Introduction to the theory of fundamental interations.
Problems.
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1 Lorentz group

Zad. 1.1 Show that

/(;i:;i& 23% = / (ZW];:427T5(]€2 _ mQ)Q(kO)’

where §(z) =1 dlax > 01 6(x) =0 dla z < 0. Moreover, the below may be useful:

Sy(z)] = Z %, y = Z—i, x; — poles of y(z).

Is the above Lorentz invariant. 7

7

Zad. 1.2 1 is a spinor transforming under U € SL(2,C) according to
T T e 1)
in the following way: 1) — U). Show that 1) = ioc2* transforms as ¢ — U4, where

7 — o HY — — —
U= e V8wwd" — Guv — (cho” —a"ch)

Zad. 1.3 Show that bispinor

Ye=Co"
transforms under Lorentz group the same way as v if ¢’ = Uv then ¢, = U1,
Hints: CA*C™1 = —y# T A0(4#) T4 = 4# and

U = exp{i% WIWSMV}, SHY — %[7“,’}”’].

2 Classical fields

Zad. 2.1 Let ¢ be complex scalar field which dynamics is given by the Lagrangian
L=0,0"0" —m?¢"¢ — N¢"¢)?
Show conservation of the current: j* = —ig(¢*0t¢p — OHo*¢) (ie. Ouj* = 0 ) if the

equations of motions (e.0.m.) are respected.



Zad. 2.2 U(1) gauge field interacts with two charged scalar fields of the charge 2 and
-1. Construct the most general relativistic and locally U(1) invariant Lagrangian for this

theory, having at most two derivatives and containing at most quartic non-derivative terms

in fields.
FERMIONIC FIELDS

Zad. 2.3 Show that if 7 respects Dirac equation then 1) = ¢+~ respects:
(10,97 + 3 m) =0

Hint: 704+ = ~+

Zad. 2.4

e Solve free Dirac equation for a partical and anti-particle of mass m at rest . Lin-
early independent solutions denote as: u4(0)e™"™ for particle and as vy(0)e™ for

antiparticle (s = 1,2). Normalize u, v so that tsu, = 8,5, Usty = —0ys.

e Show that solutions to free Dirac equation for a partical and anti-particle of mass m

and the momentum p are

U(@) = us(p)e ™, us(p) = (P +m)us(0)
U(@) = vi(p)e™, vip) = (b — m)vy(0)

Display solutions in an explicit way.

* Show one must rescale the above solutions by N = 1/(2(w, + m)) in order to
S us(p)us(p) = (Pp+m) hold . Hint: (p+ m)y°(p+m) = 2w,(p + m).

Zad. 2.5 Prove the Gordon’s equality

W)y u(k) = 5 G)p + K+ i (p — K Ju(k),

where 0" = Z(yHyY —y¥y*), {¥*, 7"} = 29" and u(p) respects free Dirac equation (iv*p, —
m)u(p) = 0.



Zad. 2.6 Show that fermionic U(1) current
" ==yt

is conserved 0,j" = 0 if ¢ respects free equations of motions (e.o.m.) (iy*d, —m)y = 0.

Zad. 2.7 Formula
Y(@) — Y(2) = €% (),
where o € R defines the chiral transformation. Show that £ = i (x)(iy*9, — m)i(x) is

invariant under the chiral transformation iff m — 0.

GAUGE FIELDS

Zad. 2.8 Show that Lagangian
m2

1 1
I ¥ 8% - 2
L= =3 0,8,0' + 2 (9,9 + =

o, "
for real vector field ®, leads to the following e.o.m.
(0 +m*)®, —0,0,9" =0

and that classical ®, respects Lorentz condition 9,®“ = 0.

Zad. 2.9 SU(2) invariant Lagrangian ¢ € 2
A
L= (D,$)"D,o, D, =0,— zngu, a=1,2,3

display in an explicit form with use of the variables

¢ = <f+), Al = ! (A}, £iA?)
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3 Quanta
Zad. 3.1 Using canonical commutation relations

la(k), a™ (K] = 0(k — k'), [b(k), b* (k)] = 6(k — k).
e Show that for arbitrary xg, yo the following holds

6(x), ()] = i / i (&M _ ke

e Calculate [¢(x), o(y)].



Zad. 3.2 Express Hamiltonian of the complex scalar field ¢
H = [ Ex((@00%)(000) + V67 - V6 + n670)
through creation and anihilation operators.
Zad. 3.3 Express Hamiltonian for the free Dirac field ¥
H= /d%H =: /d?’x\ll+i80\ll :
through creation and anihilation operators.

Zad. 3.4 Check that in the interaction picture in which the time evolution of an

operator A;(t) is given by free Hamiltonian Hy:
A[(t) _ ei]"[()tjéle—iff()t7

scalar fiield operators ¢ (z), m(x) respects the same commutation relations as in Schrédinger

picture.
[qs[(f? t)? Wl(gv t)] - 16(3) (f - g)



Zad. 3.5 Lagangian of the complex scalar field is
L=0,0"0"¢ —m*¢"p — N¢"¢)°
(a). express (time independent) charge operator Q = —ig [ d*y(¢*0;¢p—9,¢"¢)(y) through

creation and anihilation operators.

Show that in quantum theory

(b). the field ¢ has charge g i.e. (@, ¢(x)] = g¢(x). (Hint:one does not need expression of

@ through creation and anihilation operators.)

(c). @ = [d®zj° is time independent i.e. [H,Q] = 0.
Zad. 3.6 Show that canonical quatization leads to the formula
< 0|T(2)p(2)|0 >= / dp [0t — )67 ()0 (') + 0t — )gy7 (1)o7 (o)
( ;i) () = eF*) and then differentiate it to obtain
(0% +m?) < 0|T(x)p(2)]|0 >= —id™W (x — ')

Hint: 0,0(t — ') = 6(t — t'), dp =

Zad. 3.7 Directly differentiating < 0|T'¢(x)¢(2")|0 > and using canonical commuta-

tion relation between fields and their momenta show that
(0 +m?) < 0|Tp(x)p(x)|0 >= —i6™W (z — 2')

Hint: 0,0(t) = o(t).
FERMIONS

Zad. 3.8 (a) Express the charge operator for the complex fermion field ¥ @ =

—g [ d*x1p™4p through creation and anihilation operators.

(b) Show that [, ¢ (x)] = gy (x)



4 Feynman diagrams
Zad. 4.1 Two complex scalars ¢;, (i = 1,2) of masses m; interact by
Lr= =M1 [*|al,

Using canonical quantization calcualate the transition ampliture : particle 1 4+ antiparticle

1 to particle 124 antiparticle 2 i.e.

1+1— 2+2
Zad. 4.2 Two complex scalars 1 of the masses m interacts with the scalar ¢ of the
mass M > 2m

Lr==gly]%,

Calculate:
(a). decay amplitude : ¢ to particle ¢» + antiparticle v i.e.
¢— +y

Why does the amplitude vanishes for M < 2m 7

and scattering amplitudes

(b). 20 — 24

€. v+o— +¢

(d). 20 — b+

(e). Show that the amplitude below vanishes

¢p— v+vY, 20— Yp+Y



5 Standard Model (SM)

Quark constituents of mezons: K~ = us, 7~ = ud, 7° = (uu — dd).
Masses: m,- = 140 MeV, mo = 135 MeV, myg- = 494 MeV, mgo = 498 MeV, m, =
0.5 MeV, m, =100 MeV, m, = 1.8 GeV'.

Zad. 5.1 Calculate the mass of the Higgs field H in SM knowing that the potential
for the scalar doublet is V(¢) = M¢T¢ — %)2 and the Higgs field is defined by

T
A\ L +H

Zad. 5.2 Draw the simplest Feynman diagrams leading to decays:
(a). K~ — 1+
(b). K~ — I+ +n°
(c). K~ — 7 +n°

where [ is oen of the leptons.

Zad. 5.3 Draw the simplest Feynman diagrams leading to decays:

(a). 7= — I+ 1

(). 77— I+ +7°
where [ is one of the leptons. Which leptons can be produced in such processes.
Zad. 5.4 Calculate coupling of fields in the interaction Lagrangian of the SM

(a)eez, (b) vov.Z, (cyevW, (AWW-Z,  (e) WIW-A
(f) Wtad, (g) Was.



Zad. 5.5 A. Draw the simplest Feynman diagrams leading to the following processes:
(a). e+v, — e+,

(b). e+ ve — e+ 1,

(c). e+v, — pu+r.

Justify the answer enumetating appropriate couplings in the interaction Lagrangian of the
SM

B. Calculate transitions amplitudes for the prosesses (a), (c¢) from the part A.



