1) is
not maximal one may choose A’ = (1 —a)A+aA;, Aj = (1—a1)A+ a1 Ay, with
a # ay, which is maximal. Consequently it suffices classifying maximal pairs.

Recall that to any symplectic form w defined on a vector space V of di-
mension 2n one can associate a dual bivector A, by means of the isomorphism
veV -w, )eV*(orveV —w( ,v)e V*; theresultis the same). Con-
versely any bivector whose rank equals 2n can be defined in this way. More gen-
erally when A is a bivector on W, considered as a bivector on ImA = A(W*, )
it is the dual of a symplectic form. Thus every bivector can be described by its
image and a symplectic form on it; that is to say by the annihilator of ImA, or
one of its basis, and a 2-form whose restriction to ImA is symplectic.

Let Vo, 7:V — vlo and A be a vector subspace of V', the canonical projection

1%

and the bivector on 7= image of A, by 7 respectively.

Lemma 1.4. Consider a second vector subspace Vi such that V = Vy &
Vi. Assume isotropic Vy. Let A’ be the bivector on Vi pull-back of A by the

isomorphism w : Vi — VLO Then A’ is defined by w(Vo, )y, and wyy, .

Proof. Set dimVy = n — k. There exists a basis {ey, ..., e2,} of V such that
w= " e5 4 Nes;q and {egj1}, j = k+1,...,n, is a basis of Vo. Then
A= 7'('(61) AN ’/T(@Q) + ...+ 7'('(62]6,1) A 7T(62k).



On the other hand, as V = V, @V} there exists a basis B = {e; +v1, ..., ear. +
Vak, {€2j + V25 } j=k+1,....n} Of Vi where every v; € V. Obviously A’ = (e1 4+v1) A
(e2 + v2) + ... + (e2k—1 + var—1) A (ear + vag).

The restriction to V1 of the family {e}}, j = 1,...,2k and j = 2(k+1), ..., 2n,
is the dual basis of B. So A’ will be defined by the restriction to Vi of the
2-form ey Aej + ... + €3, A €5, which equals that of w, and by the basis
~{e§jlv1 = w(ezj_1, )\Vl}’ j=k+1,...,n of the annihilator of ImA’ . O

Warning lemma 1.4 can fail if V4 is not isotropic. For example on K*:
w=-efNes+eiNnel, Vo =K{es,eq} and V1 = K{ey + e3,e2 + eq}.

Remark. On a finite dimensional vector space E consider a symplectic form
Q and a 2-form ;. Let K be the endomorphism defined by Q; = Q(K, ),
that is to say Q4 (v, w) = Q(Kv,w), v,w € E. Then Q(K, )=Q( ,K); thus
every Q(K*, )is a 2-form on E. By definition the characteristic polynomial,
the minimal one and the elementary divisors of (€2, ;) will be those of K.

Suppose that the characteristic polynomial of (€2, Q) is the product pips
of two monic relatively prime polynomials. Then (£2,€Q;, F) can be identified
to the product of two similar structures (Q,Q1, E1) x (922,Q%, Ey) where p;
is the characteristic polynomial of (Q%,€%), i = 1,2. In this way classifying
(©,€1) reduces to the case where the characteristic polynomial is a power of
an irreducible polynomial. It is not difficult to see that the model of (€2,$4)
is completely determined by the Jordan structure of K. Moreover every ele-
mentary divisor occurs an even number of times, so p is the square of another
polynomial, and the minimal polynomial divides the square root of p.

Let us come back to the main question. Consider a second symplectic form
wy on V, the dual bivector A,, and its image A; by 7 on . Let J be the

Vo
endomorphism (in fact the automorphism ) of V' defined by w; = w(J, ).

Lemma 1.5. Assume that Vi is isotropic for both w and wy and (A, A1) is

maximal. Then the vector subspace spanned by (Vo,J) is w and wy isotropic.

Proof. First note that rankA = rankA, = 2r, where dimVy = n — r,
because Vj is bi-isotropic. On the other hand if rank(A, + tA,,) = 2n then
w((I+tJ~H~L ) isits dual symplectic form (recall that if Q1 = Q(K, ) then
Ay = A((K~Y*, ) when A and A; are regarded as 2- forms on the dual space).
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Since rank(A+tA1) < 2r this implies that Vj is isotropic for w((I+tJ 1)~ ),
so w((I +tJ Y~ lv,w) =0 for any v,w € Vj.

Near 0 € K one has rank(A, + tA,,) = 2n so deriving at ¢ = 0 suc-
cessively yields, up multiplicative constant, w(J *v,w) = 0, k > 0. Hence
w(J v, J7%w) = 0 for any £,5 > 0 as w(J, )= w( ,J). This implies that
the vector subspace spanned by (Vp, J 1) is w-isotropic; but this last one equals
the vector subspace spanned by (Vp, J) since J is invertible.

Finally as our vector subspace is J-invariant it has to be wj-isotropic. O

For the remainder of this paragraph (A, A1) will be a maximal pair of bivec-
tors defined on m-dimensional vector space W. Set r = corank(A, A;). Assume
that A is defined by ay, ..., au., @, and Ay by (i, ..., B, 01, where aq, ..., ay, B1, ..., B €
W* and @, 0, € A2W*.

Let Vy be a vector space of dimension r and {ey,...,e,} one of its basis.
Let {ej,...,ef} denote the extension of the dual basis of {e1,...,e,} to V =
W @V, by setting ef (W) = 0, i = 1,...,7. On the other hand we will regard
1y evey Qpy B1y ooy Br, 0,01 as forms on V' osuch that «; (Vo) = B:(Vo) = 0, @ =
1y yr, @(Vo, ) = @1(Vo, ) = 0. Now on V one considers the symplectic
formsw=o0+a;Nej +...+a,Nef andwy =w1 +PB1 Aef +...+ B Nep. If we
identify W to % by means of the canonical projection, by lemma 1.4 the pair
(A, Ay) is just the image of the dual pair (A, Ay,). Thus any maximal pair is
the quotient of a symplectic pair by a bi-isotropic vector subspace.

By technical reasons we will deform w for simplifying the algebraic structure
of the symplectic pair. Set w, =wi +B1 Ap1 + ... + B Aptr =01 + 1 A (e] +
1) + ... + B A (e + pr) where pq, ..., . € V*, which is symplectic if and only
if {(e] + p1)vys - (€ + pr)jv b s still a basis of Vi*. In this last case Vp is
w,, isotropic and the dual bivector A, projects into A; as well (apply lemma
1.4 again). Let J and J, be the endomorphisms defined by wi = w(J, ) and
wy = w(Jy, ) respectively, and let €; be the vector defined by w(e;, )= puj,
j=1,.r Then J, = J +>"_ (e; ® B + Je; @ ;).

Therefore, since Jupvy = 22:1 Jej @ (€} + ) |v,, the form wy, is symplectic,
that is to say J,, is an isomorphism, if and only if JM|V0 is a monomorphism.

Let V4 denote the vector subspace spanned by (Vp, J), and Va the w-orthogonal
of V1. As JV; = V] the vector subspace V5 is the wi-orthogonal of V; too. From
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lemma 1.5 follows that V; is isotropic for w and wy; thus V4 C Vs and 3;(V2) = 0,
J=1,..,r, since §;(Va) = —wi(ej, V2). Hence J, = J + 377, Je; @ pj on Vo
and (J, — J)Va C JV,.

Hereafter assume w, symplectic. Then J,Vy = JVy. This implies that
(Vo,Ju) spans Vi as well. Again lemma 1.5, this time applied to w,w,,, shows
that V; is w,-isotropic; moreover V5 is the w,-orthogonal of Vi because J, Vi =
Vi. Obviously JV, = J, Vo = Vi since JVi = J, Vi = Vi and V5 is the orthogonal
of V1 for w, wy and w,,.

The restricted forms wjy, and wijy, = wyy, (recall that §;(V2) = 0 so
(Wu —u)l)‘v2 = 0) project into a pair (@,&;) of symplectic forms on % As
wi =w(J, )andw, =w(Jy, ), the endomorphism J of {# defined by &; =
w(J, ) is just the projection of both Jv, and J#|V2'

The next step will be to control the characteristic polynomial of J,,, which
is the product of three characteristic polynomials: that of the projection of J,
on V%, that of JMV1 and that of the projection of J, on % This last one is the
characteristic polynomial of .J, therefore it does not depend on y; it will denote
by (1)-

As J is an isomorphism V] is also the vector subspace spanned by (JVp, J).
Now from lemma 1.1 applied to V; and (JVjy, J) follows the existence of a nilpo-
tent H € End(V1), such that Im(H — Jy,) C JV, and a basis {di,...,d,} of
JVo such that Vi = @7_,U; where each Uj is the vector subspace spanned by
(dj, H). Set G = H +>7_,d; ® A\j where Ap,.., A € Vi and A\;(U;) = 0
if i # j. Then we may choose A1, ..., A, in such a way that (d;,G) spans Uj,
j=1,..,7r Im(G - Jiv,) C JVp and the characteristic polynomial of Gy, is
any monic polynomial whose degree equals the dimension of U;. Moreover if G
is invertible, so a monomorphism, there exist w, and J, such that J#|V1 =G
since J, = J +3_7_) Je; @ pij on Va.

Consider non-equal and non-zero scalars ay, ..., a, where k = dimV7, which
are not roots of ¥(t). Then we can suppose, without loss of generality, that
(d;, J,.) spans U; and the characteristic polynomial of Ju\Uj equals Hielj (t—ay)
where {1, ..., k} is the disjoint union of I,..., I.. Thus the characteristic polyno-
mial ¢, (t) of J,, equals ¥ (t)p(t) Hle(t—ai) where p(t) is the characteristic poly-

nomial of the projection of J, on % But v, (t) has to be a square and a1, ..., ax
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are not roots of ¥(t), so ¥, (t) = ¥(¢) Hf:l(tfai)2 = (t) H;Zl(Hite (t—ay)?).

Now we may identify (w,wy, V) to a product [];_o(7;, 7/, L;) in such a way
that t(t) is the characteristic polynomial of J,,; ~and J[,c, (t — a;)? that of
JMle, j=1,..,r. Then Vo NLy = {0}, dim(VoNL;) =1,j=1,..,r, and
Vo = @%_1 (Vo N Lj); indeed J;ldj is a basis of Vo N Uj, since J,Vy = JVy, and
(J,'dj, J,) spans U;. Remark that [Lics, (t — ai) is the minimal polynomial
of any v € VyNL; — {0}, j = 1,...,7. Moreover (A,A;) is identified, in a
natural way, to the product of the dual pair (A, Ar), called symplectic, times
the projections of the dual pairs (A, AT;) on %LTJL]7 j=1,...,r, which will be
called the Kronecker elementary pairs. The case without symplectic factor and
that with no Kronecker elementary factor happen.

Let us describe the Kronecker elementary pair in dimension 2n—1. Consider,
on a 2n-dimensional vector space E, a pair of symplectic forms (€2, Q) and the
endomorphism K defined by €y = Q(K, ). Suppose that [}, (t — b;)? is the
characteristic polynomial of (€2, 1), where all b; # 0 and b; # b; if ¢ # j. Let
Ey be a 1- dimensional vector subspace of E such that the minimal polynomial
of its non-zero elements is []\_; (¢ — b;). Then there exists a basis {e1, ..., e2,}
of E such that Q@ =ej Aes+...+€5,_ 1 ANe3,, Q1 =bief Aes+...+bpes, 1 Nes,
and e = — Y77 | eg; is a basis of Ey.

Denote by E1, A and Al the vector subspace of basis {ey, ..., €251}, and the
images of Ag and Ag, on Eﬁo respectively. As F = Eg ® E; by lemma 1.4 the
bivector A, considered on E; identified to E% in the natural way, is given by
O = Z;le es;_1/N\e5j, a =Y 0 e5; y (obviously both of them restricted to £1)
while A; is described by @ = Z;’;ll bjes;_1Aes;, B=375_, bjes; ;. Moreover,
since Aq + tAgq, is the dual bivector of Q((I +tK~1)~!, ) when t € K —
{—=b1,...,—b,}, the bivector A+tA; is given by u; = 22:11 bj(t+b;) " es;  Nes;
and a; = ([Tj_; (t+0;)QI+tK ) te, ) = 30 bi(ITm iy (t+0i))es; g

But pi_y,, c_yp, still define a bivector on Ey, which by continuity has to be
equal to A — b, A;. Thus corank(A+tAy) =1 for any t € K—{—by,...,—b,_1 }.
Reasoning in the same way but with other suitable direct summands of Ey (for
example for —b; the vector subspace spanned by {es, ..., €2, }) finally shows that

corank(A +tA;) =1, t € K. Hence Im(A + tA,) = Keray, t € K.

Therefore E' = NyegIm(A +tA;) is the (n — 1)-dimensional vector subspace
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% defines a Veronese

of basis {eg;}, j =1,...,n — 1, and setting w(t) =
web w of codimension one on % Indeed, identify % to the vector subspace E"
spanned by {ez;_1}, j = 1,...,n, and restrict oy to it (proposition 1.2 applied
to K|g» and (3°7_, bjes; 1)z just yields ay pn).

On the other hand (]\,]\1) is a particular case of (A, Ay) with » = 1. So
(A, A) is isomorphic to a product of a possible symplectic pair in dimension
2(n — k) and a Kronecker elementary pair associated to scalars aq,...,ar. As
dim(Im(A +tA,)) = 2n — 2, t € K, the characteristic polynomial of the sym-
plectic factor has no roots and in this case an elementary calculation yields
dimE' = 2n — k — 1. But dimE’ = n — 1 so k = n; that is to say there is no
symplectic factor. In other words our pair can be constructed from any family
of non-zero scalars {a1, ..., a, } such that a; # a; if i # j, which shows that the
Kronecker elementary pair (]X, ]\1) only depends on the dimension 2n—1 but not
on {b1,....bn}. Thus, up to isomorphism, in every odd dimension there exists
just one Kronecker elementary pair.

Now we may state:

Proposition 1.4. Consider a mazimal pair of bivectors (A, A1) on a finite
dimensional vector space W. Set r = corank(A, A1). Let Lo be the intersection
of all the vector subspaces Im(A+tA1), t € K, of codimension r. Denote by Ly,
its annthilator in W*. One has:

(a) Lo C ImAy and A(L), )= A(L5, ).

In what follows set L1 = A(Ly, ).

(b) The restrictions to Ly of the 2-forms associated to A and Ay respectively,
which are unique since Lo C ImA NImAq, have Ly as kernel.

Therefore the projections on f—‘l’ of these restricted 2-forms,denoted by @ and
w1 respectively, are symplectic.

(c) Setting w(t) = %J(:“\l), t € K, defines a Veronese web on LEO
(d) The elementary divisors of (w, 1) and the characteristic numbersny > ... >
n.of w determine the algebraic structure of (A, A1) completely. More precisely
(A, A1, W) is isomorphic to a product [[,_o(AY, AT, W¥) where (A%, A9, W0) is
isomorphic, in its turn, to the dual pair of (v, w1, i—?) and every (AY, A5, W),

£=1,...,r, is the Kronecker elementary pair in dimension 2n; — 1.
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(e) corank(A + aly) > r if and only if —a is a root of the characteristic poly-

nomial of (w,w1).

Remark. Let (w,w;) be a pair of symplectic forms on a 2n-dimensional
vector space V and let Vy be a line in V. Denote by V; the vector subspace
spanned by (Vo,J) where w; = w(J, ). Then the dimension of the symplectic
factor, given by proposition 1.4, of the pair (A, A1) induced by (A, A,,) on %
equals 2(n — dimVh).

Indeed, first note that rankA = rankA; = rank(A, A1) = 2n — 2 so (A, A1)
is maximal. Let e and W be a basis and a direct summand of Vj respectively.
Then w =w+aNe*, w; =& + BN e* where Kera, Ker(3, Kerw and Kerw;,
contain Vp, Kere* = W and e*(e) = 1. Therefore, after identifying W and %,
bivectors A and A; are given by @, « and @1, (3 respectively. As V =W @ V) we
are just in the situation which allowed us splitting any maximal pair. There it

was showed that the dimension of the symplectic factor equals that of %, where

V5 was the orthogonal of V7; in our case 2n — 2dimV;.

Proposition 1.5. Let W be a (2n—1)-dimensional vector space. The action
of the linear group GL(W) on (A2W) x (A2W) possesses one dense open orbit

whose model is the elementary Kronecker pair in dimension 2n — 1.

Proof. First let us show that any pair (A, A;) is approachable in (A2W) x
(A2W) by a Kronecker elementary one. As bivectors of rank 2n — 2 are generic
in A2W one can suppose rankA = rankA; = 2n — 2. Now assume that the
symplectic factor given by proposition 1.4 applied to (A, A;) has dimension
2k > 2 and minimal polynomial ¢. Note that there is only one Kronecker
elementary factor since corank(A,A1) = 1. By constructing this Kronecker
elementary factor with scalars {a1, ..., a,_x} which are not roots of ¢, the pair
(A, A1) becomes the quotient by a line Vj of a dual symplectic pair (A, Ay,)
defined on a 2n-dimensional vector space V, in such a way that the minimal
polynomial of (w,w;) is goH;L;lk(t — a;) and H;:lk(t — a;) that of each e €
Vo — {0}. In particular (e, J), where w; = w(J, ), spans a (n — k)-dimensional
vector subspace.

Set V=W @ Vp. By lemma 1.4 (A, A;), regarded on W, is given by wjy,

w(e, )w,wiw and wi(e, )y Now consider a vector €’ near e whose min-
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imal polynomial is ¢ H;L;lk (t —a;). Then (¢, J) spans a vector subspace of V'
of dimension > n — k and the symplectic factor of the quotient of (A, Aw,) by
K{e’} has dimension < 2k (see the foregoing remark). Since V=W ®K{e'} this
last pair is given on W by wjw, w(e’, )jw, wijw and wi (€', )IW; therefore we
can choose it as close to (A, A1) as desired and, after a finite number of steps,
(A, A;) will be approached by a Kronecker pair.

On the other hand if (A’, A}) is a Kronecker elementary pair, consider scalars
{a1, ..., a,} all of them different. Then dim(Im(A'+a;A})) =2n—-2,j=1,...,n,
and dim(N7_, Im(A’+a;A})) = n—1. Therefore when (A, A;) is close enough to
(A, A7) one has dim(Im(A+a;A1)) =2n—2, j = 1,...,n, and dim(N}_ Im(A+
a;A1)) = n—1. But by (d) of proposition 1.4 this last dimension equals n—k—1
where 2k is the dimension of the symplectic factor of (A,A1); so k& = 0 and

(A, A1) is Kronecker elementary too. O

2. Veronese webs on manifolds

This section contains the basic theory of Veronese webs of any codimension.
The notion of Veronese web of codimension one was introduced by Gelfand and
Zakharevich for studying the generic bihamiltonian structures on odd dimen-
sional manifolds [3, 4, 5]. Later on Panasyuk and Turiel dealt with the case of
higher codimension [9], [17]; see [18] as well. The approach given from now on,
different from that of Gelfand, Zakharevich and Panasyuk, follows the Turiel’s
work [15, 16, 17].

Hereafter all structures considered will be real C*° or complex holomorphic
unless another thing is stated.

Let N be a real or complex manifold of dimension n. A family w = {w(t) |
t € K} of involutive distributions (or foliations) on N of codimension r > 1
is named a Veronese web of codimension r, if for any p € N there exist an
open neighborhood A of this point and a curve «(t) in the module of sections of
ATT*A (that is to say y(t)(q) € A"Ty A= A"T; N for every q € A) such that:
1) w(t) = Kery(t), t € K, on A
2) for each ¢ € A, v(t)(q) is a Veronese curve in A"T*N.

The curve v is called a (local) representative of w.

Although curves v(t)(q) and v(¢)(¢’") could be not isomorphic when ¢ # ¢,
v(t) = Yy t'y; where 7g,...yn—r are differentiable r-forms on A. On the
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other hand Kervy,,_, is an involutive distribution of dimension n — r since each
Kerv(t) was integrable and limt" "v(t) = yp_r, t — oco. This allows us to
define w(oo) = Kery,_,, which does not depend on the representative because
if 4 is another representative then 4 = f~ on the common domain (see (c¢) of
proposition 1.2). In particular, there exists a global representative if and only
if w(oo) is transversally orientable. Obviously w as map from KU {oo} = KP!
to the Grassmann manifold of (n — r)-plans of TN is smooth.

Examples. 1) On S? regarded as a Lie group consider three left invariant

contact forms p1, pa, p3. Suppose that p; Apa Aps # 0 and set v(t) = (p1 +tp2) A
ps. Then v defines a codimension two Veronese web which is not flat because
Kerps = w(0) ® w(oo) is a contact structure.
2) On K* with coordinates (1, z2, y1,y2) set ¥(t) = (dwy Adys + xodz Adxs) +
t(xodza A dyy — day A dy2) + t2dyy A dyz. Then v defines a Veronese web of
codimension two since dy(t) = 0 and y(t) = (—dx1 + x5 *dys +tdy; ) A (—xodzy +
tdys) when zo # 0, while v(t) = (dza — tdzy + t2dy;) A dys if x5 = 0.

Note that v(¢)(¢) and (t)(¢’) are not isomorphic as Veronese curves when

g2 # 0 and ¢, = 0.
3) Let V be the 3-dimensional Lie algebra spanned by the vectors fields on
K: X; = (9/0t), Xo = t(0/0t) and X3 = t2(9/0t). Set w(t) = {v € V |
v(t) = 0}. As @(t) = Ker{e} + te} + t%e}} where {ef, e, e5} is the dual basis
of {X1,Xs, X3}, w = {w(t) | t € K} is an algebraic Veronese web on V. But
V' is isomorphic to the Lie algebra of SL(2,K) and each w(t) is a subalgebra
of V; therefore w gives rise to a Veronese web w of codimension one on any
3-dimensional homogeneous space of SL(2,K).

Now we shall give a local description of Veronese webs of codimension r
by means of a (1,1) tensor field and a r-form. Consider non-equal scalars
{a1,...;an_g,a}, where 1 < k < r, and any point p € N. By lemma 1.3 there
exists a basis {A1, ..., A, } of TN such that KerX; D w(—a;)(p),j =1,....,n—k,
and Ker); D w(—a)(p), j =n—k~+1,...,n. Since every distribution w(¢) is in-
volutive, on some open neighbourhood A of p one may construct closed 1-forms
B1, .., Bn, extensions of A1, ..., A, such that Kerg; D w(—a;), j =1,..,n —k,
KerB; Dw(—a), j=n—k+1,..,n,and f1 A ... A B, is a volume form.

Let J be the (1,1) tensor field on A defined by 8;0J =a;8;,j=1,....,n—k,
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and BjoJ = af;, j = n—k+1,..,n In coordinates (z1,...,x,) such that
B =dx;, j=1,...,n, one has J = Z;Zlk ajé% ® dx; + aZ?:n_k+1 a%j ® dx;,
so J is flat and diagonalizable.

Moreover, by propositions 1.2 and 1.3, if 3 is a r-form on A such that Kerg =
w(oo) then y(t) = (H;L;lk(t +a;))(t + a)*((J +tI)~1)*B is a representative of
w.

On the other hand if ny is the height of w(p) and k1 > ... > k,, are like

in lemma 1.3, given non-equal scalars a1, ...,a,, a similar argument allows to

construct closed 1-forms {BZ—]—}, i=1,...,k;, j = 1,...,n1, linearly independent
everywhere and such that 3;;(w(—a;)) = 0,7 = 1,..,kj, j = 1,...,n;. Then,
by propositions 1.2 and 1.3, v(t) = ([T/2 (t + @;)*)((J + tI)~*)* 3 where .J is

defined by Bij ] j = dj/éij, 1= 1, ) kj, j = ].7 Ny

Theorem 2.1. Let N be a n-dimensional real or complex manifold.
(1) Consider a Veronese web w on N of codimension r and non-equal scalars
a1y, Up_g,a where 1 < k < r. Then for each p € N there exist an open set
p € A and a (1,1)-tensor field J on A whit characteristic polynomial ¢(t) =
(H?:_lk(t —a;))(t — a)¥, which is flat and diagonalizable, such that:
(I) (Ker(J*—a;I))w(—a;) =0,j=1,...,n—k, and (Ker(J* —al))w(—a) = 0.
(1I) For any q € A, (w(o0)(q)’, J*(q)) spans T, A, that is to say w(co)(q) con-

" ‘means the

tains no J-invariant vector subspace different from zero (as before
annihilator).

In particular, if B is a r-form and Kerf3 = w(oo) then y(t) = (H;L;lk(t +
a;))(t +a)*((J +tI)~1)* B represents w.

Moreover is X is a closed 1-form such that KerA D w(co) then d(AoJ )|y () =
0.
(2) Now consider non-equal scalars @i, ...,a,, instead of a,...,an—g,a, where
ny is the height of w(p), and numbers ky > ... > ky, like in lemma 1.5. Then
there exists a (1,1)-tensor field J defined on an open neighbourhood A, which
is flat and diagonalizable, with characteristic polynomial o = H;L;1(t — aj)ki
such that (Ker(J* — a;I))w(—a;) = 0, j = 1,..,n1, (w(c0)’,J*) spans TA*,
A(t) = H;il(t + @)% ((J +tI)=1)* B represents w and v =4 on AN A.

Moreover d()\oj)‘w(oo) = 0 for any 1-closed form A such that KerA D w(c0).

(3) Finally, on N consider a foliation F of codimension r > 1, a r-form 3 such
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that Ker = F and (1,1)-tensor field J with characteristic polynomial p(t).
Suppose that:
(I) (F',J*) spans T*N, that is to say F does not contain any non-zero J-
invariant vector subspace.
(II) (Nj),7 = 0, where N is the Nijenhuis torsion of J, and d(po J)z =0 for
each closed 1-form p such that Kerp D F (note that if F = Ker(A A ... A Ay)
where each \; is a closed 1-form, this last condition is satisfied if and only if
MACANAAN 0 J)=0,7=1,..,71).

Then ¥(t) = (—1)"@(—t)((J + tI)~1)* B defines a Veronese web w of codi-

mension v for which w(oo) = F. This Veronese web only depends on F and J.

In view of propositions 1.2 and 1.3 and all that said previously, for proving
theorem 2.1 it suffices to show that d(\ o J)|y ) = d(Ao j)|w(oo) = 0 and that

every w(t), t € K, is involutive. For this purpose we need the following result:

Lemma 2.1. Given a 1-form p and a (1, 1)-tensor field G on manifold, then
dipoG)(G , )+d(poG)( ,G )=dp(G ,G )+d(poG?) +poNg.

Proof. Consider two vector fields X, Y. One has:

d(po G)(GX,Y) = (GX)p(GY) — Y p(G2X) - p(GIGX, Y1)

d(p o G)(X,GY) = Xp(G2Y) - (GY)p(GX) — p(GIX, GY).

Sod(poG)(GX,Y) +d(poG)(X,GY) =dp(GX,GY) +d(poG*)(X,Y) +
p(Na(X,Y)). O

Let A a closed 1-form such that KerA D w(c0). Ift € K—{—a1, ..., —ap_x, —a}
lemma 2.1 applied to Ao (J+tI)~! and (J+tI) yields d(AoJ) = d(Ao(J+tI)) =
—dNo (J+th)™H((J+tI) ,(J+tl) ).

But Ker(Ao (J + tI)~!) contains w(t) which is involutive, so d(\ o (J +
tI) ™Y@y = 0. Hence d(A o J) o) = —d(Xo (J +tI)")((J +tI) ,(J+
tI)  )jw(oo) = 0 since (J + tl)w(oo) = w(t).

The case of J is similar.

Now we shall prove the involutivity of every w(t). Consider a point ¢ € N
and t € K such that J + tI is invertible around ¢q. If 4 is a closed 1-form and
Kerp D F then Ker(po (J+tI)™') D w(t) and by lemma 2.1
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d(po (J+tI)= 1) (w(t),w(t)) = d(po (J+tI)")((J+tD)F,(J+tI)F) = —d(uo
(] + L) (F, F) = 5N g1 (F, F)) = —d(u 0 J)(F, F) — p(N5(F, F)) = 0.

That is to say d(po (J +tI)™") ) = 0.

Around g there exist closed 1-forms p, ..., i, such that Ker(us A... Ap,) =
F; therefore py o (J 4+ 1), ... pur o (J + tI)~! define w(t). But d(u; o (J +
tI) ™Y w@ =0, =1,...,7, so w(t) is involutive near g. On the other hand if A
is an open neighbourhood of ¢, small enough, there exists a non-empty open set
B C K such that J +tI is invertible on A, and therefore w(t) involutive, for any
t € K. As #(t) is polynomial in ¢ this implies that every w(t) is involutive on A
(indeed if X, Y are vector fields belonging to F then 5(¢)[(J + t1) X, (J +tI)Y]

is polynomial in t), which proves theorem 2.1.

Corollary 2.1.1. Consider a Veronese web w on N of codimension 1 <
r<n-—1, an immersion f: P — N and a scalar b.
(1) If for every p € P the characteristic numbers of w(f(p)) are greater than
or equal to 2 and f.(T,P) D w(b)(f(p)), then the family {w(t) = f ' (w(t)) |
t € K— {b}} extends to a Veronese web w on P of codimension r by setting
w(b) = limw(t), t — b.
(2) Now assume that the characteristic numbers of w(f(p)) are constant on P;
let 7 the number of them greater than or equal to 2. If f.(T,P) = w(b)(f(p))
for any p € P, then the family {w(t) = f7 (w(t)) | t € K — {b}} extends to a

Veronese web w on P of codimension 7 by setting w(b) = limw(t), t — b.

Proof. As the problem is local we may suppose that P is a regular (imbed-
ded) submanifold of N of codimension k and f the canonical inclusion. Consider
non-equal scalars ay, ..., an—g,a where a = —b. Then in the construction of J
we can take Bp_gy1, ..., On in such a way that Ker(Bn—k1 A ... ABy)(p) = TP,
p € P; even more one may suppose P = {z | y_g4+1 = ... = ¢, = 0} when
B; = dzj, j = 1,..,n. On the other hand the integrability is clear since
w(t) =w(t)NTP, t € K— {b}.

Now counsider a r-form [ such that Ker = w(oo) and 8 = p1 A ..., where

1, ..y i are 1-forms, and set J = Z;:lk aj% ®@dx; on P. As (p1,..., por, J*)
J

spans T*N then (p1|p, ..., fir|p, J*) spans T*P.

In the first case of the corollary fjp has no zeros and (t) = (H;:lk(t +
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a;))((J+tI)~1)*(Bp) is a representative of w. In the second one {u1(p)ps s pir (D) p }
spans a 7-dimensional vector subspace of 7)) P at any p € P, which allows us to
assume, for example, that (ug A ...,u;)l p hever vanishes (our problem is local);
then J(t) = H;L:_f(t +a;)((J+I)7") (1 A .. A i) p s a representative of w.
O

A family w of r-codimensional distributions which satisfies all the conditions
of Veronese web except, perhaps, for the involutivity of each w(t) will be called

a Veronese distribution.

Corollary 2.1.2. Consider a Veronese distribution w, of codimensionr > 1,
on N and a point p of this manifold. Let ny be the height of w(p). Assume that
w(00), w(by), ..., w(bp, +1) are integrable for ni+1 non-equal scalars by, ..., by, +1.

Then w is a Veronese web around p.

Indeed, let k; > ... > ky, like in lemma 1.3. Set a; = —b;, 7 = 1,...,n;1.
Since w(by), ..., w(by,, ) are involutive, reasoning as in the construction of J gives
rise to a (1,1)-tensor field H defined around p, flat and diagonalizable, with
characteristic polynomial H;il(t + bj)* such that (Ker(H* + b;I))w(b;) = 0,
J=1,,n1, and p(t) = [T7L,(t = b))% ((H + tI)~)* 3, where Ker = w(c0),
represents w.

On the other hand d(\o H) y = 0 for any 1-closed form A such that

[w(oo
KerA D w(c0), because w(bp,+1) is involutive and H + by, 11 invertible (do
reason as in the first and the second paragraphs after the proof of lemma 2.1).
Now apply (3) of the foregoing theorem.

Remark. Corollary 2.1.2, with another proof, is due to Panasyuk [10] and
it was conjectured by Zakharevich [18] (see [1] by Bouetou and Dufour as well).
Note that by means of a projective transformation of KP! = K U {oo}, one
may replace the integrability of w(oo) by that of w(by,t2) for some b,, 1o €
K — {b1,...,bp, +1}; in other words it suffices the involutivity of w(t) for n; + 2
elements of KP!. Therefore if k is the maximum of the height of w(q), ¢ € N, a
Veronese distribution w is a Veronese web on N if and only if w(t) is involutive

for k + 2 values of t € KP?.

By a similar reason, corollary 2.1.1 still holds if b = oc.
Proposition 2.1. Let w = {w(t) | t € K} a family of foliations of codi-
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mension r defined on a manifold N. Assume that each w(p) is an algebraic
Veronese web on T,N, which allows us to define a r-codimensional distribution
F on N, possibly not smooth, by setting F(p) = limw(t)(p), t — oco. If F is

smooth then w is a Veronese web on N.

Proof. Note that the (1,1) tensor field J may be constructed, as before,
around each point of N since every w(t) is a foliation. On the other hand
locally there exists a r-form (§ such that Ker3 = F because F is smooth. So
~(t) = (H;L;lk(t +a;))(t + a)*((J +tI)~1)* B is a representative of w. O

Example. On an open set A of K" consider a (1,1)-tensor field J =
> fj(.fj)%@dxj where fj(z;) # fi(zx) whenever z = (21, ...,x,) € A. Set
8= Z?zl dzj. As Ny =0, (8,J*) spans T*A and d(fo J) =0, by (3) of theo-
rem 2.1 the curve y(t) = [T}, (t+f;) 8o (J+t1) =" = 37 (I} 1.0, (E+ fi))dz;
defines a Veronese web w on A of codimension one, which generally is not flat.

Indeed, when w is flat there exists a representative 7(t) = Y1~ #15; with
each 4; closed. Set «(t) = Z::Ol t'y;. As vy = f¥ then v; Ady; = 0, i =
0,csn— 1. But yp2 =30 (fi + ... + fj + .+ fn)dz;j; so the coefficient of
dx; A dx; A dzxy, where i < j < k, in the expression of v,_2 A dy,—2 = 0 equals
filfy, = £)) + £i(f] = 1) + fu(f] — f]) which almost never vanishes.

For obtaining a 2-codimensional Veronese web w, one may consider a second
I-form 3" = 377, g;(x;)dx; such that B A 3" never vanishes and set 7(t) =
[— G+ )T+ (BAB) = X <jcnan Tl riingn (E+ £) (96 — g5)dj A
dxy,.

Theorem 2.1 gives a method to construct all Veronese webs locally. Usually
the scalars ai, ..., an_g, a, respectively ai,...,an,, do not determine J, respec-
tively J, which prevent us constructing them globally. Nevertheless if the char-
acteristic numbers are constant and equal, for example if » = 1, then n; = 7,
ki=..=k, =7and J can be constructed on all N since, now, Ker(j* —a;l)
is the annihilator of w(—a;).

On the other hand, in view of proposition 1.2, the restriction of J or J to
w(0oo) gives rise to a morphism (of vector bundles) ¢ : w(co) — TN, which only
depends on the Veronese web, without non-zero ¢-invariant vector subspace at
any point of N. Moreover w(t) = (£ + tI)w(c0), t € K.

Now consider, on a manifold M, a foliation F and a morphism (of vector
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bundles) G : F — TM. If o is a s-form defined on an open set A of M, then
G*a is a section on A of A*F* and can regarded as a s-form on the leaves of
F; thus we shall say that is closed on F if it is closed on its leaves. Besides,
when G : TM — TM is a prolongation of G, then d(é*oz)| £ equals the exterior
derivative of G*« along the leaves of F; thus G*« is closed on F if and only if

Lemma 2.2. Assume that G*« is closed on F for every closed 1-form «
such that Kera D F. Then the restriction of Ng to F, which will be named the
Nijenhuis torsion of G and denoted by N¢, does not depend on the prolongation
G.

Proof. As the problem is local we may suppose that F = Ker(ag A... Aay)
where each «; is a closed 1-form and £ = codimF. Since the difference between
two prolongations equals Zle Y; ® aj, it suffices to consider the case H =
G+Y®awithaAas A... ANap =0 and da = 0. Now given X € F one has:
Ny(X, )=LgxH - HLxH =Lax(G+Y ®a)-GLx(G+Y ®a)-Y ®
a(LxG + Lx (Y ® a))
whence Ng(X, )— Na(X, ) =Y ® (Lgxa — a(LxG)) +Y @ a because
Lxa=d(a(X))=0.

On the other hand when Z € F:

(Laxa — a(LxG))(Z2) = Za(GX) — o([X,GZ)) + a(G[X, Z]) = Za(GX) —
Xa(GZ)+ a(G[X, Z]) = —d(aoG)(X,Z) =0
since a is closed and a o G is closed on F. Therefore (Ng )z = (Ng) . O

Note that the Nijenhuis torsion of ¢ : w(co) — TN vanishes and (*« is
closed on w(oo) for every closed 1-form a such that Kera D w(oo) since J, its
local prolongation given by (1) of theorem 2.1, has zero Nijenhuis torsion and
d(a o J) (o) = 0.

Conversely, given a foliation F on N of codimension 1 < r < n and a
morphism ¢ : F — TN with the algebraic and differentiable properties stated
before, then w(t) = (£ +tI)F, t € K, defines a Veronese of codimension r for
which w(co) = F. Indeed apply (3) of theorem 2.1 to a prolongation J of /.
Thus:

Giving a Veronese web on N of codimension r > 1 is equivalent to giving
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a morphism ¢ : F — TN, where F is a r-codimensional foliation without non-
vanishing £-invariant vector subspace at any point such that:

1) whenever « is a closed 1-form whose kernel contains F, restricted to the
domain of a, then £*a is closed on F,

2) Ny =0.

Note that if F = Ker(aj A ... A o), where dag = ... = da,, = 0, then £*« is
closed on F for any 1-form « such that da = 0 and Kera D F, if and only if
raq,....,0%q, are closed on F.

Example. On an open set A of K?" endowed with coordinates (z,y) =
(Z1y eers Ty Y1,y -y Ym ), consider the foliation F defined by dy; = ... = dy,, =0
and the morphism ¢ : F — TA given by E(%) =3, fjk%, j=1,..m.
Assume | fji |# 0 everywhere, which implies that ¢ : 7 — T A defines a m-
codimensional Veronese distribution w on A with characteristic numbers n; =

.. = Ny = 2. Then w is a Veronese web if and only if d(zgnzl firdz;)| 7 =0,
k=1,..,m, and [kazl fjk%,zgllfﬁ%} =0,1<j<j<m (indeed
consider the prolongation J of £ given by J(%) =0,k=1,....,m).

When m = 1 there are no conditions at all. If m = 2 one has a partial
differential system of order one with four equations and four functions; for m > 3
the system is over-determined.

More generally when n = 2m, the m-dimensional Veronese webs on IV, with
characteristic numbers ny = ... = n,, = 2, are given by a morphism ¢ : ¥ — TN
such that dimF = m and TN = F & Imf. As { is determined by its image
and its graph, which may be identified to w(1) = (¢ + I)F, from the algebraic
viewpoint giving a Veronese web w with all its characteristic number equal to
2 is like giving the 3-web {F = w(o0),w(0),w(1)}. Conversely, for any 3-web
D = {D1,D2,D3} on N there exists just one Veronese distribution wp such
that wp(oco) = Dy, wp(0) = Dy and wp(1) = Ds. It is easily seen that wp is a
Veronese web if and only if the torsion of the Chern connection of D vanishes
(the Chern connection of D is the only connection making Dy, Dy, D3 parallel
such that T'(Dy, Ds) = 0, see [8]).

For the link between k-webs, k > 4, and Veronese webs see [1] (Bouetou-

Dufour).
3. Kronecker bihamiltonian structures
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Consider two Poisson structures A, A; defined on a real or complex manifold
M of dimension m. Following Magri [6] we will say that (A, A1) is a bihamilto-
nian structure (or that A, A; are compatible) if A+ A; is still a Poisson structure,
which is equivalent to say that their Schouten bracket vanishes or that A 4+ bA;
is a Poisson structure for some b € K —{0}. Recall that if A, A; are compatible
then aA + a1A; is a Poisson structure for all a,a; € K.

A bihamiltonian structure (A, Aq) will be called Kronecker when there exists
r € N— {0} such that each (A(p),A1(p)), p € M, is the product of r Kronecker
elementary pairs. In this case from the algebraic model at each point follows
that m — r = rank(A, A1) = rank(A) = rank(A1) = rank(A + tA;) for any

t € K; moreover D = NIm(A + tA1), t € K, is a foliation of dimension ™=

lagrangian for both A and Ay, and D C I'mA;. This foliation will be named the
soul of (A, Ay).
Let N be the local quotient of M by the foliation D, which is a manifold of

m+r
2

{w(t) = m(Im(A+tA1)) | t € K} is a family of foliation on N of codimension ,

dimension n = ,and let 7 : M — N be the canonical projection. Then w =
whose limit when ¢ — oo equals m, (ImAy) since m.(Im(A+tA1)) = m(Im(sA+
A1)) where s = t~1. Besides w is a Veronese web of codimension r.

Indeed, given p € N such that 7(¢) = p, proposition 1.4 applied to (A(gq), A1(q), T4 M)
shows that w(p) is an algebraic Veronese web. Now apply proposition 2.1.

In short a Veronese web of codimension r is locally associated to any Kro-
necker bihamiltonian structure with r factors. Our next goal is to study when
this Veronese web locally determines the Kronecker bihamiltonian structure.

Recall that a Poisson structure A’ on M of constant rank m — r can be
locally described by r closed 1-forms giving the foliation ImA’ and a 2-form
whose restriction to ImA’ is symplectic; this last one is only defined modulo the
ideal spanned by the 1-forms. Consider non-equal and non-vanishing scalars
A1y .eey Gn—p, @, any point p € N and closed 1-forms ag, ..., a,., defined around p,
such that Ker(ag A ... Aa,) = w(oo). Let J be a (1,1) tensor field like in part
(1) of theorem 2.1; then (ay, ..., a,, J*) spans the cotangent bundle near p and
a1 A..Nap ANd(ojoJ) =0, j =1,...,r. On the other hand one may choose
coordinates (1, ..., Tp—r, Y1, ---, Yr), defined on an open neighbourhood of p = 0,

such that dzj o J = a;dz;, j =1,...,n —r, and w(0) = Ker(dyi1 A ... Ady,);
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indeed the choice of z1, ..., z,,—, is obvious and dx1, ..., dx,,_, restricted to w(0)
are linearly independent everywhere since they are independent restricted to
w(—a) and w(—a) = (J — al)J*w(0). As D is A-lagrangian functions x; o
7, ..., T o are in A-involution, so around each p’ € 7~1(p) there exist functions
f1s--s fn—r, vanishing at p’, such that A is given by d(y; o 7),...,d(y, o w) and
d(ziom)Adfi+...+d(zp—r o) Ndfn—r. Now by setting z; = f; and writing z;
and y, instead of x; o and y;, o 7, for sake of simplicity, we construct a system
of coordinates (z,y,2) = (T1,.es Tpury Y1y ooy Yy 215 -+, Zn—r) such that p’ = 0,
m(z,y,2) = (,y) and A is given by dyi, ..., dy,, >2;_| dw; A dz;.

But D is Aj-lagrangian too, so zi,...,x,_, are in Aj-involution. More-
over on N forms dzy,...,dx,—, restricted to w(oo) are linearly independent
everywhere since w(—a) = (J — al)w(oo); therefore around p’ there exist func-
tions g1, ..., gn—r such that Ay is given by dz; Adgy + ... + dxp_ A dgy— and
ai,...,a, (more exactly m*aq,...,m™ ;). On the other hand 7 '(w(—a;)) =
Im(A — ajA1) C Kerdx; whence (0/0z;) = A(dzj, ) = a;jA1(dz;, ) and
(0gi/0z;) = djkak. So Ay is given by a, ..., and Z;l;f
w=y hy(x,y)de; Ndz;+ hi(x, y)dx; A dy, and dw = 0.

ajdx; Ndzj +w where

Thus w may be regarded as a closed 2-form on an open neighbourhood of p
in N.
Given a k-form 7, k > 1, and a (1, 1) tensor field H on a manifold, 7o H and
i will denote the k-forms defined by (7 o H)(Xy,..., X)) = 7(HXy, ..., HX})
and 7 (X1, ..., Xg) = 7(HX1, Xowo, Xp)+7( X1, HX o, .., Xp)+..47( X1, ooy Xp—1, HXk)
respectively.
The next proposition, proved later on, characterizes the compatibility of A

and A1 .

Proposition 3.1. The pair (A, A1) is compatible if and only if aq A ... A

a, Ndwy = 0.

The local determination of the bihamiltonian structure by the Veronese web
will be established if we are able to delete the term w in the expression of
A4, since aq, ..., . only depend on the web. Given a function ¢(z,y) defined
around p set u; = z; — (0p/0x;), j =1,...,n—r. Then, in coordinates (z, y, u),

dyy, ..., dyr, Z;:lr dxjAdu; define A (the other terms belong to the ideal spanned
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by dyi, ..., dy,) while Ay is given by a, ..., e, 37771 ajdaj Aduj+(w—d(dpo J));
indeed each (dyx o J) A A ... Ao, = 0 since Jw(oco) = w(0), so (dpo J —
> i=105(0p/0x;)dzj) Ay A... Aoy = 0. As the 2-form expressing A; is defined
modulo the ideal spanned by ag, ..., a,., it suffices to find a function ¢ such that
a1 Ao ANap ANd(dpoJ) = ag A... Ao, Aw for deleting w. To remark that if

a such function ¢ exists, by adding a suitable linear function of (z,y) we may

suppose dp(p) =0 and u;(p’) =0,j=1,...,n—7.

Theorem 3.1. On a manifold N consider closed 1-forms aq,...,q., 7 >

1, linearly independent everywhere and a (1,1) tensor field J, which is flat

n—r
J=1

and diagonalizable with characteristic polynomial (t — a)" [[:—; (t — a;) where
ai, ..., ar,a are non-equal scalars. Assume that (aq, ..., ., J*) spans T*N and
ar A Aoy ANd(ajoJ)=0,5=1,..,7.

Given a closed 2-form w on N if dwy = 0 then, around each point of N,
there exists a function @ such that cy A ... Na. ANd(dpoJ) =a1 A ... Ao, Aw
at least in the following three cases:

(1) on complex manifold,
(2) in the real analytic category,

(3) in the C* category when r = 1.
This theorem will be proved in the next section.

Theorem 3.2. From the local viewpoint the Veronese web completely de-
termines the Kronecker bihamiltonian structure, at least, in the following four
cases: complex manifold, real analytic category, C*° category when r =1, and

flat Veronese web.

Theorem 3.2 is an obvious consequence of theorem 3.1 except for real flat
webs. In this last case in some coordinates (v, ..., vy, ) the expression of w(t) does
not depend on the point considered, which allows us to choose aq,...,a, and
J with constant coefficients. Thus in these coordinates the partial differential
equation ag A ... Ao, Ad(dpoJ) = a1 A... Ao, Aw is homogeneous of of order
two with constant coefficients and C'*° independent term. By the Ehrenpreis-
Malgrange theorem (see [7]) there exist local solutions provided that it has

formal solutions.
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Let wg be the kth term of the Taylor expansion of w, always in coordinates
(v1,..,0), at point g. Then dwy = 0 and a; A ... A o Ad((w) ;) = 0, so by
theorem 3.1 the equation oy A ... Aa,. Ad(dpoJ) = ag A ... N, A wy has a
solution f around ¢. Note that the (k+ 2)th term fzo of the Taylor expansion
of f at ¢ is a solution of this equation too. Thus if f is a polynomial of degree
¢ > 2 such that a1 A ... Ay Ad(df o J) =01 Ao Aoy A (wg + ... + wp—2) then
a1 Ao Ao ANd(d(f + fer1) o) = a1 Ao Ay A (wo + ... + wp—1). Therefore
the equation a; A ... Aa,. Ad(dpoJ) =ay A... A\ a, Aw is formally integrable
and there exist local solutions of it around each point.

Theorem 3.2 was proved by Gelfand and Zakharevich [3, 4] for analytic
Veronese web of codimension 1; the flat case, the C* case of codimension 1 and
the analytic one of any codimension are due to Turiel [15, 17].

Now we will prove proposition 3.1

Lemma 3.1. Ift ¢ {—ay,...,—an_r, —a} then A + tA; is defined by a; o

(J+tH™Y . apo(J+tI)~! and Pyt aj(t+a;) tdo; Ndzj +two (J+tI)7t.

Proof. First we replace coordinates (y1,...,y,) by coordinates (u1, ..., u,)
such that dup o J = aduy, thus J = Z;L;lr aja%j Qdr;+> 4 a% ® duy,
in coordinates (1, ..., Xn—p,U1,...,u.). Let V be é r-dimensional vector space
and let {ej,...,e,} be a basis of V. It will be enough to prove the result for
each point ¢. On T,M @V set Q = 30" dr; Adzj + > dug Aep, Q1 =
Z;L;lr ajdx; Ndz; + Y 5, aduy A ef + w where dz;, dz;, dyy, dug, e} and w are
extended to T,M @ V in the obvious way and the point ¢ is omitted in the
notation.

Let G and H be the endomorphisms of T,M &V defined by (G, )= —w
and Q(H, ) = w respectively. Note that G = 37" ] aj(% @dx;+ (%j ®dz;)+
S ko1 (G- @duter®e}), drjoG = drjo, dyyoG = dyyoJ, dugoG = duyoJ,
j=1,.,n—r,k=1,...,r,and ImH C U C KerH, so H?> = 0, where U is the
vector space spanned by (0/0z1), ..., (0/0zpn—_r), €1, ..., €.

Let W be the r-dimensional vector subspace of T, M @& V whose image by 2
is the space spanned by dyi, ..., dy, (note that this last space is the annihilator

of w(0) ® U). Obviously W C U so W is Q-isotropic; moreover W is a direct
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factor of T, M since dz1,...,dTp—r,dyi, ..., dy, are linearly independent. On the
other hand Q (W, )= Q(GW, )isspanned by dy;0G =dyi0J,...,dy,oG =
dyy o J. As Jw(oo) = w(0), Q1 (W, ) is spanned by aq, ..., &, too; that is to
say Q1 (W, ) is the annihilator of w(oco) @ U and W is A;-isotropic too.

By lemma 1.4 bivectors A, Ay are the projection on w = T, M of the
dual bivectors Ag and Aq,. Therefore A + tA; is the projection of Aq + tAq,,
which is the dual bivector of Q((I +¢(G + H)~4H)~t, ).

By lemma 1.5 the space W is isotropic for this last symplectic form, so
A + tA; will be given by the restriction to T,M of Q((I +t(G+ H)~')~!, )
and Q((I +¢(G+H)"H)~'w, ).

Recall that if A is an automorphism and B an endomorphism such that
B? = 0 and A"'(ImB) C KerB, then (A+ B)™! = A= — A71BA"'. So
(G+H)™ =G !'-G''HG and (I +t(G+ H)™)™! = (I +tG™1) —
tGTTHG™ ) = (T +tG ) L +t(G+tI)"*H(G +tI)~L.

Hence Q((I+t(G+H)™)™h, ) =302 aj(t+a;) " daej Adzj+ 37, a(t+
a) tduy Aef +two (J+ D)7t and QI + (G + H)™H™'W, ) = QI +
tG~H~IW, ) equals the vector space spanned by dy; o (I +tG~1)~1.... dy, o
(I +tG~1)~1, that is to say by aj o (J +tI)7L,..., a; o (J +tI)~!, since dyy, o
(I+tG YY) P =dyro(I+tJ 1)t = (dypoJ)o(J+tI)~! and Jw(co) = w(0).
O

Lemma 3.2. Consider a k-form 7, k > 1, and a (1, 1) tensor field G on a
manifold. Suppose that the Nijenhuis torsion of G vanishes. Then (d(70G))g =
d((t0oG)g) + (dr) o G.

Proof. By induction on k. The case k = 1 follows from lemma 2.1; on the
other hand if k£ > 2 it suffices proving the lemma when 8 = 1 A B2 and f; is a
1-form. Then

(d(BoG))a = (d(BroG) A (B20G))a = ((BLoG) Nd(f20G))a = (d(froG))a A
(B20G) +d(BroG) A (B20G)g = (BroG)aNd(B20G) = (BroG) A(d(F20G))a

d((BoG)a) = d((B10G)a A (B20G)) +d((B10G) A (B20G)g) = d((B10G)a) A
(B20G)+d((B1oG))A(B20G)G — (B1oG)a Nd(B20G) — (B10G)Nd((B20G)c)
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(dB)oG = ((dB1) o G)A(B20G) — (B10G) A (dB2) o G.

Now take into account that the formula is true for 5, (lemma 2.1) and
(2 (induction hypothesis), and remark that the second and third terms of the
expansion of (d(5 o G))g equal the second and third ones of d((8 o G)g). O

By lemma 3.1, A and A; are compatible if and only if (ay o (J+tI) ") A... A
(apo(J+tI)"YYAd(wo(J+tI)~1) = 0 for some t & {—ay, ..., —ay_,, —a}, that is
to say when oy A... Ao A(d(wo (J+tI)"1)o(J+tI)) = 0. Lemma 3.2 applied to
wo(J+tI)~" and J+¢I yields d(wo (J+tI) Yo (J+t]) = —d(w(+t1)) = —dw,.
Therefore A, A1 are compatible if and only if oy A... A Adwy = 0, which proves

proposition 3.1.

Consider a foliation F of codimension s defined on a k-manifold P. Let
F’ be the foliation, on the cotangent bundle T*F of the first foliation, pull-
back of F by the canonical projection 7 : T*F — P; that is to say F'(3) =
(7. (8)"H(F(7(B))) (until the end of this section one will write T*F instead of
F* for pointing out that T*F is regarded as a manifold itself). On the leaves
of 7' one defines the Liouville 1-form p by setting p(8)(X) = (7. (X)) for any
X € F(B) C T3(T*F) and any § € T*F, and the Liouville 2-form @ = —dp;
then @ is symplectic on the leaves of F' and, by duality, gives rise to a Poisson
structure Ay, such that ImA; = F’, which will be named the Liouville-Poisson
structure of T*F. In coordinates (Z,9) = (Z1, ..., Tk, U1, ..., Yk—s ), associated to
coordinates & = (Z1,...,Zx) on P such that F were defined by dZj_s41 = ... =
diy, =0, Ay is given by dFj_s1, ..., dTp, Y 1_; dF; A djjj; so
0 0
AL = > 6—@ A 8_1}]

Proposition 3.2. Consider on a n-manifold N a Veronese web w of codi-
mension r. Let A and A’ be the Liouville-Poisson structures of T*w(0) and
T*w(o0) respectively, and let @y : T*w(0) — T*w(co0) be the vector bundle iso-
morphism defined by pe(8) = B o€ where £ : w(oo) — w(0) is the canonical
isomorphism attached to w. Note Ay the pull-back of N by v, (regarded as a
diffeomorphism,).

Then (A, A1) is a Kronecker bihamiltonian structure on T*w(0) with r fac-

tors, whose soul D is given by the fibres of the canonical fibration T*w(0) — N;
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therefore the quotient manifold % = N. Moreover w is the Veronese web in-

duced by (A,A1) on N.

Proof. Let w : T*w(0) — N and 7’ : T*w(oc0) — N be the canonical
projections. Choose non-equal and non-vanishing scalars {a1, ..., ap—r,a}. On
an open neighbourhood A of a generic point consider a (1, 1) tensor field J like
in part (1) of theorem 2.1, coordinates (z,y) = (21, ..., Tn—r, Y1, .-, Yr) such that
dzjoJ = ajdz;, j =1,..,n—r, and Ker(dy1 A ... A dy,) = w(0), and closed
1-forms oy, ..., o such that Ker(ag A ... A ay) = w(00).

The restriction to w(0) of dxy,...,dz,_, is a basis on A of T*w(0); so on
7 1(A) = A x K" one has coordinates (x,y,u), u = (u1,...,un_,), where

(z,y)(B) are the coordinates of m(8) and B = 37" u;(8)dzx; for each B €

77 1(A). In the same way one constructs coordinates (z,y, u’), v’ = (u},...,u,,_,),

on (7')71(A4).

In this kind of coordinates, A is given by dyi, ..., dy,, >;_| dz; A du; while
Oy ey Oy Z;L;lr dxj A du; define A’. On the other hand

wo(x,y,u) = (T,Y, A1UL, ey Ay Uy — )

since J is an extension of ¢ and each dx; o J = a;dz;. Therefore ay, ..., o,
> oi-1 ajdzjAduy define A;. By lemma 3.1 (herew = 0) A+tAy, t & {—ay, ..., =@y, —a},
is given by ay o (J+tI)7", ..., 0 (J+tI)~" and the closed 2-form Y77 a;(t+
aj)_ldxj A duj, which shows the compatibility of A and A;.

The remainder statements are obvious. O

4. The equation d(df o J) = w modulo I(E)

By technical reasons for studying the equation above we shall need param-
eters that will be regarded as transverse variables to a n-foliation F defined on
a m-dimensional manifold M. Let E be an involutive vector subbundle of F of

dimension n — r where r > 1. Consider along F a diagonalizable (1, 1) tensor

field J with characteristic polynomial (t —a)" H;L:_f(t —aj) where a1, ..., an—r,a
are non-equal scalars. Suppose that its Nijenhuis torsion N; vanishes.

Let E¢ and I(E) be the annihilator of £ on F* and the differential ideal
spanned by the sections of E° respectively. Assume that (E€, J*) spans F* and
that for all closed 1-form « belonging to I(FE) the 2-form d(« o J) belongs to

I(E) as well, where d is the exterior derivative along F.
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As Nj = 0, distributions Im(J — a;I), j = 1,...,n —r, and Im(J — al)
are involutive. Therefore around every point p € M there exist functions
T1y ey Tpeps Y1, ---, Y such that dxy A ... Adzy,_r Ady; A ... A dy, is a volume
form on F, dzjoJ = ajdx;, j = 1,....,n —r, and dy; = ... = dy, = 0 defines
E. Indeed, since (E°, J*) spans F* one has EN Ker(J —al) = {0}, so E is a
direct factor of Ker(J — al) in F*.

On the other hand dy;, o J = ady;, + E;:{ frjdxj, k=1,...,r. As (E°,J*)
spans F*, by linearly recombining functions yi, ..., and considering b;x; in-
stead z; for a suitable b; € K — {0}, from now on we may assume that every
fij(p), 7 =1,...,n—r, is a positive real number.

Set Gy = Y 5| frjdrj, k = 1,...,7. Since d(dyy o J) belongs to I(E) one
has dy; A ... Ady, A dar = 0. On the other hand vector fields

d9/0x1,...,0/0xp_r,0/0y1, ..., 0/ Oy,
are defined as the dual basis of dx1, ...,dx,—p, dy1, ..., dy,.

In the domain of functions x4, ..., £p_r, Y1, ..., Y, we consider the submanifold
S defined by z; — zp—r = z;(p) — Tp—r(p), j=1,.;n—1r—1 (5 = M if
n =r,r +1). Denote by F N S the (r 4 1)-foliation induced by F on S.

Given a 1-form ( along F defined on a open set M’ C M, we denote by 3
its restriction to S N M’ as a section of F*. That is to say 3 is a section of
F* over SN M’ and 8 — [’ is a linear map. Recall that if x is a section of
A*F* on S N M, its restriction M Fn(snamry can be considered as a k-form on
FN (SN M. In our particular case when 3 is closed, ﬂll}‘ﬂ(SﬂM’) is closed as
well.

Hereafter the standard case will mean that the structures considered are
complex, real analytic, or C'°° with » = 1 in this last case.

Let ag be a 1-form on F.

Theorem 4.1. Suppose that each fi1;(p), j =1,....,n —r, is a positive real
number. Then in the standard case the linear map 3 — (' defines an injective
correspondence between germs, at p, of closed 1-forms 3 on F such that

(d(BoJ)+ B Aw) ANdyr A ... Ndy, =0
and germs, at p on S, of sections 3’ of F* whose restriction to FNS are closed.

When oy = 0 this correspondence becomes bijective.
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We shall prove this theorem by induction on n. For n = r,r + 1 the result
is obvious since S = M. Now assume that the theorem holds up to n — 1
(whichever m and aq, ..., an—r, a are).

By sake of convenience we will suppose a1 = 0 by replacing J by J — a1l
(the equation of theorem 1 does not change because d(8 o I) = dB = 0). Set
ap = Y52 hydaj+ 375 ) hogk—rdys and B = 3071 diday + 37 nk—rdys.
Since df = 0 and dy; A ... A dy, A day, = 0 we have:

(d (ﬂoJ)+ﬁ/\a0)/\dy1/\ /\dyT:

n—r

0 0
d:clAZ (a] % 4 Z i 2 a — fm ¢J) +hjd1 — h1¢j> dxj Adyy A ... Ndy,
+ Z h”dl’l/\d.fj/\dyl /\/\dyr
2<i<j<n—r
Therefore the part of d(8 o J) + 8 A ap which is divisible by dx; modulo
dyy, ..., dy, vanishes if and only if the following system holds:

0
¢j)+hj¢1 h1¢j:O,j:2,...,n—r.

(1) aqu +Z f’“a — fr1
Let S’ be the submanifold defined by z; — z—p = z;(p) — Tn—r(p), j =

2,.on—r—1(8 =M if n =r+ 2). By construction S is a 1-codimension

submanifold of S” and the induced foliation F N S’ has dimension r + 2.

Set z1 = X1, 22 = Tp—r, 23 = Ylyery Zr42 = Yp. Let 0/0z1,...,0/02p 12
be the dual basis of the restriction of dzi,...,dz.12 to F N S’. Vector fields
/0y, 0/0xs + ... + /0%y _r, O/Oyx, k = 1,...,7, are tangent to F N S’; even
more 9/0z1 = 0/0x1, 0/0z9 = 0/0x3 + ... + 0/0xp_, and 0/0zp42 = I/Oys,
k=1,.,r, on S8’ Besides dry = dz, dyy = dzgy2, k = 1,...,7, and the
restriction to F NS’ of each dz;, j = 2,...,n — r, equals that of dz,.

On S’ system (1) becomes:

3 0 0
¢l g Z (s o= it G-y = by =0, = 2, =r.

The restriction of 3 to F N .S’, whose expression is

prdz1 rrs + (Z ¢j)dz2) s + Z Pt k—rdzet2)Frg
j=2 k=1
is a closed 1-form. Hence
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a¢1 Z 8¢J _

822 (921 B

Now on S’ we can consider the system.

091 8@
82’2 Z 821

0 O _
(bj*Z kﬂaz =k %1 )+ hipr —higp; =0;7=2,...,n—

1
02142

Lemma 4.1. In the standard case, given a germ at p on S of functions
(qgl,..wqgn,r) there exists one and only one germ, at p on S’, of functions

(P1y ey Pro—r) which is a solution to (3) and such that Dj15 = (ﬁj, j=1,...,n—r.

Proof. Consider functions u1, ..., Um_n, on a neighbourhood of p on S/,
which are basic for NS’ and such that (21, ..., Zp42, U1, ..., Um—p) IS & System of
coordinates. Since uy, ..., U, —n are basic for FNS’ vector fields 8/0z1, ...,0/0zp 12
defined above equal to partial derivative vector fields, with the same name, which
are associated to coordinates (21, ..., Zr42, U, -y Um—n )-

Therefore (3) can be regarded like a system on an open set of K™+r+2-n,
with coordinates (21, ..., Zr12, U1, ...y Um—p ), While S is identify to the hypersur-
face defined by z1 — 22 = 2z1(p) — 22(p). In particular 9/0z; — 0/0z3 is normal
to S.

In this system 0/0z1—0/0z9 is represented by an invertible triangular matrix
with entries on the diagonal —1, as, ..., a,,—,. Therefore in the complex case or in
the real analytic one, lemma 4.1 follows from the Cauchy-Kowalewsky theorem.

Now one will proves the result in the C°° case when r = 1.

Set f; = fi1;. By adding up to the first equation the second one multiplied
by a2_1, the third one multiplied by (13_17 etc..., we obtain the system:

o n—1 B 9 n—1 B 9 n—1 B
gy S g~ D g+ 3 a7t~ hity) =0
822 - X 823 N
(4) =2 = j=2
9 9 ) ,
a¢7+fjﬂ_ la;éj‘i‘hj(m hqu)j:O;j:Q,...,n—l.

In this system 9/0z; and 0/0zs are represented by diagonal matrices with

entries on the diagonal 0, as, ...,a,—1 and 1,0, ..., 0 respectively.
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On the other hand 9/9z3 is represented by the matrix:

n—1
Z Clj_lfj —a;1f1 —a51f1 . . . —a;ilfl
j=2
TR on
f3 _fl
fnfl _fl

Obviously each 0/du; is represented by the zero matrix.

If one multiplies the jth equation, j = 2,...,n—1, by —aj_lfl fj_l, we obtain a
linear symmetric system. In this new system 0/0z; — 8/0z9 is represented by a
diagonal matrix with entries on the diagonal —1, — f f{l, e, —f1 fnill. This ma-
trix is negative definite around p, then the new system is symmetric hyperbolic
and S is space-like.

Therefore this case of lemma 4.1 follows from the classical results on the
Cauchy problem [2], [14]. O

Let us come back to the proof of theorem 4.1.

Uniqueness. Let f = > 2771 ¢jde;+) ")) ¢nir—rdyr and y = 3777 pjda;+
Y keq Pn+k—rdy, be two solutions to the equation of theorem 4.1, such that
B =+'. On S functions ¢, ..., 0n— and 1, ..., o, are solutions to (3),
which agree on S, then by lemma 4.1 we have ¢; = ¢;, j =1,...,n —7, as germs
at p on S’.

The restriction of 3— to S’, which equals ) _, (¢ntr—r —Onik—r)dYr|Frs’

r, is constant on the

g ooy Iy

is closed. Therefore each ¢pir—r — Onti—r, £k = 1
leaves of the foliation defined by Ker(dy, A ... Ady,)rnss = ENS'. But S is
transverse to this foliation and (¢n1x—r—@nyk—r)|s = 0 then ¢k = Ppip—r,
k=1,..,r,on S". In other words 8 and v agree on S’ as sections of F*.

The next step will be to regard x; like a new parameter. By shrinking M
we may suppose that function x; is defined on the whole M.

Set F' = Kerdz; C F, which is a (n — 1)-foliation, and let d’ be the the
exterior derivative along it. Denote by J’ and «y the restriction to F’ of J and

ap respectively (recall that dxyoJ =0). Set E' = ENF'. Let E'® and I(E’) be
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the annihilator of E’ on (F')* and the differential ideal spanned by the sections
of E'® respectively. Then (E’¢,J*) spans (F')* and, for any closed 1-form 7
belonging to I(E'), the 2-form d'(7 o J’) belongs to I(E’) as well. On the other
hand d'z; o J' = a;jd'z;, j = 2,...,n —7r, dyy o J = Z;:; frjd'zj + ad'yy,
k=1,..,r,and d'y; = ... = d'y, = 0 defines E'.

Since S’ plays the same role with respect to (za, ..., Zyn—p, Y1, ..., Yr) as S does
with respect to (z1,..., Zn—r, Y1, ..., Yr), Bj7 and vz satisfy to the equation of
theorem 4.1 for 7', J', E' and ag, and fjz = 77 on §', from the induction
hypothesis follows that 8|7 = 77 like germs at p on M, ie. ¢; = ¢;, j =
2,...,n.

Finally, as 8 —~ = (¢1 — 1)dx is closed, function ¢; — ¢y is constant along

the leaves of F'. But S is transverse to ' and (¢1 — ¢1)|s = 0 then ¢; = ¢

and 0 =~ as germs at p on M.

Existence. Now ag =0, i.e. hy = ... = h,, = 0. Given functions ¢, ..., ¢,
on S such that the restriction of 5" = 377" ¢;dw; + 371 nir—rdyr to FNS
is closed, by means of system (3) we extend functions ¢y, ..., ¢, to S’ (around
p).

Since ¢1dz1rng + (3j_y ¢j)dza) s s closed modulo dekt2)prgs b =
1,...,7, (first equation of (3)), there exist functions gﬁnﬂ,,«, .., & on S such that
the restriction to FN S’ of ¢p1dz + (Z?:_QT Gj)dza+> 1y Gt h—rdzpio is closed.
Consequently its restriction to F N S is closed as well. On the other hand, by
hypothesis, the restriction to FNS of ¢p1dz; +(Z?;§ ¢)dzo+Y 1y Onth—rdZito
is closed. Therefore Z};:l(qgmrk,r — ¢n+kfr)dzk+2|]:m5 is closed.

In coordinates (z1,...,2r42, U1, ..; Um—n) like in the proof of lemma 4.1,
this implies the existence, on S’; of a function h(zs, ..., 242, U1, -y Um—p) sSuch
that dh|rrs = Zzzl(énﬂg,r — ¢n+k7r)dzk+2|_7:ns on S. Obviously functions
q@nJrk,r — Oh/0zk42, k = 1,...,r, have the same property as functions qASnJrk,T,
k = 1,..,r. Then by replacing each ¢nik_r by dnik_r — Oh/Dzpsa, We can
suppose that ngSn+k_r is an extension of ¢, 4x—, and call it ¢, 4, from now on.

If we consider F’, J’, E’ and the section of (F')* over S”:
doime jd'wj + 371 dntk—rd'yy, whose restriction to F' N S’ is closed, the
induction hypothesis allows us to extend functions ¢o, ..., ¢, to an open set of

M containing p, in such a way that 3 = doiss jdwy + 3y Gurk—rd'yr is A
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closed 1-form along F’ and d’(Bo J') Ad'y1 A ... Ad'y, = 0.

Since d’3 = 0 there exists a function ¢ such that
p = pdxy + 3775 dadrj + 374 ) Gnik—rdyk is a closed form along F. On the
other hand
piFas — (drda + (32725 ¢j)dze + 3y ¢n+kfrdzk+2)|]_-ms, = (¢ — ¢1)dz1 705
is closed; i.e. ¢ — ¢ is constant on the leaves of the foliation associated to
Kerdzrng-

Around p on M consider coordinates (1, ..., Tn—ry Y1y oy Yy V1, ooy Un—n ) Where
V1, ..y Um_n are basic functions for F. Then as x; = z; there exists a function
h(x1,v1, ..., Vm_n), around p on M, such that o —¢; = h on S’ and, by replacing
¢ by ¢ — h, we may suppose that ¢ extends ¢; and call ¢; this extension too.

In short we have constructed a closed 1-form, along F,
B =021 ¢jdrj+ 37—y $nir—rdyr which extends f” and such that d(BoJ) A
dzi Adyy A...Ady, = 0 (this is another way for writing d’'(BoJ )Ad'yi A...Ad'y, =
0). Therefore there exist closed 1-forms g, ..., v, along F such that

d(BoJ)=dx1 ANyo+ D ey Tk A dys.
Set o = >_5_) gjdxj + >4y gntk—rdys. Then

9¢ 0pj . .
95 = jaxj+2fkgay — fug ]) j=2,.,n—r
(recall the construction of system (1)). Therefore each g;, j = 2,....,n —r,

vanishes on S’ because ¢1, ..., ¢, satisfy to system (3).

On the other hand (d(8 o J)) is closed (apply lemma 2.1 along the leaves

of F). Then

—dzy Nd(yo 0 J) + 31 (d(y 0 J) Adyx — i A d(ak + adyy)) =0,
whence dzy Ad(yo o J) Adyr A ... Ady, = 0. That is to say d' (9 o J') Ad'y1 A
~ ANd'y, =0 where 5o = 377 gjd'xj + 351 gnrk—rd Y.

On S’, 79 is a combination of d'y,...,d"y,. Since the restriction of 7y to
F'NS" is closed there exists a function (1, y1, ..., Yr, V1, -, Um—n ), defined near
p on M, such that 59 = d'¢ on S’.

But d'{ is a closed 1-form along F’ defined on an open set of M and
d(dloJYNdys N... \Ndy, =0. Therefore the uniqueness in dimension n — 1

implies that 9 = d’¢. In other words g is a combination of dx1,dy, ..., dy,.
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Then d(Bo J) Ady; A ... Ndy, = 0 and the proof of theorem 4.1 is finished.

The following result will be needed in the next section.

Lemma 4.2. Suppose that each fi;(p), j = 1,...,n — 7, is a positive real
number. Consider 1-forms peq, €,q = 1,...,s. In the standard case, given two
families of s closed 1-forms, which are solution to the system

(d(BgoJ)+> 51 Be Apeg) Ndyr A .. Ndy, =0, g =1,....5,
if they agree around p on S then they agree around p on M.

Proof. Just adapt the proof of the uniqueness of theorem 4.1 (in fact the
case s = 1 is the first assertion of this theorem). Now system (3) is replaced by a
system S(f1, ..., Bs) with s boxes corresponding each of them to a 3,. Note that
the symbol of every box, which only depends on [, is similar to the symbol
of system (3). Therefore lemma 4.1 extends to S(fi,...,3s). Finally if g, =
DIt baidry + 305y Gqnik—rdyr and vg = 32571 gidag + 3741 Oqntk—rdyr,
qg =1,...,s, are two solutions to the system of lemma 4.2 such that ﬁ; = 7(’1,
q = 1,...,s, reasoning as in the proof of the uniqueness of theorem 4.1 shows

that B, =74, ¢=1,...,5. O

Theorem 4.2. Suppose that every fi;(p), j =1,..,n—1r, is a positive real
number. In the standard case given, on an open neighbourhood of p on M, a
closed 1-form ~y along F such that d(yoJ)Adxy Adyy A... Ady, = 0, then around
p there exists a closed 1-form [ along F such that d(Bo J) Ady; A ... Ndy, =
dey ANy Ndyy A ... N dyy-.

Proof. As above we shall suppose that a; = 0 by replacing, if necessary, J

by J —ail. Set v =771 @jdrj + >4y Onth—rdyr.

On S’ we consider the following system:
91— 09,
b i
(9212 ; 321

0d; dpr ¢, )
=) § (s - =0 =2 ..n—7
a; 621 + k:1(fk] 82k+2 fkl 62k+2) Y5 3] yeeey IO T

This system has some solution around p because its symbol is the same as

that of system (3). Let ¢1, ..., ¢n—, be a solution to (3’). The first equation of
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(3’) allows us to find functions ¢n4+1—r, ..., dn, on a neighbourhood of p on S’,
such that ((bldzl + (Z;ZQT ¢j)dze + > 5y ¢n+k,rdzk+2> s is closed. Obvi-
ously the restriction of this form to 7' N S’ is closed too.

Now we apply theorem 1 to F’, J' and E’ for extending functions ¢o, ..., ¢
to an open set of M containing p, in such a way that d’3 = 0 and d'(G o J') A
d'yi A ... Nd'y, =0 where § = Z;Zg Gid'xi+ > 11 Pntk—rd Yp.

The rest of the proof is very similar to that of the existence in theorem 1.
First we extend function ¢ to a neighbourhood of p on M in such a way that g =
doio1 Gjdai+Y 74—y Gnrk—rdys is closed. Since d'(BoJYAd'yy A...Ad'y, = 0 we
get d(BoJ)Adxy Adyi A...Ady, = 0. Therefore d(BoJ) = dz1 Avo+>_ pq Ve AdYk
where 7o, ..., 7, are closed 1-forms along F.

Set yo = 3251 95dxi+3 04—y Gnth—rdyr and Yo = 32575 g;d'wi+30) 1 gnrk—rd Yi-
Then

90;

gj = a5+ (fkjaik*f

— )i =2,...,n —
8.’1)1 klayk)vj y ey 10 r

Besides d' (oo J') Ad'y1 A ... Ad'y, = 0 because (d(B0J)) is closed (lemma
2.1).

By hypothesis d' (5o J') Ad'y; A ... Ad'y,. = 0 where
¥ =35 9id' i + 31 Pntk—rd'yk. On the other hand 5 — Jp is a closed
1-form along F’ which is a combination of d'yy, ..., d'y, on S’ since (¢1, ..., rn—r)
is a solution to (3’). This fact implies the existence, on an open neighbourhood
of p on M, of a function £(x1,y1, ..., Yr, V1, ..., Um—n) such that ¥ — 59 = d’¢ on
S’

Obviously d'(d'"l o J') ANd'y; A ... Ad'y, = 0. Now from theorem 4.1 applied
to F', J' and E’ follows that 4 — 49 = d'¢ around p on M. Hence (7 — 79) A
dzy ANdyi A ... Ndy, =0 and d(BoJ)Adyr A... Ady, = dz1 Ay Adyr A ... ANdy, =
dry Ay Ndyy A ... ANdy,.. O

Theorem 4.3. Let F be a n-foliation defined on a m-manifold M and
let E C F be a second foliation of dimension n — r where r > 1. On F we
consider a diagonalizable (1, 1) tensor field J with characteristic polynomial
(t—a)" H?:_f(tfaj) where ay, ..., An_r, 6 are non-equal scalars. Suppose Ny = 0.

Let E¢ and I(E) be the annihilator of E on F* and the differential ideal
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spanned by the sections of E€ respectively. Assume that (E€, J*) spans F* and
that for all closed 1-form « belonging to I1(E) the 2-form d(a o J) belongs to
I(E) as well, where d is the exterior derivative along F.

In the standard case, given a closed 2-form w on F, the following statements
are equivalents:
(a) Around each point p € M there exists a function f such that d(df o J) = w
modulo I(E).
(b) dwy belongs to I(E).

Proof. (a) = (b) In this case locally w = d(df o J) + > ;_; ux A\ a where
L1y ooy by Q1 .., 0 are closed 1-forms and «, ..., . belong to I(E). Since (d(dfo
J))s is closed (lemma 2.1) and each 2-form d(ay o J) belongs to I(E), it follows
that dw; belongs to I(E).

(b) = (a) As the problem is local we will use the concepts and notations of
the proofs of theorems 4.1 and 4.2. The implication will be proved by induction
on n. For n = r,r + 1 the results is obvious. Now, assume that it holds up to
n — 1 (whichever m is).

Let @ be the restriction of w to F'. Then d'(0s) Ad'yy A ... Ad'y,. = 0. By
the induction hypothesis there exists a function f around p such that d'(d'f o
JIVANd' Yy A ... ANd'y, = ONd'yy ... Ad'y,.. Hence d(df o J) Adxy Adyi A ... Ndy, =
wAdry Adyy A ... A dy,.

Therefore w — d(df o J) = dx1 Avo + Y py V6 A dyx where 7o, ...,7, are
1-closed forms along F. As (dwy) Adyy A ... Ady, = 0 and (d(df o J)) is closed
(lemma 2.1) we obtain d(vyp o J) Adxi Ady; A ... Ady, = 0.

By theorem 4.2, around p there exists a closed 1-form (3, along F, such that
d(BoJ)ANdyr A ... Ndy, = dx1 Ayo Adyr A ... Ady,.. Now it is enough to set
f = h+ f where h is a primitive of 3. [J

Finally remark that theorem 3.1 is just the implication (b) = (a) of the

foregoing theorem when n =m and F = Ker(ag A ... A a,).

5. Another equation.
The aim of this paragraph is to establish another theorem on some system
defined by differential forms, which be needed later on in the construction of

versal models of Veronese webs. The objects M, F, etc... are as in the foregoing
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n—r

section unless another thing is stated. Set Jo = 37— a; aT Qdzj+> 5 a5 ®

3yk
dyk.

Theorem 5.1. In the standard case, given a germ at p of maps py; : S — K,
k=1,..,r, j=1,..,n—r, such that every v1,(p), j =1,....,n—r, is a positive
real number, then there exists one and only one germ at p on M of 1-forms

a1 =352 fijdzj,..., & = 3202 frjda; such that
dap Ndyy N ... Ndy, =0, k=1,..r

(4)
<ak0J0 Zag/\ )/\dyl/\ ANdyr- =0, k=1,..,r

and that fkj‘s =i, k=1,..,r,j=1,..,n—r.

We shall prove this theorem by induction on n. For n = r,r + 1 the result
is obvious since S = M. Now assume that the theorem holds up to n — 1
(whichever m and aq, ..., an—r, a are).

Consider 1-forms ay = >""1 frjdzj, k = 1,...,r, such that day, Adys A ... A
dy, = 0.

By sake of convenience we will suppose a; = 0 by replacing Jy by Jy — a1l

(the main equation of theorem 1 does not change). Then:

<ak0Jo ZaM )/\dyl/\ A dy,

— 0 " 0 0
= dx1 A Z ( fkj +Z f/J S *fh fk] )) de ANdyr N ... ANdy,. +

Oy
Z hijd.’lﬁi/\dl’j/\dyl /\.../\dyr.

2<1<j<n—r

Therefore the part of each d(ay o Jo) — > p_q G A %%’; that is divisible by

dz; modulo dyi, ..., dy, vanishes if and only if the following system holds:

Ofkj Ofr1 O frj .
(5) a; 0, +z:: foj e — fa o )=0,j=2,...,n—r, k=1,...,r

On S’ endowed with coordinates (21, ..., zr42) system (5) becomes:

41



(6) ajaf’”' + 3 (e Ofia —f L )=0,j=2,..n—r k=1,..r.

03 /1
62:1 —1 8Zg+2 6ze+2

The restriction of each ay A dy; A ... Ady, to F NS’ whose expression is

n—r

fr1dz1 + (Z fk;j)dZQ ANdzg N ... \Ndzpya
=2 FaakX
is a closed 2-form. Hence
Ofr1 < 0 fr;
=0,k=1,..,r.
82’2 Z 621 07 yeeer ™
Now on S’ we can consider the system:
afkl afkg o
62’2 Z 621 -
(7) 8fk] e afkl 8fk] .
— =0 =2,...n—
]az +Z f] aZg+2) y J yeey =T,
k=1,..,r

Lemma 5.1. In the standard case, given a germ at p on S of functions
orj, k=1,..,r, j =1,...,n—r, such that every v1,;(p), j =1,...,n—r, is a
positive Teal number, then there exists one and only one germ, at p on S’, of
functions fr;, k=1,...,r, j =1,...n —r, which is a solution to (7) and such

that f’fj|s =g, k=1,..,r,5=1,..,n—r.

Proof. On a neighbourhood of p on S’ consider functions w1, ..., u,;,_, basic
for F N S" and such that (z1, ..., 249, U1, .oy Um—p) 1S & system of coordinates.
Since w1, ..., Upm—p are basic for F NS’ vector fields §/9z1, ...,0/0z,12 defined
above equal to partial derivative vector fields, with the same name, which are
associated to coordinates (21, ..., Zp42, UL, cvey Um—p,)-

Therefore (7) can be regarded like a system on an open set of K™+ =2 with
coordinates (21, ..., Zr42, Uty ..oy Um—p ), While S is identify to the hypersurface
defined by z; — 20 = 21(p) — 22(p). In particular 9/0z; — 8/0z3 is normal to S.

In this system the matrix associated to 0/0z; — 9/0z2 is invertible. Indeed,
it consists of 7 blocks (n —r) X (n — r) along the diagonal corresponding to the

different values of k and zero outside of them, and every block is triangular with
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entries —1,asg, ..., a,_, on the diagonal. So in the complex case and in the real
analytic one it suffices to apply the Cauchy-Kowalewsky theorem.

On the other hand if » = 1, systems (3) and (7) have very similar symbols
and, for the C'*° case, it is enough to reason as in the proof of lemma 4.1. [J

Let us come back to the proof of the theorem 5.1.

Uniqueness. Let ax = Y771 fijda; and y = 32077 gydey, k= 1,..,7,
be two solutions to (4) such that fkjls = Gkj|s = Phj> k=1,..,r,7=1,...,n—r.
On S’ functions f; and gg; are solutions to (7) which agree on S, so by lemma
5.1 we have fr; = grj, k=1,...,r,j=1,...,n—r, as germs at p on S".

Now, like in the proof of theorem 4.1, we consider x; as a new parameter. Let
Ji be the restriction of Jy to F' (recall that dzi0Jy = 0); then d'zjoJ) = a,;d'z;,
j=2,..,n—r,dygoJ)=adyr, k=1,..r.

Since S’ plays the same role with respect to (z2,...,Zn—r,Y1,...,yr) a8 S
does with respect to (1,..; Tn—r, Y1, Yr), @y = >y frjd'z; and 75 =
> i—s grjd'x; satisty to system (4) of theorem 5.1 for F/ and Jj, and & = v/
on S, from the induction hypothesis follows that fr; = gij, &k = 1,...,r,
j=2,...,n—r, like germs at p on M.

Finally, as each (& — &) Adyr A ... Adyr = (fx1 — gk1)dzy Adyy A ... Ady, is
closed, function fx1 — gg1 is constant along the leaves of the foliation Ker(d'y; A
.. Nd'y,) C F'. But S is transverse to this foliation and (fx1 — gr1))s = 0 then
fr1 =gr1 and &g =y, k=1,...,7, as germs at p on M.

For the existence we will need the following result.

Lemma 5.2. Consider 1-forms 31, ..., B functional combination of dx1, ..., dx, .
Let G be the (1,1) tensor field along F defined by dxjoG = a;dx;, j =1,...,n—r,
dypoG = Br+adyy, k =1,....,r. Assume that dBxNdyi N\..ANdy, =0, k=1, ...,r.
Then Ng = 0 if and only if

(d(ﬁk o Jo) — S0, Be A %) ANdyi Ao Ny, =0, k=1,..,7.

Proof. By lemma 2.1 one has dz; o N¢ = 0 and

dye o No = (df)e — (B o Jo + ) = (Si_ydye A 32 ) = da(Bi 0 o) -
i1 dye A (Gok 0 Jo) = oy adye A G2 = 305 Be A Gok — dy (B 0 Jo)

where d,, denotes the exterior derivative in variables (z1, ..., Zp—,) only. O
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Existence. Given functions ¢, k =1,...,7, j =1,...,n—r, on S such that
every o1;(p) is a positive real number, by means of system (7) we extend them
to S’, around p, with the same name.

If we consider F’ and J{, the induction hypothesis allows us to find functions
fejsk=1,...,7,7=2,...,n —r, defined on an open neighbourhood of p on M,
in such a way that '@, Ady1 A ... Ad'y, =0, k=1,...,r,

(d’(d; o J}) — - ap A ad?‘“) Ay Ao Ndy, =0, k=1,..,r,
— Ay

and frj = ppjon S’ k=1,..,7r,j = 2,..,n—r, where & = 377, fy;d'z; (note

that 9/0xa,...,0/0xn—y,0/0y1,...,0/y, is the dual basis of d'zs,...,d zp_,,

d'yi,...,d 'y, as well).

Since each d'aj, Ad'y1 A ... Ad'y, = 0 there exist functions fj such that pg A
dyi \...Ady, is closed where p, = frdx1+ frodzo+...+ fun—rdx,—r. On the other
hand the first equations of (7) means that every ((¢r1dz1 + ... + Qkn—rdTp_r) A
dyy A ... Ndy,)|Fns is closed. Therefore (px Adyi A ... Adyr)|Fas: — ((@r1dz1 +
ot Phn—r ATy ) Ndyr A . Ndyr) 1 Fs = (fk — wr1)dzy Adys Ao Adyr) Fase
has to be closed.

Consider coordinates (1, ..., Tp—r, Y1y -y YryVly oory Um—n), around p on M,
where vy, ..., Um_p, are basic functions for . Then, always around p on M, there
exist functions Ay (21, Y1, -, Yrs V1, -, Um—n ) such that fr—pr1 = hy on S’. Now
by setting fr1 = fx — hi, we construct 1-form &y, = Dt frgdrg, k=1,

along F such that fkj|s' =i, j=1,..,n—r,dop ANdyy A ... Ndy, = 0 and

(d(@k oJy) — Z Qg N\ %) ANdxy Adyy A ... Ady, = 0.
=1

Therefore we can find 1-forms vx, Vg1, ---V&r, K = 1, ..., 7, along F, where each
~k is closed because (d(dk oJo) — Dy A %) Adyi A...Ady, is closed since
dag Ndyy A ... A dy, = 0, such that

" é
(d(@k oJo) = ) ay N a—yj) =dzy Ak + Ve Adyr + o+ Ve A dys
=1

Hence
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0dy,

8) d(ay o Jo) = dxy Ay 4+ Yrr Adyr + oo+ Ve A dyy +Zde A B
=1

k=1,...,r

Set vk = D01 gkjdrj + > y_) Gkn—rredye. Then

Gkj = Qj afk] +Z fi] 8fk1 af;@j) =0, Jj= 2,..,n—r, k= 1.7

(recall the construction of system (5)). So each gi;, k=1,...,r, j =2,...,n—r,
vanishes on S’ because functions frj|s = pr; satisty to system (7).

Deriving (8) with respect to y, yields

9) d (‘3‘;’“ o JO)

On the other hand

OV, 3%@

ys

( 804@ 80ék 82 )
+ ap A
dys " Oy 0ys0ye

r

(10)  (d(a o Jo))s, = dz1 A (v © Jo) + Z(W o Jo + avke) A dye
O0dy, 0a
+Z(0540J0 A o ko g/\(a(;joJo)>

By lemma 2.1 applied along the leaves of F we have d((d(Gx o0 Jo))s,) Adyr A
.. ANdy, = 0, whence by calculating d((d(ay o Jp))s,) from (10) and taking into

account (8) and (9) follows

(11) ( (v 0 Jo) +Z%/\Oég Zl'yg/\%>/\dx1/\dy1/\.../\dyr—0
k=
Set v}, = Z?;; grid' i + Y p_1 Gkn—rted'ye. Obviously d'y, = 0 because
dyr = 0. Consider the (1,1) tensor field J" on F’ defined by d'z; o J' = a;d'x;,
j=2.,n—r and dy o J = &, + ady,, { = 1,...,r (recall that &, =
dois fegd'xy).

Since
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by lemma 5.2, applied to F' and J’, the Nijenhuis torsion of J’ vanishes. Set
iy ™

Oye

O0dy,

ok = — because
P Oye

. Now system (11) becomes (note that d'gr,_r1e =

Vi, is closed)

(12) (d/(%’c olJ')+ Z'yé A p4k> ANy A Nd'y. =0, k=1,..,r.
=1

On S, v Adyr A...Ndy, =0 as Grj|sr = 0,k=1,...,7,7=2,...,n—r. Since
the restriction of 7, to 7' NS’ is closed, around p on M there exist functions
Gt (T1, Y15 ooy Yy V1, ooy Um—n ), k, € = 1,...,7, such that every v, = >_,_, dred'ye
on S’.

Set A\ = >_y_; dred'ye. Then each Ay is a closed 1-form along F’ defined
on an open neighbourhood of p on M and (d'(Ax o J') + >_y_; Ae A per) Ad'y1 A
..Ndy.=0, k=1,..,r. Now lemma 4.2 applied to 7’ and J’ implies that
V. = Mg, k= 1,..,7. In other words every = is a functional combination of

dxy,dy, ..., dy,. Therefore

~ _ Ody
d(ag o Jy) — g N— | Ndy1 A...Ndy, =0, k=1,...;r,
S

and the proof of theorem 5.1 is finished.

6. Local classification of codimension one Veronese webs.

On a real or complex manifold N of dimension n consider a Veronese web
w of codimension r > 1. Given non-equal scalars ay, ..., a,_,,a and any point
p € N, let J be a (1,1) tensor field like in part (1) of theorem 2.1 and let
(1, ey Tn—r, Y1, ---, Yr) be a system of coordinates, around p, such that dz;oJ =
a;dx;, j=1,...,n—r, and Ker(dyi A...Ady,) = w(co). Then dyyoJ = adyx+au,
k=1,..,r, where each & = > 7" frjdx;. As (w(c0)’, J*) spans the cotangent
bundle around p, by linearly recombining functions y, ...,y and considering
bjx; instead x; for a suitable b; € K — {0}, we assume that each fi;(p), j =
1,...,n —r, is a positive real number (see the beginning of section 4).

On the other hand d(dyy o J) Ady; A ... Ady, = 0 and N; = 0; by lemma

5.2 these last two conditions are equivalent to system

46



dag Ndyy N ... Ndy, =0, k=1,..r

(13) . -
dipodo) =S arn L) Adys A Ady, =0, k=1,...,
(a0 Jo) ;az Due Y1 Y r
where Jo = >0 7] aja%j @ dj+ Yy age © dye.

Moreover () = ([TjZ] (t+a;))(t+a)" ((J+tI)~")*(dyi A... Ady, ) represents

Therefore, in view of (3) of theorem 2.1, locally Veronese webs correspond
to those solutions of system (13) such that fi1(p),..., fin—r(p) € RT (this last
assumption implies that (dyi, ..., dy,, J*) spans the cotangent bundle near p). In
turn, for the standard case, this kind of solutions to (13) are given by theorem
5.1 by setting M = N and F = T'N, which means that now S is the submanifold
defined by z; — zp—r = 2;(p) — xp—r(p), j=1,...,n —r —1.

When r > 2 the tensor field J is not unique and consequently we may
associate more than one model to a same Veronese web; thus our model of every
Veronese web is versal.

To remark that a classification in codimension> 2 seems rather difficult as
the following example shows. Consider a field of 2-planes and a local basis of
it {X,Y}. Let w(t), t € K, be the 1-foliation defined by X + tY. Then to
classify the 1-dimensional (local) Veronese web w = {w(t) | t € K}, roughly
speaking, is like locally classifying the fields of 2-planes in any dimension; but
it is well known the difficult of this problem (first dealt with by Elie Cartan in
”Les systemes de Pfaff & cing variables” and later on by several authors).

Now let us examine the remainder case. Assume r = 1 wuntil the end of
this section. Then a4, ..., ap—1, a completely determines J since Ker(J* —a;I),
j =1,..,n—1, is the annihilator of w(—a;) and Ker(J* — al) that of w(—a).
The next step will be to construct an intrinsic surface S. By technical reasons
one will suppose that aq,...,a,_1,a are non-equal real numbers.

The polynomial Z;:ll Hz;ll;k# (t + ay) has n — 2 different roots by, ..., b, _o
since it is the derivative of Hz;ll (t+ ag), whose roots are —ay, ..., —a,_1; more-
over by # —aj, £ =1,..,n—2,j=1,...,n—1 (warning this property is not true
when a polynomial, even real, has some complex root, for example t3 — 1 and
3t2; by this reason one chooses real numbers ay, ..., a,_1,a).

Let R be the germ at p of the leaf of the 1-foliation w(by) N ... Nw(by—_2) N
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w(o0) passing through this point, and let Sy be the germ at p of the surface
containing R and to which the 1-foliation w(—a;) N ... N w(—a,—1) is tangent.
By construction Sy is intrinsic.

Since R is transverse to every w(—a;), j = 1,...,n — 1, one may take co-
ordinates (z1,...,Z,—1,y) constructed before, with two additional properties:
R is defined by the equations z7; = ... = zp_1,y = 0, and z1(p) = ... =
Zn—1(p) = y(p) = 0; of course we write y and & = Z?:_l’" fjdz; instead y;

and a; = Y 77| fijdz;. In these coordinates Sp is defined by the equations

1 =..= X,_1. Moreover
n—1 n—1 n—1
vy ==> | TI t+a)fi|de;+ ]¢+ar)dy
j=1 \k=1;k#j k=1

because a straightforward calculation shows that

n—1 — n—1 n—1
-3 H tJrak ) day + [t +aw)dy | o (J +tI) = <Ht+ak t+a)>dy.
j=1 k=1 k=1 k=1

On the other hand v(be)(q)((0/0z1) + ... + (0/0xp—1)) =0, L = 1,...,n —
2, for every ¢ € R because (0/0x1) + ... + (0/0x,—1) is tangent to R and
ToR = (w(b1) N ... N w(by—2) Nw(c0))(g). Therefore by, ...,b,_o are the roots
of 3707 Hk “@éj(t—i— ar)fj(¢) when ¢ € R; so fi = ... = fn,—1 on R since
b1, ...,b,_o are the roots of Z Hk Lkt (t+ ay) too, which implies that both
polynomials are equal up to multiplicative factor (conversely, if f1 = ... = f,_1
on R then (0/0x1) + ... + (0/0xn—_1) is tangent to this curve and R is defined
by 1 = ... =x,_1,y =0).

The change of coordinates between two of such system can be regarded as a
diffeomorphism (z1,...,2p—1,y) — G(21,...,Tn—1,y). But G has to preserve R,
So, the foliations of dimension n—1 defined by dz1,..., dz,,_1 and dy respectively
(that is to say w(—ay),..., w(—an,—1) and w(oo)), and the origin. Therefore
G(z1, ey n_1,y) = (h1(x1), ..., hi(xn—1), ha(y)) where hi, he are one variable
functions such that hi(0) = ha(0) = 0 and A} (0) # 0, h5(0) # 0.

Denote by J’ the pull-back of J by the diffeomorphism G. Then dzj o J' =
a;dz;, j=1,..,n—1, and dy o J' = ady + & where
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& = 3 W50 (o), oo 1) o)

Now we may take hi, ho in such a way that
(1) (hy(y)) ™ fi(ha (@), oo ha(@n—1), ha(y)) = 1
on the curves xr1 = ... = xp_1, y = 0, and 1 = ... = x,—1 = 0. Indeed, first
consider the function hs defined by (R4 (¢)) "t f1(0,...,0, ha(t)) = 1, ha(0) = 0,
and then the function h; defined by b (¢)(R5(0))~ 1 f1(h1(2),...,h1(t),0) = 1,
h1(0) = 0; note that h}(0) =1 since
h1(0)(h5(0)) 71 £1(0, ...,0,0) = (h5(0)) 1 £1(0, ..., 0,0) = 1.

In other words, there exist coordinates (x1, ..., Zn—1, ) as before with a third
additional property: f; = ... = f,_1 =1 on the curve x1 = ... = z,,_1, y = 0,
and f; =1 on the curve z; = ... = z,_1 = 0.

In turn, a change of coordinates between two system with this last property
is given by two functions hi, hy such that hj(x1)(h4(y))~! = 1 on the curves
X1 = .. = Tpo1, y = 0, and 21 = ... = x,_1 = 0. Therefore h},h) are
constant. In short, the only possible change of coordinates is a homothety by
some b € K — {0}, and &' (x1, ..., xpn—1,y) = a(bxy,...,bx,_1, by).

A germ at the origin of a map ¢ = (¢1, ..., on_1) from Sy to K"~ ! will be
called admissible if p1 = ... = p,_1 = 1 on the curve 1 = ... = z,_1, y = 0,
and ¢1 = 1 on the curve 1 = ... = x,_1 = 0. Two admissible germs ¢ and d_)
will be named equivalent if there exists b € K—{0} such that ¢(x1, ..., 2,_1,y) =
d(bxy, .y brp_1,by).

From theorem 2.1, theorem 5.1 and system (13), applied to the last kind of
coordinates system, follows (remark that in this last step the number a does
not play any role, which is due to the fact that a Veronese web is determined

by w(0o) and Jjy(s0)):

Theorem 6.1. Consider non-equal real numbers ay, ...,a,—1. One has:
(1) Given a Veronese web of codimension 1 on a real or complex n-manifold N

and any point € N, there exist coordinates (x1,...,Tn—1,y) around p such that

21(p) = ... = Tp—1(p) = y(p) = 0 and the Veronese web is represented by
n—1 n—1 n—1
vy ==> | JI t+a)f|de;+ [[¢+ar)dy,
j=1 \k=1;k#j k=1
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where & = Y771 fidx; satisfies to the system

daNdy =0
= 06
d ;ajfjdxj —d/\a—y Ady =0,
fi=..=fu1=1o0nthe curvexy = ... =x,_1, y =0, and f1 = 1 on the
curve r4 = ... = xp_1 = 0.
(2) Let Sy be the surface of equation x1 = ... = xp—1 and let ¢ = (1, ..., Pr-1)

be a germ at the origin of a map from Sy to K™, Assume ¢ admissible. Then
there exists one and only one germ at the origin of 1-form a = Z?:_f fidx;,

which satisfies to the system of part (1) and such that fijsy =953 =1,..n—1

Moreover
n—1 n—1 n—1
v(t) = —Z H (t+ar)fj | dxj + H(t+ak)dy;
j=1 \k=1;k#j k=1

defines a Veronese web of codimension 1 around the origin.

(3) Finally given two admissible germs at the origin ¢ and ¢ of maps from So
to K"=1, the germs of 1-codimensional Veronese webs associated to them by
virtue of part (2) are equivalent, by diffeomorphism, if and only if ¢ and ¢ are

equivalent as admissible germs.

The local classification of Veronese webs of codimension 1 is due to Turiel

(see [16] whose exposition is closely followed here).
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